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Heat-Transter Measurements in an 


Inexpensive Supersonic 


Wind Tunnel 


Apparatus and Results for a Laminar Boundary Layer 
Based on a Simple One-Dimensional Flow Model 


By JOSEPH KAYE,' J. H. KEENAN,? G. A. BROWN,? ano R. H. SHOULBERG* 


Reliable experimental data, obtained at relatively low 
cost, are presented in the form of heat-transfer coefficients 
for air moving at supersonic speeds ina round tube. These 
data are analyzed, interpreted, and compared with availa- 
ble data in the literature. The experimental local heat- 
transfer coefficients are for laminar, transitional, and tur- 
bulent boundary layers. The data for a laminar boundary 
layer, comprising 17 runs, are discussed here for Mach 
numbers at tube inlet of 2.8 and 3.0. The range of values of 
diameter Reynolds number covered is from 20,000 to 100,- 
000 for these laminar-flow tests, while the length Reynolds 
number extends to about 4,000,000. The computed quanti- 
ties are obtained on the basis of a simple one-dimensional 
flow model, but a companion paper will analyze the same 
data in greater detail on the basis of a two-dimensional 


flow model. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


A = cross-sectional area, rD?/4 
A’ heat-transfer area, DAL 
c, = specific heat at constant pressure 
specific heat at constant volume 
discharge coefficient of nozzle 
inside diameter of pipe 
= acceleration given to unit mass by unit force 
flow per unit area, w/A 
= coefficient of heat transfer, ¢/A’(tw — taw) 
ratio of specific heats, c,/c, 
= distance from end of curved contour of nozzle 
= Mach number, V/V gkRT 
= static pressure 
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rate of heat transfer 

perfect-gas constant 

diameter Reynolds number, DG/yg 

length Reynolds number, LG/yg 

temperature, deg F 

temperature, deg F abs 

velocity 

mass rate of flow 

viscosity 

= thermal conductivity 

Superscript * refers to throat of supersonic nozzle where M = 1 
Subscripts: 


0 = hypothetical entrance plane of tube, where boundary 
layer is of zero thickness 

upstream stagnation conditions 

= wall conditions 


free-stream conditions for flat-plate flow 


INTRODUCTION 


A wind tunnel is usually considered to be a device in which 
models may be inserted and tested under controlled conditions. 
Wind tunnels also have been used, however, to study basic phe- 
nomena in fluid mechanics, such as boundary-layer mechanics, 
turbulence, stability of the laminar boundary layer, interaction 
of shock waves and boundary layers, and, in more recent. years, 
heat-transfer phenomena in supersonic flow. 
and blowdown supersonic wind tunnels which are large enough to 
insert models of reasonable size are expensive to build and to 
operate, and also expensive when used to measure heat-transfer 
data. Steady supersonic flow established under controlled con- 
ditions in a small round tube, '/: in. diam, can be used to measure 
local heat-transfer coefficients. The corresponding apparatus, 
which is described herein, may be considered to be an example of 
an inexpensive supersonic wind tunnel, in that it is both rela- 
tively cheap to design and construct, and also, relatively low in 
operational costs. 

A recent survey (1)* has shown the great need for reliable heat- 
transfer data for supersonic flow in view of the small amount of 
such data published during the years from 1948 to 1953. For this 
reason a fairly detailed account of the results obtained in an in- 
vestigation of heat-transfer coefficients for supersonic flow of air 
in a round tube is to be presented in two papers. The first paper, 
which is the present one, consists of a brief description of the 
apparatus used, and the calculated results for a laminar boundary 
layer based on a simple one-dimensional flow model. The second 
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paper will present the calculated results for a laminar boundary 
layer based on a two-dimensional flow model for the entrance 
region of a tube. 

The present investigation of heat-transfer coefficients for super- 
sonic flow of air in a round tube was started some seven years ago 
under the sponsorship of the Office of Naval Research. Prelim- 
inary data and results were obtained several years ago with the 
first apparatus, described herein as test combination C. Similar 
results were not then available in the literature for comparison. 
The possibility of systematic errors in the data and the lack of 
knowledge of the type of boundary layer which existed in the 
supersonic flow of air in the tube were two main reasons for de- 
signing, building, and testing a new apparatus to get more re- 
liable heat-transfer coefficients for supersonic flow. 

In the past few years the results obtained for the steady super- 
sonic flow of air in a round tube, with and without heat transfer 
to the air stream, have been placed on a firm foundation as indi- 
cated by the following evidence: 


1 The experimental data obtained by different teams of ob- 
servers working with different test combinations, for both adia- 
batic flow and diabatic flow, have shown the absence of sig- 
nificant systematic errors. 

2 The nature of the boundary layer present in the tube flow 
has been demonstrated conclusively by means of accurately 
measured velocity profiles (2, 3). 

3 The accurately measured velocity profiles for supersonic 
flow in the tube also have demonstrated the basic soundness of the 
two-dimensional flow model used to interpret the data. 

4 Theoretical solutions (4) have been obtained for the system 
of partial differential equations of energy, momentum, and con- 
tinuity for the case of supersonic flow of air in a tube in the en- 
trance region. These solutions describe the behavior of super- 
sonic flow in a tube with a laminar boundary layer developing 
from the entrance plane of the tube. 


Metuops or TESTING 


The experimental program described here has consisted of two 
parts. In the first part, a well-insulated round tube was used to 
measure values of the local adiabatic wall temperature and locai 
static pressure of a supersonic stream of air. The results of these 
tests, with a complete description of the apparatus, are given in 
references (5) and (6). In order to minimize the amount of 
repetition, the reader is referred to these two papers for many de- 
tails not given in this paper. In the second part of the program, 
two different test combinations were used in which steam was 
condensed outside a round brass tube in order to measure the local 
coefficient of heat transfer to a supersonic stream of air flowing 
inside the tube. 

The general preparation of the air flow and the method of dry- 
ing the air stream are given in detail in reference (5). These are 
the same for both parts of the program. The schematic layout of 
the entire flow system is shown in Fig. 1. The purpose of the 
major changes made for the tests with diabatic flow was to insure 
that almost saturated or slightly superheated steam entered the 
outer steam chest of the apparatus and to minimize the heat losses 
from the apparatus to the surroundings. 

A major difference between tests for adiabatic and diabatic 
flow was the length of time required to bring the large mass of 
heat-transfer apparatus up to a fixed temperature corresponding 
to that of the condensing steam. This transient heating process 
was observed and recorded carefully in the diabatic tests until a 
steady-state condition was obtained. Heat-transfer measure- 
ments were made only for the steady state. During the large time 
interval required for both the transient process and the measure- 
ments, the conditions in the steam main varied only slowly. Con- 
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trol devices were found necessary to superheat or desuperheat the 
steam only slightly in order to maintain constant the state of 
the steam fed to the steam chest of the apparatus. They are 
indicated in the schematic layout of Fig. 1. The measured 
superheat was found to be about 0.5 deg F on the average. 


EXPERIMENTAL APPARATUS 


Some salient features of the two test combinations of heat- 
transfer apparatus are described in Table 1. The length- 
diameter ratio in Table 1 is based on the distance from the end 
of the curved contour of the supersonic nozzle to the exit plane of 
the test section. 


TEST COMBINATION OF HEAT-TRANSFER 


TABLE 1 
APPARATUS 


Test section 


Brass 
Brass 


Symbol Nozzle 


SS 
D.........Stainless steel 


The nozzles used to produce supersonic flow in test combina- 
tions C and D were different in design and in final contour. De- 
tails of design and of construction of these two nozzles are shown 
in reference (5). In the brass nozzle of test combination C, no 
means of measuring the temperature gradient along the axial 
length was available, whereas two thermocouples were installed in 
the stainless-steel nozzle to determine the axial temperature gradi- 
ents for test combination D. 

Design Considerations for Test Sections. The first test section, 
used in test combination C, was designed to produce a small ther- 
mal resistance for radial heat flow through the tube wall in com- 
parison with the thermal resistance being measured, namely, that 
from the wall to the air stream in the tube. Brass was therefore 
selected for the tube material. The temperature of the tube was 
maintained constant over its entire length by surrounding it with 
condensing steam. 

The experience gained after operation of test combination 
C for about 2 years resulted in the following additional design re- 
quirements for test combination D: 


1 The joint between the nozzle and collar, and that between 
the collar and test section should be made as nearly perfect as 
possible. A misfit in excess of 0.0002 in. in the diameter of 0.5 
in. is undesirable. 

2 The axial heat flow from the hot test section to the cooler 
nozzle should be reduced to a minimum. This objective was 
achieved in test section D by use of a nozzle and a collar made of 
stainless steel which has a considerably lower thermal conductiv- 
ity than that of brass. 

3 The no-load or blank-run condensation rate, which is de- 
termined by flow of steam into the steam chest for zero flow of 
air in the test section and which is an indication of the total 
amount of undesired heat flow from the steam to the surround- 
ings, should be minimized, especially when a laminar boundary 
layer is established in the test section. 

4 The state of the steam entering the steam chest must be 
controlled carefully to be slightly superheated, and the steam-flow 
distribution into and within the steam chest must be as nearly uni- 
form as practicable. 

The details and dimensions of test combinations C and D, the 
original data, the analysis and the calculated results are omitted 
from this paper but may be found in reference (7). Some details 
of test combination D are given in Fig. 2. 


EXPERIMENTAL RESULTS 


The number of runs made with test combinations C and D, the 
ranges of Reynolds numbers covered, and the prevailing type of 
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boundary layer present in the tube are given in Table 2. Only 
those data which correspond mainly to a laminar boundary layer 
existing over most of the tube length are considered here. 


TABLE 2 SUMMARY OF HEAT-TRANSFER TESTS 


Test 
combina- Type of No. of — 


tion boundary layer runs Min 
C.......Laminar 4 52,000 


. Turbulent 
C..... (Frenshlons! 19 43,000 
13 22,000 


Turbulent 
Transitional 6 20,000 


Re; 
Max 
2,270,000 


8,560,000 
3,590,000 
12,000,000 





Rep 
Max 
96,000 
380,000 
92,000 
492,000 


The diameter Reynolds number is based on the tube diameter 
and on the mean stream properties measured or computed at the 
first station; for C the first station is 1.66 in. from the exit plane of 
the nozzle whereas for D it is 1.19 in. from the exit plane of the 
nozzle. Hence the inlet diameter Reynolds numbers for C do not, 
correspond exactly to those for D. The length Reynolds number 
is based on the distance from the end of the curved contour of each 
nozzle and on the mean stream properties at that distance. Hence 
the values of Re, for C and D are less arbitrary than those for 
Re, and more nearly comparable, especially at a considerable dis- 
tunce downstream from the entrance plane of the tube. 

Laminar Boundary Layer. The data presented here for a 
laminar boundary layer in a round tube were first interpreted on 
the basis of a simple one-dimensional flow model. This model 
ignores completely the growth of the laminar boundary layer in 
the tube and also the fact that this type of supersonic flow is 
mainly one of “entrance flow” with insufficient flow length to pro- 
duce a “fully developed flow.” Moreover, previous work (5) on 
adiabatic supersonic flow in a tube has shown that this model is 
inadequate for calculation of friction coefficients and recovery 
factors for a laminar boundary layer. In the present paper this 
simple model is still used since it permits one to get the most rapid 
reduction of the original data to useful form, but the computed 
quantities are interpreted, related, and compared with essentially 
the correct phenomenological picture of the growth of a laminar 
boundary layer either on a flat plate or in a tube. 

For flow over a flat plate, a laminar boundary layer begins to 
grow from the leading edge until it undergoes a transition to be- 
come a turbulent boundary layer. The transition process occurs 
in a finite length of flow. The turbulent boundary layer con- 
tinues to grow in thickness in the direction of flow. This simple 
picture of plate flow can be used with precision to develop a two- 
dimensional flow model for supersonic flow in a tube (6). The de- 
tails of this two-dimensional flow model for tube flow with heat 
transfer will be given in a later publication. The results obtained 
with this more exact model justify the method of comparison of 
tube flow with plate flow which is used in the present paper. 

The results computed on the basis of the one-dimensional flow 
model also will be compared with the theoretical results for tube 
flow obtained recently in this program (8). These results were ob- 
tained by investigation of the basic partial differential equations 
of energy, momentum, and continuity for a developing laminar 
boundary layer adjacent to an isentropic core in the central por- 
tion of the tube. After transformations these equations were 
solved with the aid of the M.I.T. differential analyzer. The solu- 
tions were obtained on the basis of the simplifying assumption of 
constant fluid viseosity and thermal conductivity. The cor- 
responding calculated results will be referred to on the charts to 
follow as “tube flow, constant u, and \.” 

The experimental results for tube flow with a laminar boundary 
layer, covering the range of inlet diameter Reynolds number 
from about 20,000 to 100,000 are presented in six charts, Figs. 3 
to 8. Each chart shows the measured values of the modified 
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pressure ratio, the wall temperature of the brass test section, the 
heat flux, and finally the computed values of the Stanton number. 
Each of these quantities is plotted against the length Reynolds 
number. All the data for predominantly laminar boundary 
layers which were obtained with test combinations C and D are 
given on these charts. Six charts were found to be necessary to 
present the data in sufficient detail because they were found to be 
quite sensitive to small changes in values of the inlet. diameter 
Reynolds number. J 
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The ratio of measured local static pressure to stagnation pres- 
sure is given in Figs. 3 to 8 in terms of a dimensionless modified 
pressure ratio mainly to place results from test combinations C 
and D and runs made with different stagnation temperatures on 
a comparable basis. The local wall temperature could have been 
presented in terms of the ratio of local wall temperature to stagna- 
tion temperature but the actual variations are too small to war- 
rant use of this ratio. The local heat flux is, in reality, an average 
value of heat flux over the short length of one of the condensate- 
collecting compartments. 

Fig. 3 presents resuits for the lowest value of the diameter 
Reynolds number attained in these heat-transfer tests, namely, 
22,000. Both runs shown in Fig. 3 were made with test com- 
bination D and illustrate the degree of reproducibility of the 
data for static pressure, wall temperature, and heat flux along the 
length of the test section. The pressure fluctuations shown in 
Fig. 3 are not uncommon in this type of experiment. The wall 
temperature is remarkably constant along the length, with an 
average deviation from a mean value of less than a fraction of 1 
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deg F. The heat flux appears to be smooth in the entrance 
portion of the tube which corresponds to the laminar boundary 
layer, and then appears to fluctuate about a mean value of 235 
Btu/(hr sq ft). 

Fig. 3 compares the computed Stanton number for tube flow 
with the values predicted for plate flow and for tube flow. The 
predicted Stanton number for plate flow with zero pressure gradi- 
ent is taken from Van Driest (9) for a laminar boundary layer 
with variable viscosity and thermal conductivity; the comparison 
is made for a free-stream Mach number of 2.8 and a ratio of wall 
temperature to free-stream temperature of 3.0. The predicted 
Stanton number for tube flow is taken from the theoretical solu- 
tion given by Toong (8) for a laminar boundary layer with con- 
stant viscosity and thermal conductivity. This solution shows 
that the Stanton number depends both on the length Reynolds 
number and the diameter Reynolds number so that two lines are 
shown to cover the range of diameter Reynolds number employed 
in the tests. For the entrance region of the tube, where a laminar 
boundary layer is forming, the experimental tube results are in 
good agreement with the theoretical values for tube flow. The 
experimental data lie below the theoretical values for plate flow, 
probably because of the presence of a large adverse pressure 
gradient in the tube flow. 

Fig. 4 shows the results for a diameter Reynolds number of 32,- 
000 for test combination D. The pressure data are smoother 
and more reproducible than those in Fig. 3, and the heat-flux 
data cover a much larger range of values than those in Fig. 3 
The heat-flux data and the Stanton numbers both indicate a sharp 
rise in value near the exit of the test section; this sharp rise is one 
of the first signs noted of transition from a laminar to a turbulent 
boundary layer in the tube. As in the previous case, where a 
laminar boundary layer is present, the values of the Stanton 
number compare well with the theoretical predictions for tube 
flow but lie well below those for plate flow with zero pressure 
gradient. 

Fig. 5 shows the results for three runs with test combination 
D and one run for test combination C. The sensitivity of the 
data to small changes in diameter Reynolds number is evident in 
Fig. 5 where the local heat-flux values for Runs B-14 and K-20 are 
considerably larger than those for Runs B-2 and B-4 even though 
the diameter Reynolds number is increased only from 45,000 to 
51,000. The modified pressure ratio for Run K-20 is slightly 
smalJer than those for the three runs with test combination D, 
but the same slow rise in pressure with a maximum value attained 
near the downstream end of the tube is evident in all four runs. 
Careful study was made of the conditions at this value of the 
diameter Reynolds number because preliminary data for adia- 
batic flow had indicated that for this value the laminar boundary 
layer occupied most of the length of the test section. Substantia- 
tion of these preliminary data is seen in Runs B-2 and B-4 where 
a laminar boundary layer was found to exist up to station 17, 
with a value of length-diameter ratio of 45.3. The agreement of 
the measured Stanton numbers for tube flow with the theoretical 
values for plate flow and tube flow is excellent on the basis of the 
simple one-dimensional flow model. Similar excellent agreement 
was found in reference (5) for the local apparent friction co- 
efficients of adiabatic tube flow at a diameter Reynolds number of 
80,000. Fig. 5 also indicates that the start of the transition from 
a laminar to a turbulent boundary layer occurs at a value of the 
length Reynolds number of 900,000 for Run K-20 and about 
1,300,000 for the other three runs. These values are in good 
agreement with those for transition on a flat plate. 

In Fig. 3 the value of the Stanton number begins to level off at a 
length Reynolds number of 200,000, and fluctuations about a con- 
stant value extend to a Reynolds number of 800,000. In Fig. 4 a 
similar behavior is noted between Reynolds numbers of 300,000 
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and 900,000, and in Fig. 5 between 500,000 and 1,000,000. A 
possible explanation of this leveling off and fluctuation of values 
of the Stanton number could be the phenomenon of separation of 
the laminar boundary layer under the influence of an adverse 
pressure gradient which is present over a long length of tube flow. 
The fluctuations could be explained partially in terms of re- 
attachment of the separated laminar boundary layer. Further 
work is needed to test this explanation. 

Fig. 6 presents the data for a diameter Reynolds number of 
about 70,000 for two runs with test combination D and one run 
for test combination C. The excellent agreement of the values of 
the modified pressure ratio and of the heat flux for the laminar 
boundary layer for the two completely different test combinations 
indicates the absence of appreciable systematic errors. The 
second striking feature of the data in Fig. 6 is the steep rise in the 
heat flux, and likewise in the Stanton number, when the laminar 
boundary layer undergoes a transition to a turbulent one. The 
older and shorter test combination C was not long enough to show 
this feature. The steep rise in heat flux observed here is an ex- 
cellent indicator of transition. The static pressure, and the wall 
temperature on the other hand, changed but slightly over the en- 
tire eight diameters of length of this transition process. The 
values of the measured Stanton numbers in Fig. 6 are in excellent 
agreement with those predicted for plate flow, and are larger than 
those for tube flow with a laminar boundary layer. The better 





JOURNAL OF APPLIED MECHANICS 





b 


MODIFIED 


(1c, Xp/p,, MAA" XT,,/T,,)? 


TEMPERATURE PRESSURE RATIO 
foots F 


LOCAL WALL 





COMBINATION 





(q/A), Btu/(hr-ft?) 


|. PLATE FLOW, Mg*2.8, T,/T,* 3.0 
h/cp Gea * 0.365/{ Reve )”* 


3} + > + + 
TUBE FLOW, M,*2.8,7,/T,*3.0 
CONSTANT pw AND A 

Repo * 0.2 «10° 
Reoo* 1.0 x 10° 


2 3456 80 20 3040 60 80100 
ENGTH REYNOLDS NUMBER, Re, x!0~> 





Fie, 5 


agreement with predicted values for plate flow also may be due to 
smaller pressure gradient present in the data in Fig. 6 than in Figs. 
3, 4, and 5. 

Fig. 7 shows the data for a diameter Reynolds number of about 
80,000 for Runs B-1 and B-9. The results are similar to those 
noted for Fig. 6, especially with respect to the steep slope of the 
curve for heat flux during transition. It should be noted that as 
the value of the diameter Reynolds number is increased from Fig. 
3 to Fig. 8, the value of the length Reynolds number at transition, 
computed on the basis of the one-dimensional flow model grad- 
ually increased from about $00,000 to about 2,200,000. The 
agreement between measured values of the Stanton number and 
those predicted for plate flow is excellent for this type of measure- 
ment in view of published data. 
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Fig. 8 shows the data for Runs B-7, B-16, K-19, and K-23 for 
the last and largest value of the diameter Reynolds number, 
90,000, which was chosen to demonstrate the data for a predom- 
inantly laminar boundary layer. The agreement between the 
data for the two different test combinations is again excellent. 
The steep slopes of the curves for heat flux and for Stanton num- 
ber are again emphasized in the data taken with the longer test 
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combination D. Figs. 7 and 8 indicate smaller values of the ad- 
verse pressure gradient than do the preceding figures. For these 
four runs, the agreement between measured Stanton numbers and 
plate-flow values for zero pressure gradient is excellent 


CONCLUSIONS 


Reliable data on heat-transfer coefficients to air flowing at 
supersonic velocities in a round tube are presented here for the 
case of a laminar boundary layer. The agreement found be- 
tween measurements made with completely independent test 
combinations by different groups of observers provides assurance 
that no significant systematic errors exist. 

The data for tube flow were first treated in the usual fashion on 
the basis of a simple one-dimensional flow model. Since this 
model is not fully adequate to explain or interpret the heat- 
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transfer data for supersonic tube flow, these data are interpreted 
in terms of a laminar boundary layer which begins to grow at 
tube entrance. The calculated values are compared with the 
theoretical predictions for a laminar boundary layer developing 
over a flat plate with zero pressure gradient and with the theoreti- 
cal predictions for tube flow based on constant viscosity and con- 


stant thermal conductivity. 
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The measured Stanton numbers agree best with the theoretical 
values for tube flow and deviate most from the values for plate 
flow for the lowest value of the diameter Reynolds number at- 
tained here, namely, 22,000. On the other hand, the reverse is 
true at the highest value of the diameter Reynolds number, 
namely, 90,000. The agreement between measured Stanton 
numbers and flat-plate values improves as the adverse pressure 
gradient in the tube decreases, that is, as the value of the diame- 
ter Reynolds number increases from 20,000 to 90,000. The 
agreement at the highest values of the diameter Reynolds num- 
ber is excellent for this type of measurement. 

The transition from a laminar boundary layer to a turbulent 
boundary layer for supersonic flow in a tube, with heat transfer 
is most easily detectable by the sudden sharp rise of the value of 
heat flux at the transition region, even though hardly any change 
in static pressure is evident. The numerical value of the length 
Reynolds number at inception of transition is in excellent agree- 
ment with similar published data for a laminar boundary layer on 
a flat plate. 

The data indicate that a fairly great length of supersonic flow 
can be established in a tube with a laminar boundary layer over 
most of this length. Hence this type of apparatus represents an 
inexpensive supersonic wind tunnel for adiabatic and diabatic 
flow. 

The one-dimensional flow model was used in this paper to re- 
duce the experimental values to computed quantities in a simple 
and quick way. The computed quantities, however, are inter- 
preted, related, and compared with essentially the correct phe- 
nomenological picture of the growth of a laminar boundary layer 
inatube. The same original data will be treated in a companion 
paper by a more detailed analysis based on a two-dimensional 
flow model. 
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Heat-Transter Measurements in an 


Inexpensive Supersonic 


Wind Tunnel 


2 Results for a Laminar Boundary Layer Based 


on a Two-Dimensional Flow Model 


By JOSEPH KAYE! anno G. A. BROWN,? CAMBRIDGE, MASS. 


Reliable experimental data on local heat-transfer co- 
efficients for supersonic flow of air in a round tube are re- 
analyzed in detail with the aid of an approximate two- 
dimensional flow model. The results are compared with 
similar results based on a one-dimensional flow model and 
with the theoretical predictions for supersonic flow over a 
flat plate and for flow in the entrance region of a tube when 
a laminar boundary layer is present. The two-dimensional 
flow model yields a better understanding of the phenomena 
which occur for diabatic supersonic flow of air in a round 
tube than that obtained with the aid of the one-dimen- 
sional flow model. The two-dimensional flow model 
shows that the core Mach number is nearly constant along 
the length of test section for a range of values of the inlet 
diameter Reynolds number. Fora laminar boundary 'ayer 
the values of the local Stanton number agree withia a few 
per cent with the theoretical values for plate flow at the 
largest values of the inlet diameter Reynolds nue. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


= inside radius of pipe 
cross-sectional area, wD?/4 
heat-transfer area, DAL 
specific heat at constant pressure 
discharge coefficient of nozzle 
inside diameter of pipe 
acceleration given to unit mass by unit force 
= flow per unit area, w/A 
coefficient of heat transfer, ¢/A’(t,, — t,,.) 
ratio of specific heats 
distance from end of curved contour of nozzle 
Mach number, V/+/gkRT 


£ ™=ao 
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= summation index, Equation [15] 
length Nusselt number, AL/A 
static pressure 
net rate of heat transfer 
perfect-gas constant 
diameter Reynolds number, DG/yg 

= length Reynolds number, LG/yug 
Stanton number, h/c,G 
temperature, deg F 
temperature, deg F abs 
velocity 

= mass rate of flow 
density 
viscosity 
thermal conductivity 
thickness of boundary layer 


a 


Superscript* refers to throat of supersonic nozzle where M = 1. 
Subscripts: 

adiabatic wall conditions 

boundary layer 

c = isentropic core 

j = station numbers 

0 hypothetical entrance plane of the tube, where the 


aw = 


b= 


boundary layer is of zero thickness 
stagnation conditions in boundary layer 
stagnation conditions in core 
upstream stagnation conditions 
atmospheric conditions 
= isentropic conditions 
wall conditions 


free-stream conditions for flat-plate flow 


INTRODUCTION 


An inexpensive steady-state supersonic wind tunnel has been 
designed for accurate measurements of local heat-transfer co- 
efficients. It consists of a convergent-divergent nozzle which de- 
livers dry air at supersonic speeds to a test section, '/; in. diam 
and 30 to 50 diameters in length. The various test apparatusand 
the measurements obtained therefrom have been described pre- 
viously in detail (1).* Sufficient measurements have been made 
to demonstrate their reliability when a laminar boundary layer 
exists in the test section for adiabatic and diabatic supersonic 
flow. The heat-transfer data were first analyzed (1) with the aid 
of a simple one-dimensional flow model, abbreviated hereafter as 


* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 


297 





298 


1-DFM, but it was shown that this model i¢ not fully adequate to 
explain, interpret, and correlate these measti#ements. 

The value of these measurements of local heat-transfer coeffi- 
cients would be considerably enhanced if they could be compared 
with similar measurements for other types of supersonic flow with 
a laminar boundary layer, such as plate flow, cone flow, etc. One 
reason for subjecting the data givea in (1) fo further analysis and 
computation is to lay the foundation for sueh comparisons. A 
second reason is that accurately measured values of loeal heat- 
transfer coefficients for supersonic flow with a laminar botadary 
layer are practically nonexistent so that further analysis of tabe- 
flow data might produce information useful to the designer of 
devices moving at supersonic speeds. A third reason for using a 
more complicated flow model to reanalyze the same data is to 
provide the experimenter with a better phenomenological ex- 
planation of the processes which occur in supersonic flow m the 
entrance region of a tube. The two-dimensional flow model, 
abbreviated hereafter as 2-DFM, will be used in this paper to 
analyze and interpret some selected values of the data given in 
(1). 

The analysis of supersonic flow in the inlet region of a tube can 
be accomplished, on the one hand, in an extremely simple fashion, 
such as with the aid of the 1-DFM, and on the other hand, in an 
extremely difficult fashion, such as by investigation of the partial 
differential equations of energy, momentum, and continuity. Al- 
though both of these methods of analysis have been used in the 
present research program, an intermediate type of analysis is used 
here to obtain results close to those based on the most exact 
analysis. This 2-DFM should be considered to represent closely 
the actual supersonic flow phenomena in the tube. 

The 2-DFM is used here only for supersonic flowin the entrance 
region of a tube with a laminar boundary layer originating at tube 
inlet. Experimentally it has been found possible to maintain a 
laminar boundary layer over the entire length of test section by 
careful control of the inlet conditions. Independent measure- 
ments of the velocity and temperature profiles of the tube flow for 
these inlet conditions have confirmed the existence of this 
laminar boundary layer. In the previous paper (1) certain 
values of the tube inlet conditions were selected to present the 
data for a laminar boundary layer. In the present paper 
the same values of these inlet conditions are selected to pre- 
sent the results of computation based on the 2-DFM. Com- 
parisons of the results based on the 1-DFM and on the 2-DFM, 
for the same origina) data, will be given here. The results based 
on the 2-DFM also will be compared with theoretical solutions for 
plate flow and for tube flow. 


ASSUMPTIONS FOR Two-DIMENSIONAL FLow Mope:t Wits Heat 
TRANSFER 


The 2-DFM arbitrarily divides the supersonic flow in the en- 
trance region of a tube into two parts, a laminar boundary layer 
and a central core of fluid, as shown in Fig. 1. The laminar 
boundary layer originates near the tube inlet and grows in thick- 
ness by transference of mass from the central core. This 2-DFM 
is consistent with Prandtl’s concept of the boundary layer since it 
is assumed that both the viscous and thermal effects are con- 
centrated in the boundary layer, and that both are negligible in 
the core region; i.e., the fluid remaining in the central core under- 
goes an isentropic process. The basic soundness of this 2-DFM 
has been demonstrated conclusively by means of accurately 
measured velocity profiles at various positions along the test sec- 
tion of Fig. 1, for both adiabatic and diabatic flow (2, 3), and also 
by means of unpublished recently measured temperature profiles. 

The present paper deals with a simplified version of the actual 
2-DFM in that the actual velocity and temperature profiles are 
represented by simple approximations for both the laminar 
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boundary layer and the core. The boundary-layer thickness is 
assumed to be the same for both the velocity and thermal 
boundary layers. This thickness is arbitrarily taken to cor- 
respond to that thicknesé at which the local velocity in the 
boundary layer equals 99 per cent of the mean velocity in 
the core. These simplifications are shown in Fig. 1. They were 
introduced mainly to reduce the computational time since it was 
found, after considerable study’, that the use of these simplified 
velocity and temperature profiles yielded results nearly identical 
to those obtained using a nonlinear velocity profile but requiring 
considerably greater computational time. 

The following assumptions are made in the analysis of the 2- 
DFM: 


1 A laminar boundary lwyer, in whieh both the viscous and 
thermal effects are predomimant, exists for supersonic flow in the 
entrance region. 

2 The air which remains in the central core uridergoes an isen- 
tronic change of state from an wpstream stagnation state to’ the 
static pressure measured at a givem section. 

3 The properties in the central! aare of fluid are assumed to be 
uniform at a given section. 

4 The static pressure is assumed! to be unifom across each’ 
section of the tube. 

5 Air is a perfect gas with a corstmnt value off the ratio of 
specific heats (kK = 1.40) over the ranger of tempertture under 
consideration. 

6 The laminar boundary layer has* # linear distrilintion of 
velocity which is further approximated by am average valbsity in 
the boundary layer equal to one half the core velocity, ashown 
in Fig. 1. 

7 The stagnation temperature of the central core is asstitred 
to be constant at all sections, equal to 7, whereas the stagnation 
temperature of the boundary layer is assumed te be uniform atia: 
given section but variable from section to sectiom. 

8 The flow is adiabatic up to the tube inlet! where the heat’ 
transfer originates. 
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ANALYsIs OF SimpLtirriep Two-DIMENSIONAL FLow Mope. WITH 
Heat TRANSFER 


The following relations hold at each section of the flow in the 
tube shown in Fig. 1: 


WwW, + Ww, .f1) 
= p.V.A, 
= VA, = VLA — A,) 
m|(D/2) — 6}? 
A, + A, 
pRT, 
pT’, . [7] 
V.2/gkRT,. [8] 
V,./2 [9] 


Continuity: 
Continuity: 
Continuity: 
Geometry: 
Geometry: 
Equation of state: 
Equation of state: 
Definition: 


Assumption: 


The following relations hold between the upstream stagnation 
state and a state in the core at any tube section: 

(10) 

—_ {11) 

(12) 

[13] 

[14] 


= (poi/p.* 


= (poi/p)* 


Poi/P 
To:/T. 
Isentropic: To = Toe 

c,T, + V,?/2g 
c,T, + Vi2/2g 


Isentropic: 


Isentropic: 


Isentropic: CypT re = 


Definition: Cle = 

Application of the energy equation for steady flow to a control 
volume which encloses the fluid between the upstream stagnation 
region and any tube section j yields 

g=2j— 1 
(1/2)q; + Qn = WeflCpT 5 + V2/2g) + wefcpTs; 
n=1 
+ V,?/2g) — we,To 


The summation in Equation [15] starts at the first station at 
which heat-transfer data were measured. This first station for 
test combinations C and D is described in reference (1). 

Method of Computation. A sample calculation and the com- 
puted results, omitted from this paper for lack of space, can be 
found in reference (6). 


RESULTS 


General. The original measurements of heat-transfer co- 
efficients for supersonic flow obtained with test combinations C 
and D, comprising four runs with the former and thirteen runs 
with the latter, are given in detail in (1). These data have been 
selected for those stagnation conditions where a laminar boundary 
layer is present over most of the test section. Hence the method 
of computation outlined in the foregoing for the simplified 2- 
DFM should be applicable for these seventeen runs. In view of 
the large amount of calculation involved, however, only seven runs 
have been studied in detail by means of the simplified 2-DFM, 
namely, one and six from test combinations C and D, respec- 
tively. 

The results for six runs made with test combination D are given 
in Figs. 2 to 7, inclusive. Six charts were found necessary to pre- 
sent these results in sufficient detail because they are sensitive to 
small changes in the value of the inlet diameter Reynolds number. 
The results for one run made with test combination C are given in 
Fig. 8. One run was selected here mainly to reduce the total com- 
putational time and to show the effect of a shorter test section on 
the data. On each of these seven charts the calculated quantities 
based on one flow model are plotted without reference to the 
quantities calculated from the other flow model. Thus, in 
the curve of Mach number versus length Reynolds number, the 
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values of Mach number and Reynolds number are taken from 
either the 1-DFM or from the 2-DFM. 

Each of the seven charts presents the Mach number, boundary- 
layer thickness ratio, local length Nusselt number, and local Stan- 
ton number. For the 2-DFM, the Mach number, Nusselt num- 
ber, and Stanton number are based on properties of the central 
core of fluid. The local Nusselt and Stanton numbers are, in 
reality, average values over the short length of flow of 2 or 4 pipe 
diameters. In the discussion of these seven charts, the value of 
the inlet diameter Reynolds number chosen for identification 
corresponds to that computed by means of the 2-DFM. 

Each of the seven charts contains a comparison of the results 
based on the 2-DFM with the theoretical predictions of super- 
sonic flow with a laminar boundary layer on a flat plate and with 
the theoretical predictions for tube flow for constant values of the 
viscosity and thermal conductivity. The former predictions are 
taken from Van Driest (4) and the latter from Toong (5). This 
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type of comparison of results based on the 2-DFM with predic- 
tions for plate flow and for tube flow should be regarded as a tem- 
porary expedient until exact solutions for tube flow and accurate 
experimental data for plate flow with adverse pressure gradients 
are available. 

Results for Test Combination D—Mach Number. Fig. % presents 
the results based on the simplified 2-DFM for the lowest value of 
the inlet diameter Reynolds number, namely, 33,000. The Mach 
number based on the 2-DFM decreased only from 2.7 to 2.1 along 
the length of the test section whereas that for the 1-DFM de- 
creases from 2.1 to about 1.2. This same type of behavior of the 
Mach numbers for the two flow models is found also in Figs. 3 to 
7. In Fig. 7 the Mach number based on the 2-DFM decreased 
only from 2.65 to 2.50 over 50 diameters of length of flow. This 
constancy of the Mach number based on the 2-DFM supports the 
contention that this type of test section is, in reality, a useful and 
inexpensive type of steady-state supersonic wind tunnel. The 2- 
DFM shows that the core Mach number does not vary as much as 
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that indicated by the 1-DFM and that the value of the core Mach 
number is significantly greater than the corresponding value based 
on the 1-DFM. Independent measurements of velocity and 
temperature profiles at several stations near the tube exit lead to 
calculated values of the core Mach number which agree, within 1 
per cent, with the values of the core Mach number based on the 
2-DFM. 

Boundary-Layer Thickness. The boundary-layer thickness at 
any section in the tube is defined by Equation [4] for the 2-DFM. 
It should be noted that this thickness is taken arbitrarily as zero 
in the 1-DFM. For the smaller values of the inlet diameter 
Reynolds number, namely, from 33,000 to 72,000 in Figs. 2, 3, and 
4, this ratio increased from about 20 per cent at tube inlet to 
about 40 to 50 per cent at tube exit. For the larger values of 
Reynolds number, namely, from 88,000 to 115,000 in Figs. 5, 6, 
and 7, this ratio increases from about 10 per cent at tube inlet to 
about 25 per cent at tube exit. Such behavior of the thickness 
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ratio could be interpreted in two ways. Either the laminar 
boundary layer does not fill the tube at exit and a fully de- 
veloped flow pattern is not attained for this entrance type of flow, 
or for the flow length of 50 diameters the supersonic flow is, in 
reality, one corresponding to a fully developed flow but with a 
velocity profile which is quite different than that for fully de- 
veloped incompressible flow in a round tube. Additional experi- 
mental data on velocity profiles for several stations near the tube 
exit are needed before these views can be resolved. 

The thickness ratio for tube flow based on the 2-DFM can be 
compared with a similar ratio derived for the thickness of a 
laminar boundary layer of a compressible fluid flowing on a flat 
plate for zero pressure gradient. The theoretical results of 
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Howarth (7) lead to the following equation for the thickness 
ratio 


(6/a) = 10.4(L/D)(1 + 0.0795 M,*)/(Re,,)'”*. . . . . [16] 


Here the thickness corresponds to that value at which the local 
velocity in the boundary layer on the flat plate is 99 per cent of 
the free-stream value. The values of the thickness ratio based 
on the 2-DF™ are slightly larger than those based on Equation 
[16] for values of the diameter Reynolds number from 33,000 to 
72,000, but both sets of values are in excellent agreement over the 
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entire length of the test section for Reynolds numbers from 88,060 
to 115,000. This excellent agreement should be considered as 
somewhat coincidental for the following reasons: 


1 The zero of the length measurement for the tube flow should 
be the origin of the boundary layer when its thickness is zero, but 
the actual zero has been taken arbitrarily to be at the end of the 
curved contour of the nozzle. The effects introduced by this 
error should disappear by the middle of the test section. 

2 The Howarth formula is restricted to zero pressure gradient 
whereas a finite adverse pressure gradient exists in the tube flow. 
The smallest pressure gradient is found, however, at the largest 
value of the inlet diameter Reynolds number, and for this care 
the agreement between thickness ratio based on the 2-DFM and 
on the Howarth formula is the best. 

3 At the lowest values of the diameter Reynolds number, 
namely at 33,000 to 72,000, some evidence exists that separation 
of the laminar boundary layer probably occurs in the presence of 
the adverse pressure gradient. Such separation probably would 
result in a thickening of the laminar boundary layer and cause its 
calculated thickness based on the 2-DF™M to be greater than that 
indicated by the Howarth formula. Such a thickening calculated 
on the basis of the 2-DF'M can be seen in Figs. 2, 3, and 4. 


Stanton Number. The local heat-transfer coefficients based on 
the 2-DFM are shown in Figs. 2 to 7 for test combination D in 
the form of the local Stanton and local length Nusselt numbers. 
Comparison of the Stanton numbers shows that the major effect 
of shifting from the 1-DFM to the 2-DFM is to decrease the cal- 
culated values of the Stanton numbers and simultaneously to in- 
crease the corresponding values of the length Reynolds number. 
In Fig. 2, for a diameter Reynolds number of 33,000, the first six 
values of the Stanton number lie within an average deviation of 
less than 10 per cent from the theoretical solution for tube flow, 
the remaining eight values fluctuate about a mean value, and the 
fluctuations begin at a length Reynolds number based on the 
2-DFM of 600,000. Similar fiuctuations are evident in the values 
of the Stanton number based on the 1-DFM and are discussed in 
(1). A similar process of leveling-off of the values of the Stanton 
number with fluctuations about a mean value is evident in Figs. 3 
and 4 at larger values of the diameter Reynolds number. 

Figs. 2 to 7 indicate that as the value of the diameter Reynolds 
number increases from 33,000 to 115,000 the values of the Stanton 
number based on the 2~-DFM move from below the lower line for 
the tube solution to almost perfect agreement with the theoretical 
plate-flow solution shown in Fig. 7. The discrepancies between 
the values of the Stanton number and the tube solution should not 
be considered significant at present, since this tube solution is 
based on the assumption of constant viscosity and thermal con- 
ductivity; work is in progress to obtain tube solutions for variable 
values of these properties. The discrepancies between the values 
of the Stanton number and the flat-plate solution, especially at 
the smaller values of the diameter Reynolds number should not 
be considered significant for two reasons: (a) the plate solution 
is based on zero pressure gradient but the data were taken with an 
adverse pressure gradient in the tube; note that the best agree- 
ment between the tube-flow data and the flat-plate solution 
occurs for the smallest value of the adverse pressure gradient in 
the tube. (b) At the smallest values of the diameter Reynolds 
number, there is some evidence of separation of the laminar 
boundary layer so that one would expect some deviations from 
the theoretical solution for plate flow in which separation effects 
were neglected. 

Nusselt Number. The values of the local length Nusselt num- 
ber based on the 2-DFM and on the 1-DFM are also shown in 
Figs. 2 to 7. The main reason for including the Nusselt number 
is to compare the value of plotting the calculations in different 
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ways. All the conclusions reached so far with the aid of the 
curves of Stanton number are also evide.ut from examination 
of curves for the Nusselt number, except that the leveling-off of 
the Stanton numbers in Figs. 2, 3, and 4 is almost completely 
masked in the sharply rising values of the Nusselt number at the 
same length Reynolds number. This masking is a result of using 
the tube length as a multiplicative factor in the Nusselt number 

Transition. The transition from a laminar to a turbulent 
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boundary layer is clearly evident in Figs. 5, 6, and 7, occurring as 
a very sharp rise in value of the Stanton or Nusselt number. On 
the basis of the 2-DFM, this sharp rise occurs at values of the 
length Reynolds number of 4,000,000, 4,500,000, and 4,500,000 


in Figs. 5, 6, and 7, respectively. These values of the length 
Reynolds number at the start of transition are in good accord with 
values given in the literature for transition of a laminar boundary 
layer on a flat plate with zero pressure gradient. 

Results for Test Combination C—Effect of Shorter Test Section. 
The results of using the 2-DFM for calculation of one run with 
test combination C are shown in Fig. 8. The value of the inlet 
diameter Reynolds number is 127,000, which corresponds to the 
highest value for test combination D shown in Fig. 7. Hence the 
effect of a shorter length of test section may be obtained by com- 
parison of these two figures. Fig. 8 shows that the value of the 
Mach number, based on the 2-DFM, remains nearly constant. 
The boundary-layer thickness ratio increases from 10 per cent at 
inlet to about 20 per cent at exit, thus duplicating the behavior of 
the boundary-layer thickness ratio of test combination D in Fig. 7. 
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This ratio in Fig. 8 also agrees well with that computed by the 
Howarth formula. 

The values of the local Stanton and local Nusselt numbers based 
on the 2-DFM, shown in Fig. 8, agree within a few per cent with 
the values based on the theoretical predictions for plate flow, in 
the region where a laminar boundary layer is present. The value 
of the length Reynolds number at transition from a laminar to a 
turbulent boundary layer lies between 3,000,000 and 4,000,000; 
this agrees well with the values observed for transition in the 
longer test section of test combination D. The main effect of the 
shorter length of test combination C is that the rise in values of 
the Stanton or Nusselt numbers during transition is never as 
spectacular as that found in test combination D. 


PREDICTION OF DraBatic Supersonic Fiow 1n A TuBE 


The 2-DFM provides a means of predicting the flow behavior for 
diabatic supersonic flow in the entrance region of a tube if a laminar 
boundary layer exists. In essence, this method of prediction was 
confirmed when test combination D was designed to be 50 diame- 
ters long instead of 30 for the previous test combination C. The 
analysis for prediction for diabatic flow is obtained by rearrange- 
ment of the basic equations given in the foregoing but will b« 
omitted here for lack of space. The analysis based on the 2-DFM 
is also being used to design new test sections for adiabatic and 
diabatic flow with an inlet Mach number near 5. 


CONCLUSIONS 


An approximate and simplified two-dimensional flow model for 
the entrance flow region of a tube yields results which are in agree- 
ment with theoretical predictions for tube flow and for plate flow 
with zero pressure gradient. This flow model yields a better 
understanding of the phenomena which occur in diabatic super- 
sonic flow of air in a round tube than that obtained with the 
simple one-dimensional flow model and eliminates the inadequa- 
cies of the latter model. 

The Mach numbers based on the 2-DFM are significantly 
larger and much more nearly constant along the test section than 
those based on the 1-DFM. 

The thickness of the laminar boundary layer based on the 2- 
DFM increases slowly from tube inlet to exit but does not fill the 
tube cross section at exit. These values of the thickness are in 
good agreement with those calculated from Howarth’s results. 

The values of the local Stanton number based on the 2-DFM 
agree best with the theoretical predictions for tube flow and de- 
viate most from those for plate flow at the lowest value of the 
diameter Reynolds number, namely, 33,000. But the reverse is 
true at the highest value of the diameter Reynolds number, 
namely, 127,000 for test combination C, and 115,000 for test 
combination D. The agreement between measured tube values 
and predictions for plate flow for zero pressure gradient for these 
last two values of the diameter Reynolds number is within a few 
per cent. The values of the local Nusselt number based on the 
2-DFM behave similar to the Stanton numbers in comparisons 
with the theoretical predictions for tube flow and plate flow but 
are of less value in understanding and interpreting the phe- 
nomena. 

The effect of varying the length of test section from 30 to 50 
diameters on the results based on the 2-DFM is negligible, except 
that the shorter length does not delineate transition as clearly. 

The transition from a laminar to a turbulent boundary layer for 
diabatic supersonic flow in a tube is clearly evident in the sudden 
and very sharp rise of the values of the local Stanton number 
The values of the length Reynolds number at the start of the 
transition are in excellent agreement with similar data for a 
laminar boundary layer on a flat plate. 
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The Elastic-Plastic Stress Distribution 


Within a Wide Curved Bar Subjected 
to Pure Bending 


By BERNARD W. SHAFFER? anp RAYMOND N. HOUSE, JR.,4 NEW YORK, N. Y. 


Analytical expressions are obtained for the radial and 
circumferential stress distributions within a wide curved 
bar made of a perfectly plastic material when it is subjected 
to a uniformly distributed bending moment. The elastic 
stress distributions are based on the use of the Airy stress 
function, whereas the plastic stress distributions in this 
problem of plane strain are based on the use of the Tresca 
yield condition. It is found that as the bending moment 
increases in the direction which tends to straighten the 
initially curved bar, an elastic-plastic boundary develops 
first around the concave surface. It meets a second 
boundary, which starts sometime later around the convex 
surface, when the bar is completely plastic. The elastic 
1 gion within the bar decreases at a fairly uniform rate as 
the bending moment increases to within approximately 90 
per cent of the fully plastic bending moment but then it 
degenerates very much more rapidly until it no longer 
exists when the bar is completely plastic. The position 
of the neutral surface is independent of the applied bending 
moment when the stress distribution is within the com- 
pletely elastic and the completely plastic ranges. Within 
the elastic-plastic range, however, it moves away from 
and then toward the center of curvature as the bending 
moment increases. 


INTRODUCTION 


( eel the elastic-plastic bending of a wide initially 
curved bar made of a perfectly plastic material to which 
end moments are applied. As these moments are increased 

the stress distribution within the bar goes through three distinct 

phases. In the first phase the entire bar is elastic; in the 
second a portion of the bar is plastic whereas the remainder is 
elastic; in the third phase the entire bar is plastic. It is our in- 
tention to present a solution for the stress distribution within the 


bar during each of these phases. Even though the completely 
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of the Army (Ordnance Corps) under Contract No. DA-30-069-ORD- 
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ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1955, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, March 26, 1954. Paper No. 54—A-94. 
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elastic‘ and the completely plastic®*® solutions to this problem 
have been previously reported, these solutions will be repeated 
here because they will serve as the limiting case to the problem 
with which we are primarily concerned. 

A typical section of the curved bar, which is of uniform cross 
section and whose dimension perpendicular to the plane of curva- 
ture is very large, is shown in Fig. l(a). The bending moment is 
uniformly distributed along the length of the bar. Aside from 
end sections, therefore, we may calculate the stress distribution 
at any radial section as a problem in plane strain. 


Fic. l(a) Grometry or THE Curvep Bar 

Let a and b denote the inner and outer radii of the curved bar, 
respectively, and M the bending moment per unit length perpen- 
dicular to the plane of the paper. The stresses on a typical ele- 
ment within the bar, shown shaded in Fig. l(a), are shown in Fig 
1(b) where @, denotes the radial stress and o» the circumferential 

stress. These stresses do not de- 
pend on @ but only on r, because 
the bending moment is the same in 
all radial cross sections. We will 
obtain, in this paper, expressions for 
the stresses @» and ¢, for each of the 
three phases of the problem. 

The strains in the elastic-plastic 
pr »blem are of the order of magni- 
tude of elastic strains. We may 
assume, therefore, as we do in an 
elastic solution, that the physical 
dimensions of the bar do not change 
significantly during loading. 

A perfectly plastic material obeys 
Hooke’s law within the elastic range 
and does not work-harden within 
flow occurs whenever the 


.1(6) Srresses on A 
TypicaL ELEMENT 


the plastic range. Plastic stress 


‘Theory of Elasticity,’’ by 8. Timoshenko and J. N. Goodier, 
McGraw-Hill Book Company, Inc., New York, N. Y., second edition, 
1951, pp. 61-65. 

‘The Mathematical Theory of Plasticity,"’ by R. Hill, Oxford 
University Press, London, England, 1950, pp. 287-289. 

¢**Bending of an Ideal Plastic Metal,”’ by J. D. Lubahn and G. 
Sachs, Trans. ASME, vol. 72, 1950, pp. 201-208. 
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components satisfy the Tresca yield condition,’ namely 


where k is the maximum shear stress of the material equal to one 
half the tensile yield stress. For plane strain 


0, 59,509 orgogSo,sa, 


where @, is the stress in the longitudinal direction, perpendicular 
to the plane of curvature. 

For the problem of pure bending there are no shear stresses 
acting on the element c-d-e-f which is shown in Fig. 1(b). The 
stresses o,, 79, and a, are, therefore, the principal stresses and the 
Tresca yield condition may be written in the form 


whichever is applicable. 


Tue Exastic SoLutTion 
The stresses on a typical element within the elastic range, 
shown in Fig. 1(b), must satisfy the equilibrium equation and the 
compatibility equation.‘ From the symmetry of the problem, the 
only equation of equilibrium which remains to be satisfied is 


dr 


the equation of equilibrium is identically satisfied, and the com- 
patibility equation reduces to 


oy, See awe 


drt * r drt r 
Its solution is 


@ = A loger + Br? loger + Cr? + D.........[7] 


where A, B, C, and D are constants which can be evaluated for a 
given set of boundary conditions, For the problem under con- 
sideration the concave and convex boundaries of the bar are 
stress-free whereas the normal stresses at the ends give rise to the 
applied bending moment M. It can be shown‘ that for these 
conditions the elastic solution is given by the expressions 


4M [| a*b* b ? a 
7, = — — — loge — + b? log. + a?® loge — | . [8a] 
N r? a b r 


M( a, + 
(. ~~ loge — + b? loge — 
r a b 


a 
+ a? loge + b? — a) 
r 


b 2 
N = (b* — a*)* — 4a*b* | loge +) 
a 


Whenever bending is in the direction shown in Fig. 1(a), the 


™ Theory of Perfectly Plastic Solids,” by W. Prager and P. G. 
Hodge, Jr., John Wiley & Sons, Inc., New York, N. Y., 1951, p. 23. 
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radia] stress ¢, is always tensile whereas the circumferential stress 
o@¢ is compressive near the outer surface but tensile near the inner 
surface. At a particular radius r = c, the radius of the neutral 
surface, the circumferential stress is zero. We can see from Equa- 
tion [8b] that the position of the neutral surface depends only on 
the geometry of the problem, not on the applied load. 

As the bending moment increases, o9 and o, increase, and so 
does the difference in their numerical value. This difference is 
greatest at the inner surface of the curved bar and it is this sur- 
face, therefore, at which yielding will begin. The corresponding 
bending-moment expression may be obtained by substituting the 
expressions for o, and og at r = a (see Equations [8]) into the 
yield condition, Equation [3a], to find 


foes wohig 4} 


2 (« — b? + 2b? loge 3 
a 





M = 


With an increase in bending moment exceeding the numerical 
value given in Equation [9], a plastic zone forms around the 
lower fibers of the cross section and we enter upon what we will 
call the first stage of the elastic-plastic solution. 


Tue Exastic-P.Lastic SoLUTION—STAGE 1 


In view of the symmetry of the problem, the stress distribution 
at each radial cross section is identical, and should the elastic- 
plastic boundary be at r = p; in one section, it will be in the same 
place in every other section. For this problem, therefore, unlike 
most elastic-plastic problems, it is possible to predict the shape of 
the elastic-plastic boundary. Its position, of course, would de- 
pend on the applied moment. 


Fic. 2 First Stace or tHe Exastic-Piastic SoLuTiIon 


The position of the elastic-plastic boundary for Stage 1 is shown 
in Fig. 2. The plastic zone is c.ntained within the region a < r 
< p; whereas the elastic zone is contained within the region 
pasrsd. 

Every element within the plastic zone satisfies the equation of 
equilibrium, Equation [4], and the yield condition. Equation 
[3a] is the appropriate yield condition for this region because the 
circumferential stresses below the neutral surface are tensile and 
greater than the radial stresses. Upon substituting Equation [3a] 
into Equation [4] and reintroducing the results into Equation 
[3a], we find that the stresses within the plastic zone are 


oo = 2k (: + loge = ), 
a 


Within the elastic zone, the stresses from Equations [5] and 
[7] are 
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A 
=~ + B(L + 2 loger) + 2C [12a] 
° 


A 
oo = — — + BB + 2 loger) + 2C. [12b] 
r? 


At the convex surface of the elastic zone, r = b, the radial stress 
g, is equal to zero. At the concave surface, the boundary be- 
tween the elastic and plastic regions, the radial and circum- 
ferential stresses are continuous. In view of Equations [10] and 


[11], the stresses within the elastic region, p; < r < b, described 
in Equations [12] are given, therefore, by the expressions 


r 
¢, = 4 p,7b? loge —r*! p,? loge 
2 | a a 


= Nip;*b?r? 
b II 
+ »( + 2 loge A ) loge aim 
a r 


t 
r? E (: + 2 loge - \ (: - loge ) 
a/ 


r 
r b | 
p | 1 + loge ~ pb? log. — { sn oe gas] 
a a 


b 
- 2b* loge 


2k j b 


2k  f 


where 


b* — p,? 


‘ 
p,*b? 


The position of the neutral surface r = c, corresponding to o@ 
equal to zero, is then given by the expression 


, t "" c 
1 + 2 loge f 1 — loge - fs ( + loge — 
a c b? a 


p:? 
= loge 
c a 


. [15] 


The bending moment per unit width of cross section during the 


Fic. 3 (Left) CirncuMFERENTIAL 

Srress DistrRIsvuTION ON A SEecToR 

or THE Bar DvuRING THB First 

Stace or THE ELastic-PLastic 
SoLuTION 





first stage of the elastic-plastic solution is obtained by considering 
the equilibrium of the section shown in Fig. 3 


pi 6 
M= f ogrdr +f oerdr 
a pr 


If we substitute the expressions for og found in Equations [11] 
and [14] into the first and second integrals on the right-hand side 
of Equation [16], respectively, the resulting expression is 


‘ t 
(a -sintee cil ) 
k Py 
t b ‘ 
= p?? [ aa 2 (: + 2 loge ») loge | — b? (: + 2 loge t) 
Py a a 


[17] 


[16] 
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Equation [17] also may be used to establish the position of the 
elastic-plastic boundary p; for a given bending moment. Its 
numerical value is needed to evaluate the stress components as 
well as the position of the neutral axis. 

A check on the stress distribution computed in this section 
shows that the resultant force vanishes across an arbitrary radial 
cross section. 

As the applied moment increases so do the stress components in 
the elastic region. When the moment is large enough, yielding 
will begin at the convex surface of the bar. The stress com- 
ponents at this surface, given by Equations [13] and [14] forr = 
b, satisfy the yield condition, Equation [3b], whenever 


ab b 
b?\ 1 — loge —— ] = p,? {1 + loge [18] 
Pe a 


The corresponding bending moment may be found by substituting 
the numerical value of p;, specified in Equation [18], into Equa- 
tion [17]. Bending moments greater than that obtained from the 
simultaneous solution of these equations will cause the appear- 
ance of an upper plastic zone which together with the existing 
lower plastic zone will advance toward the neutral surface. Thus 
we enter the second stage of the elastic-plastic solution. 


Tue Exastic-P.iastic SoLUTION—STaAGE 2 


In the second stage of the elastic-plastic solution there are 
three distinct regions which are divided by two elastic-plastic 
boundaries, one at p,; and the other at po, Fig. 4. Fora <r < p,, 


Fic. 4 (Left) Seconp Stace or 
Evastic-PLastic SoLuTiIoNn 


the plastic solution given by Equations [10] and [11] is still ap- 
plicable; for p; < r < po, the elastic solution, Equations [12], is 
applicable; and for p. < r < b, a different plastic solution will 
apply. Since o, > o¢ within this region, this latter soluiion is 
determined by using the yield condition, Equation [3b], together 
with the equilibrium equation, Equation [4]. Therefore the 
stresses are given by 


Psrsb 


t 
2% (1 loge Ya <r<b 
rT 


The radial and circumferential stresses are continuous across 
the elastic-plastic boundaries, r = p;andr = pp. Hence in view 
of Equations [10], [11], [12], [19], and [20] we may write 


b 
a, = 2k loge 
‘ 


0, = [20] 


Pc (21a) 


a 


+ B(1 + 2 loge p;) + 2C = 2k log, 


a 


- + B(3 + 2 loge p;) + 2C = 2k (: + loge e) any 
p 


J + B(1 + 2 loge po) + 2C = 2k loge [21c] 
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b 
-< + B(3 + 2 loge po) + 2C = — 2k (1 — tog.) an 


From the first three Equations [2la—c] we may evaluate the con- 
stants A, B, C, which, upon substitution into Equation [21d], 
vields 


ab Po* 
Po® (: — loge a) = p? (: + loge ‘ab 


a relationship between the positions of the elastic-plastic bounda- 
ries. 

The stresses in the elastic region pi < r < po, given by Equa- 
tions [12], are now given as 


een 
ee 2P;"po*r® 


2 
{ore loge , aR, r? E loge " 
ab a 


+ py? (: + 2 loge a) loge “i 


— po? (: — 2 loge * Nog oy} 
Pi Po 
{7 | a (: + 2 loge o) (: — loge m) 
a r 
r b r 
1 + 2 loge +) loge — — p,? (: + loge ry] 
Pi Po a 


2 
— p;*po* loge Pe 
ab 

where 


po? — pi? — Qpp? loge Po 
p 





nay Pi*po* 
The position of the neutral surface r = c, found by setting og 
equal to zero, is given for the second stage of the elastic-plastic 
solution by the expression 


° b 
(: + 2 loge 1) (: — loge | — (: + 2 loge s) loge a 
a i 
2 2 
(: + loge ‘) = Pe loge x 
Po a c ab 


2 
— eee 


The radii p; and po, which appear in Equations [23], [24], and 
|25] are related to each other by Equation [22]. They are 
uniquely prescribed for a given bending moment M. 

To find the relationship between M and these radii let us con- 
sider the equilibrium of the sector shown in Fig. 5, subject to the 


rey 


Fie. 5 (Left) CirncuMFEeRENTIAL 

Srress DistrRisuTIon ON A SEcTOR 

or tHe Bar Dvurine THE SECOND 

Stace or THE Evastic-P.iastic 
SoLuTION 


applied bending moment M and the circumferential stress dis- 
tribution just computed 


‘ b 
—M = a ow dr + [™ oordr +f oer dr... .[26] 
a pi po 
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If we substitute the expressions for a» found in Equations [11], 
[5], and [20], respectively, then in view of Equations [21a] and 
[21c], it may be written*® 


, b 1 
M =k E loge Pc _ po® loge — + = (b* — po® — p;* + «| 
a Po 2 


+A loge © + B (po? loge po — p;? loge px) + C ( po? — p,*) 


. [27] 


After substituting the constants A, B, and C, obtained from Equa- 
tions [2la-c], the expression for bending moment may be rewrit- 


ten to read 
— 2 loge 4 
pi 


2M 2 
k Po?® 
) 0? 
~ 2a | ri (: + 2 loge e) log. © | 
Ps ab 
b 
-. 20 (1 — lea, ) -. es. [28) 
p?* 


The numerical values of the radii p; and py needed to evaluate 
the stress components and the position of the neutral surface may 
be computed for a prescribed bending moment from Equations 
[22] and [28}. 


The resultant force over an arbitrary radial cross section, given 


i b 
P= fox + [” ovr +f oedr.... 
a on po 


leads to the expression® 


as 


[29] 


A 
F - >| , +B + Dog) + 20 
Po 
A 
~ af . + Bil + Plog p) + 2¢| 
Ps 


b 
+ 2kp, loge ** — 2kp» loge —- = 0 [30] 
a Po 
when the substitution is made for og», as defined ia Equations 
[11], [5], and [20]. In view of Equations [2la] and [2l1c], the 
resultant force is, as we would expect, identically equal to zero. 


Tue ComPLetecy Puiastic SoLuTION 


When the bending moment is large enough, the boundary of the 
upper plastic zone r = pp and the boundary of the lower plastic 
zone r = p; meet at the surface which represents the limit of the 
degenerating elastic zone r = c. The stresses within the lower 
plastic zone are given by Equations [10] and [11] with the limits 
a<rc<ce. For the upper plastic zone, now contained within the 
region c < r < b, the stresses are given by Equations [19] and 
[20]. For the completely plastic case, p; = po = ¢, Equation [30] 
reduces to 


b 
2k loge — = 2k loge — 
a c 


which shows, according to Equations [10] and [19] for r = c, that 
the radial stresses are still continuous across the neutral surface. 


f” de pre |" — on 
- ~ 


pi dr 
¢ is defined in Equation [7]. 


’ po 2 d 
f Le |". ¢ is defined in Equation [7]. 
pit dr* dr J pi 
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It immediately follows from Equation [31] that the radius of the 
neutral surface for the fully plastic case is 


c = +/ab. [32] 
Finally, when p; = po = c, Equation [27] reduces to 
oe 1 AY 
M = k| c? loge — + = (b? — 2c? + a*) }..... [33] 
ab 2 


and, in view of Equation [32], the bending moment per unit width 
of cross section for the fully plastic state M, is given by the ex- 
pression 


[34] 


M an a)? 
» 9 | ) 


DiscussION OF REsuULTs 


We have seen in the previous sections that as the bending 
moment on an initially curved bar increases, the bar passes 
through three distinct phases, i.e., the completely elastic, the 
elastic-plastic, and the fully plastic phase. Mathematical ex- 
pressions have been derived which describe for each phase the 
stress distribution, the position of the elastic-plastic boundary, 
and the position of the neutral axis as a function of the bending 
moment and the physical dimensions of the problem. 

In order that we may better understand the interrelationship 
between some of the parameters, numerical calculations were 
made and their results indicated in Figs. 6 through 9. In pre- 
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Fie. 6 Revative Position or THE Evastic-PLastic BounDARIES 


paring some of these calculations it was found convenient, be- 
cause of the form of the equations presented in the previous sec- 
tions, to choose p,; as the independent variable. According to 
Equation [32], p; lies between the limits a and a/ab. Whenever 
p; was greater than a, but less than the value obtained from Equa- 
tion [18], its numerical value was substituted into Equations [17], 
[15], [14], and [13] as needed. Whenever p; was greater than the 
value prescribed in Equation [18] but less than +/ab, the bar was 
within the second stage of the elastic-plastic solution and p; as 
well as po, obtained from Equation [22], were substituted as 
needed into Equations [28], [25], [24], and [23]. 

The stress distribution within the lower plastic zone, Equa- 
tions [10] and [11], and within the upper plastic zone, Equations 
[19] and [20], are independent of the numerical value of p; and 
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Po, although the limits of the equations do depend on the position 
of the elastic-plastic boundaries. 

Fig. 6 was prepared from the computed results just described 
in order to show the relative positions of the elastic-plastic 
boundaries a/p; and po/b as a function of the bending moment 
ratio M/M, for several values of b/a. M,, as the reader will re- 
call, is the bending moment for the fully plastic case, whereas M 
is the bending moment at a given instant. 

It can be seen that for a constant ratio of b/a, the radius to the 
inner elastic-plastic boundary p; increases, whereas the radius to 
the outer elastic-plastic boundary pp decreases as M/M, increases 
until they meet for the fully plastic case when M/M, is equal to 
unity. It also can be seen that the elastic-plastic boundaries ad- 
vance almost linearly as the bending moment increases to within 90 
per cent of the completely plastic case whereas small increases in 
bending moment within the last 10 per cent cause a rapid de- 
generation of the elastic zone. This trend is even more pro- 
nounced as the ratio b/a increases. 

In the previous sections we saw that the position of the neutral 
surface is independent of the bending moment when the stresses 
are completely elastic or completely plastic. Within the elastic- 
plastic range, however, its position is a function of the bending 
moment. This effect may be seen in Fig. 7 where the dimension- 
less ratio, c-a/b-a, the relative position of the neutral surface, is 
shown to be a function of M/M, for several representative values 
of b/a. 

We can see in Fig. 7 that as the bending-moment ratio in- 
creases, the neutral surface moves away from, then toward, the 
center of curvature. It is interesting to see that the range in which 
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we observe the movement toward the concave surface approxi- 
mately coincides with the range in which we previously saw the 
rapid degeneration of the elastic region. The relative movement 
is more prominent as the ratio b/a increases. 

It also may be seen that after initial yielding has taken place, 
the increase in M/M, required to cause the initiation of upper 
surface yielding is greatest for large b/a ratios. Thus an increase 
in material for a constant numerical value of a not only increases 
the bending moment required for the fully plastic case, but in- 
creases the range for which we would have but one plastic zone. 

In Figs. 8 and 9 the radial and circumferential stress distribu- 
tion for a b/a ratio of 2.0 is shown for a series of loading conditions 
between M/M, of 0.516, at which initial yielding occurs, and 
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Fig. 8 Raptat Stress Disrrisution ror b/a = 2.0 
1.000, the fully plastic case. Yielding begins at the upper sur- 
face when M/M, equals 0.775. 

The points of maximum radial stress for each of the loading 
conditions are connected by a dotted line in Fig. 8. The radius at 
which the maximum occurs may be found by differentiating the 
appropriate solution described in the previous sections. For the 
first stage of the elastic-plastic solution, the radial stress is given 
by Equation [13] and attains its maximum value at 





eh: Vi + 2 loge p;/a) — pi? 


For the second stage, the radial stress is given by Equation [23] 
and the maximum occurs at 


\ 21p;*po? loge po? /ab 
po® (1 + 2 loge pipo/ab) — p,* 


__ Sai" bee. b/ 








ae [36] 


In the limit, when the bar is completely plastic the radial stress 
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Fic. 9 CIRCUMFERENTIAL Stress DistrisuTIon For b/a = 2.0 


reaches its maximum value at the neutral surface described in 
Equation [32]. Its magnitude, obtained by combining Equa- 
tions [32] and [19] for r = ¢, is given as 


t 
og, = k loge — _. [37] 


a 
It can be seen in Fig. 8 that the position of the maximum radial 
stress moves toward the outer boundary as the bending moment 
increases. 

The circumferential stress distribution is shown in Fig. 9. As 
we can see, it is continuous for the elastic-plastic cases, but dis- 
continuous for the fully plastic case. The fully plastic solution is 
in agreement with the previous work of Hill,’ Lubahn and Sachs.* 





Stress Distributions in Nonsymmetric 
Rotating Rays 


By P. G. HODGE, JR.,1 BROOKLYN, N. Y. 


The centrifugal forces acting upon a rotating ray will 
produce longitudinal stresses along the ray. If the ray is 
not symmetric, these stresses will result not only in a 
longitudinal force, but also in a bending moment. A 
technique for finding the stress distribution in this case is 
developed and illustrated by means of simple examples. 
The limiting elastic speed and the maximum speed before 
large-scale plastic deformation commences are computed. 
An indication is given of how similar methods may be used 
to analyze a rotating disk with no plane of symmetry per- 
pendicular to the axis. 


1 INTRODUCTION 
ET us consider a rotating disk with several protruding rays, 
as indicated in Fig.1. We assume that the disk is sufficiently 
strong to be considered rigid, and we wish to determine the 
stresses in a typical ray. 


a 


Fig. 1 Pian View or Disk Wits Rays 

The ray may be regarded as a beam with no externally applied 
loads, but acted upon by centrifugal stresses resulting from the 
rotation. If the beam section is uniform along its length, the 
problem is trivial, but if the beam section is not symmetric, 
the centrifugal stresses will induce bending forces as well as an 
axial force. 

In the present paper we shall consider first the case of a ray 
with moderate taper which is nonsymmetric with respect to the 
plane of rotation. The problem will be analyzed under certain 
simplifying assumptions. The “axis” of the ray is defined as 
some convenient radial line of the ray. Observe that this axis can 
coincide with the line of centroids only in the case where the ray is 
symmetric. We then assume that plane sections normal to the 


1 Associate Professor of Applied Mechanics, Polytechnic Institute 
of Brooklyn. Mem. ASME. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 28-December 3, 
1954, of Tue American Society or MEecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1955, for publication at a later date. Discussion 
received after the closing date will be returned. 

Norse: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, March 17, 1954. Paper No. 54—A-96. 


axis of the ray remain plane and normal to the (deformed) axis. 
As mentioned previously, we assume that the disk is rigid. We 
also assume that the radius of the disk is sufficiently large com- 
pared to the cross-sectional dimensions of the ray so that the 
curvature of the junction may be ignored. This junction also is 
assumed rigid, so that the ray may be regarded as a nonuniform 
cantilever beam acted upon by a centrifugal force. 

In Section 2 we shall find the elastic stresses in such a ray which 
is of moderate taper, of constant thickness, symmetric with re- 
spect to a plane through the axis of rotation, but nonsymmetric 
with variable depth with respect to the plane of rotation. The 
results will be illustrated by a triangular beam with one side 
In Section 3 the same problem 
Next, we 


parallel to the plane of rotation. 
will be solved for a ray of a perfectly plastic material. 
shall indicate how the approach used for rays may be extended to 
rotating disks. Finally, Section 5 will summarize the conclusions 
and limitations of the theory. 


2 NonsymMMerric Ray, Exastic So._utTion 


Consider a ray of uniform width t, but with variable depth, Fig 
2. Let r be the co-ordinate along the axis of the ray, and denote 
the algebraic distance from the axis to the upper and lower sur- 
faces of the ray by he(r) and A,(r), respectively. Let a be the 
radius of the disk and b the distance to the tip of the ray. 


2 
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Fic. 2 NonsymMmMetric Ray Cross-Secrionat View 

If we neglect shearing forces, then the state of stress in the 
beam may be described in terms of the axial force N and the bend- 
ing moment M, computed about the mean height of the section in 
question. Since the only forces acting on a section are induced by 
the centrifugal force due to the material beyond that section, the 
stress resultants are given by 


b 
N(r) = por f sh(s)ds 


i 
M(r) = put f s{h(r) — h(s)|A(s)ds 
r 


6 
h(r)N(r) - - port ff sh(s)h(s)ds, 


where the depth A and mean height A are defined by 


: hy + he 
h=he—h,h = a 4 
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As long as the material remains everywhere elastic, the assump- 
tion that plane sections remain plane is equivalent to assuming 
that the stress is linear across each vertical section. Therefore, 
if o; and 0, are the values of the stress at the bottom and top 
surfaces, respectively 

+ coat (¢. ) 
o=¢6 ———— —¢ 
1 he a hy 2 1 
where z is the height above the axis. The stress resultants N and 
M may now be expressed in terms of o; and a2 


h 
N= f , todz = th ATS 
Ay 2 
. [4] 
ha th? 
M = ff. to(h — z)dz = DD (a, — G2) 
Solving Equations {4] for o; and o2, and using the values of the 


resultants from Equations [1] we finally obtain the surface stress 
in the form 


2 
i = Ff attr) + OR(r) * BCs)IA(s)ds 15) 
2 r 


The stress at any interior point may now be found from Equation 
[3]. 
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Fie. 3 TriancuLtar Ray Cross-SecTionaL View 


As an example, let us consider a flat-bottomed ray with a linear 
, taper, Fig.3. Taking the flat side as the axis of the ray, we have 


h, =0 
b—r h 
hy = h = 2h = hy — = = i= 0 . . [6] 


Substituting Equations [6] into [5], we obtain, after some com- 
putation 


(b — r) (5b + 7r) 
[7] 


2 
a = —"> (b—2) 


The negative sign preceding o, indicates that the top surface is in 
a state of compression. 

Obviously, the numerically largest stress occurs at the lower 
surface. If the ray is to remain entirely elastic, this stress must 
everywhere be less than the yield stress Y in tension. It is readily 
computed that if b is less than 7a, the maximum value of o; occurs 
at the junction of the hub with the disk and hence is given by 


3 
on, = —— (b—aX(Sb + 7a) 
12 
On the other hand, if b is greater than 7a, the maximum value 


occurs at r = b/7 and is given by 
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3 
Tm = — pwd? - [85] 
7 


Since the maximum stress must be less than the yield stress, the 
condition on the speed for fully elastic behavior is 
12Y 
8< ee T 
SE —ae+%y 
rt 4 
s< — 
pu® Soy 





b> Ta 


3 NonsyMMEtric Beam, Piastic SoLUTION 


If the speed of rotation is greater than the values given by 
Equations [9] the ray will be partially plastic and the preceding 
solution no longer will be valid, since the stress is no longer linear. 
Instead, there will be certain cross sections of the ray which will 
be partially plastic, and, for a perfectly plastic material, the stress 
in the plastic regions will be equal to the yield stress. For values 
of the speed slightly above the maximum elastic speed, the plastic 
regions will be next to the bottom surface (assuming, for definite- 
ness, that the shape of the ray is such that o; is greater than a3). 
In this case, Equation [3] will be replaced by 


o=Y, h<z<yn 
.. [10] 
a 


Zz — 
c¢= 4 + , (o — Y), 
n 


hs — 


where 7 is the height of the elastic-plastic boundary. For still 
larger values of the speed of rotation, a plastic region in compres- 
sion will form against the top surface at some cross sections. At 
such a cross section the stress will be 


o= Y, h<z<7n 
§+1—2 
=—7 


o=—Y, E<z<h 


G ry a<e2<t . [11] 


In either case, the two stress resultants may be computed in 
terms of two unknowns (7 and o2 for Equations [10], 7 and & for 
Equations [11]). The unknowns are then determined from the 
externally computed moment and force. 

The details of the foregoing computation become quite labori- 
ous, even for simple ray shapes, and cannot be completed in 
closed form. Rather than carry out a numerical solution, let us 
seek to determine directly the speed at which some section of the 
ray first becomes fully plastic. This speed is critical, since once 
any section becomes fully plastic large-scale plastic deformation 
becomes possible and the ray becomes unserviceable. 

At a fully plastic section then, the stress is 


om VY, h<2z<7 \ 


g¢=—Y, n<2<hy f° + +12] 


waere 7 represents the height of the neutral axis. The stress re- 


sultants in this case are 


2 
N = 2tY(n—h), M =tY [ta] ... [13] 


Let us define My as the moment at a section which is fully plastic 
in pure bending (7 = h), and No as the force at a section which is 
fully plastic in simple tension (yn = he) 


2 
we et. 
4 


Eliminating 7 between Equations [13], and using [14], we find 





HODGE—STRESS DISTRIBUTIONS IN NONSYMMETRIC ROTATING RAYS 


that at a fully plastic section the stress resultants must be related 


by 
M (x ) 
> (ae) oo8.. 


M, \ No 


[15] 


Since a perfectly plastic section cannot carry stresses greater 
than the yield stress, at all sections of the ray the resultants must 
satisfy the “yield inequality” 


M (z or 
Mi. \iee 


To determine the maximum plastic speed, then, we substitute 
Equations [1] into the yield Inequality [16] to obtain an in- 
equality involving the speed and the co-ordinate r. We then 
seek the maximum value of w for which this inequality is valid for 
alla<r<b. 

As an example, consider the ray whose elastic solution was found 
in the previous section. In view of Equations [6], [1], and [14] 
the yield Inequality [16] for this case may be written 


2p2\? » \? . 
(se (1- (1422 
6y b b 
pwd? r r a 
: ieee mh on Dee. 17] 
+ oY (: r) ( * “) 7 an 


It will be convenient to discuss this inequality in terms of dimen- 
sionless quantities defined by 


(16) 


pwd? 
1— -, = 
b 6Y 


i= 


Inequality [17] then becomes 


P%u3 — Qu)? + Pu(2 — u) 1<0 [19] 


We seek the largest value of P for which Inequality [19] is valid 
for all 


0O<usl— [20] 


b 


For any fixed value of u, the left side of Inequality [19], considered 
as a function of P, is a parabola concave upward. Since it 
is negative at P = 0, there are two real values of P for which it is 
equal to zero, and all admissible P must lie between these values. 
Physically, P must be greater than zero, so that P must be less 
than the positive root of Inequality [19], considered as an equal- 
ity. Thus, at all sections, we must have 


(2=2)e0— 2=2, 
\ 3 — 2u __ [8 — 2u| 


P< ——— 


2u |3 — 2u| 


Since Inequality [21] must be valid for all u satisfying [20], we 
seek that value of u which will make the right-hand side of In- 
equality [21] a minimum. In the Appendix it is shown that this 
value is the root of the equation 


—34u? + 104u? — 99u + 30 = O. 


u ~0.818...... [23] 
Substituting Equation [23] into Inequality [21] we obtain 
P < 0.59 


Finally, in view of the second Equation [18], the maximum plastic 


speed is 


y 
w, = 1.88 1. ns [24] 


Equation [24] is correct only if the value of u given by Equa- 
tion [23] actually lies on the ray. This will be the case provided 
b> 6.5a. For b < 6.5a, the minimum value of Inequality [21] 
occurs at r = a and hence is obtained by substituting u = 1 — 
a/b into [21). 

By way of comparison, it is interesting to observe the effect of 
the lack of symmetry on the critical speeds. For simplicity we 
consider only the case where the ray is sufficiently long so that the 
critical section is away from the disk. For asymmetric ray of the 
same depth, Fig. 4(a), the critical section becomes plastic all at 
once, so that the critical elastic and plastic speeds coincide. This 
value readily is computed to be 


ley a ke 
“~°* Toa” ee YD pb? 


The analysis also has been carried out for an undercut ray of the 


same depth, Fig. 4(b). The results are summarized in Table 1. 


CRITICAL SPEEDS 


(re/b) Critical speed (« Y ob») 
y 
Plastic Elastic Plastic 
0.25 2.32 2.32 
0.18 1.53 1.88 
0.07 1.04 } 34 


TABLE 1 


Type of beam Critical section 
Elastic 

Symmetric, +. 4(a)....0.25 

Flat bottom, Fig. 3.....0.14 

Undercut, Fig. 4(b). 0.08 








Fig. 4(a) Symmetric Ray Cross-Sectrionat View 
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Fic. 4(6) Unpercutr Ray Cross-SectTionat View 


{ Roratine Disk 

The general approach used for a rotating ray also can be used to 
derive the differential equations for a rotating elastic disk with no 
plane of symmetry perpendicular to the axis. To this end we re- 
place the usual assumption for symmetric disks, that the stresses 
are uniform across a section, by the assumption that linear ele- 
ments parallel to the axis of rotation remain linear. In the elastic 
case, this is equivalent to assuming that the stress distribution is 
linear across the thickness of the disk. Shearing and axial stresses 
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will still be neglected although the former at least may exert 
some significant effect in the nonsymmetric case. 

We use the same notations for the disk as for the ray, so that 
Fig. 2 may now be regarded as a cross section of the disk. The 
inner radius a may be zero, indicating a solid disk. To obtain the 
equilibrium equations, we consider an element of the disk 
bounded by the planes @ and @ + A@, the cylinders r and r + Ar, 
and the surfaces of the disk, Fig. 5. This element will be acted 


. Se 
h(r) 
t 





Fic. 5 EquiLipriuM or AN ELEMENT 
upon by radial and tangential forces, by a body force due to the 
motion, and by radial and tangential moments. Let 


Se resultant radial force per unit length 
T'9 resultant tangential force per unit length 
M, resultant radial moment per unit length about local 
centroid 
Mo resultant tangential moment per unit length about local 
centroid 


“re. 


These quantities will be referred to collectively as the 
sultants.”’ 

Because of the axial symmetry, all quantities are functions only 
of the radial distance r, and we need consider equilibrium only in 
the radial direction. Equating the radial components of force 


we are led to 
d 
. (rT,) — Te + pw*rh = 
ar 


Since the moments have no effect upon the force equilibrium, 
Equation [26a] is, of course, the usual equilibrium equation for 
rotating disks, Similarly, if we equate moments about the cen- 
troid at r, we obtain 


dh 


> 


St \ine Maral, 

dr 
Equations [26] represent two equations in the four unknowns 
T,, Te, M,, and Mg». To obtain further equations we must con- 
sider the displacement of a linear element which was initially 
parallel to the z-axis. Because of the centrifugal force acting on 
the element it will be displaced radially, while owing to the bend- 
ing moments it will be rotated. Let u(r) be the radial displace- 
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ment of the centroid, and let $(7) be the angle through which it is 
rotated. The angle ¢ will be considered positive when it cor- 
responds to greater tension on the bottom surface, Fig. 6. The 


z 
‘ 


ce 


\h(r) 


ivemige.: je... tas 


1 





Fic. 6 DispLaAcEMENT OF AN ELEMENT 


total radial displacement of the particle initially at r, z is then 
given by 
u(r, 2) = u(r) — [ze — h(r)] P(r) 


Since this is the only displacement component, the radial and tan- 
gential strains are 
Ou, du 


& @ = @ 


€6 


If the axial stress is equal to zero, the remaining stresses and 
strains are related by Hooke’s law in the form 


E 
C, = oe (€, + veg), 9 = —— (€o + ve,) ... [28] 


1— 1— py? 


Using Equations [27] and [28], we can easily express the re- 
sultants in terms of u and @ 


h+h/2 
T= |. or, z) dz 
ji 


h—h/2 


[29a] 


h+h/2 E 
Te = f- oor, z)dz = - 
h—h/2 —v 


1 


—h/2 


wre. 
"@ ee 7 


ht+h/2 
M,= |. (h — z)o,(r, z)dz = 
h 


—h/2 
12(1 — v*) 


h+h/2 
Ms = (h 
h—h/2 
ao 
E dr t 4 


Equations [26] and [29] represent six equations in the six un- 
knowns T',, T'9, M,, Me, u, d. Together with suitable boundary 
conditions they provide a determinate problem for the resultants, 
displacement, and rotation. They may be reduced to a set of two 
second-order equations by either of the same techniques which are 
useful in symmetric disk problems. Obviously, the substitution 


Eh’ 
12(1 — v?) 


d 
| #¢ nlp $| 
dr r (290) 


Eh? 


— 2)o¢(r, z)dz = —— 
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of Equations [29] into Equations [26] yields two second-order 
equations for u and @. However, since the boundary conditions 
are usually not given in terms of displacements, the resulting 
equations are generally not so useful as stress equations would be. 
A method for obtaining these latter equations is to introduce a 
pair of stress functions defined by 


T,=W/r, Te =v’ + pw'rh \ 
M,=x/r, Me=x'—wWh' } 


to satisfy the equilibrium Equations [26] identically. Substitut- 
ing these stress functions into Equations [29] and eliminating the 


[30] 


displacements u and @ we obtain finally 


2 


rh’ rh’ 
— + 12{ — 
I 


‘ 


aie 
“ h r? 


vy" + 


2 


oe. v)pw*rh 


h’ rh 
61 e423 ee 


1316} 
h h'} r? ‘ . 


Equations [31] are generally similar to the defining equation 
“ rh’ y h y we - 
y" + ~~ 5 1 ) - + (3 + v)pw*xh = 0 
h r } r2 
[32] 
encountered in the theory of symmetric rotating disks, and to a 
similar equation in the theory of bending of plates. Therefore it 
is reasonable to hope that many of the techniques used in these 
connections will be useful here. The results of some investiga- 
tions into this problem will be reported on elsewhere. 


5 CONCLUSIONS AND LIMITATIONS 


The present paper has solved the problem of nonsymmetric 
rotating rays on the basis of certain simplifying assumptions. 
Without doubt the most questionable of these assumptions is that 
sections normal to the axis of symmetry in the plane of rotation 
remain plane and normal to the deformed axis. This is not the 
same as the usual assumption of beam theory concerning sections 
normal to the axis of centroids. If the gradient of the mean 
height is large, then this assumption could introduce a considera- 
ble error. 

A second assumption is the neglect of shear. Here again we 
have departed from the usual beam-theory approach and the 
approximation would become less valid as the gradient of the 
mean height increased. 

A final source of error is the effect of the bending displacement 
on the centrifugal bending moments. For sufficiently small 
speeds this effect will be negligible, but for larger speeds a non- 
linear effect will be observed, since the correct line of action of the 
centrifugal force should be computed from the deformed ray posi- 
tion. For a very long ray this effect might become important at 
speeds well below the maximum elastic speed. In such an elastic 
analysis the magnitude of the effect could always be estimated by 
computing the transverse displacement at the end from the pre- 
dicted stresses. If this is large then an iteration technique could 
be devised using the predicted final shape of the first approxima- 
tion as a basis for a second approximation. In any event, the 
effect of such a displacement is always to lower the maximum 
stress, so that the analysis given here is conservative in this 
respect. 

The problem of the end displacements in relation to the plastic 


analysis is somewhat more complex. In order to gain an under- 
standing of the principles involved, let us consider first a rigid- 
plastic material with an infinite elastic modulus but a finite yield 
A ray made of such a material will remain perfectly 
rigid until the critical plastic speed is reached at which one section 
is fully plastic. A rotation about the neutral axis is now per- 
If the load were independent of the deformation, this 


stress. 


missible. 
rotation could become indefinitely large and the ray would fail by 
any criterion. However, in this problem the load is dependent 
upon the rotation and the effect will be to reduce the moment 
Thus, after infinitesimal rotation, the section will remain plastic 
only if the speed is further increased. 

For the ideal plastic-rigid material we now have a choice of two 
definitions of “limiting plastic speed.” 
as the lowest speed at which any deformation becomes possible, 
On the other hand, if we define 


If we choose to define it 


the present analysis is correct. 
it as the speed at which an indefinitely large deformation be- 
comes possible, an analysis must be made taking account of th« 
deformations. 

The application of these ideas to an elastic-plastic material is 
qualitatively the same. As the speed is slowly increased, small 
transverse displacements will be observed, increasing approxi- 
mately linearly with the square of the speed. Assuming that de- 
formation effects can be neglected in the elastic range, this will 


continue until the maximum elastic speed is reached. Further 


increases in w* will produce relatively larger increases in the dis- 
placement, but these will be of the same order of magnitude as 
Now the effect 


becomes sharply magnified, small increases in w* leading to larger 


the elastic ones until the speed approaches ,,. 
and larger displacement increments. Since the displacement- 
speed curve exhibits a smooth tangent, the definition of a maxi- 
mum plastic speed must be a matter of convention, and th 
approach used here has the merit of relative simplicity. Further, 
as already mentioned, it is conservative. An absolute upper 
bound on the speed is obtained by considering the corresponding 
symmetric ray. 

Since the basic assumptions for the rotating disk are the same 
as for the ray, the preceding remarks may all be qualitatively 
applied to the results of Section 4. 
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Appendix 
LocaTION OF First PLastic Sectrion 

Let the right-hand side of Equation [21] be denoted by f(u 
The general shape of the function is easily determined by con- 
sidering the zeros and infinities of f(u), and is given in Fig. 7(a 
Since u must satisfy Inequality [20], we are concerned only with 
the branch of the curve between 0 and 3/2. In this range there is 
a single horizontal tangent, so the desired minimum will be at the 
point where 


0O<u< 3/2 [33 


f'( u) = 0, 


Computing this derivative, setting it equal to zero, and simpli- 

fying, we obtain 

2—u 2(3 2u\(3 du) 2 

_ aie —_— = 

3 — Qu 3 — 6u + 2u? 3 
Since we are considering only the range between 0 and 3/2, the 
absolute value signs are no longer necessary. Next we square 
both sides of Equation [34], simplify, and divide by the non- 


vanishing factor 3 — 2u to obtain finally Equation [22] 
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g(u) = —34u* + 104u? — 99u + 30 = 0 


The function g(u) is sketched in Fig. 7(b). It is seen that there 
are three real positive roots, of which one is greater than 3/2 and 
hence of no concern in the present analysis. However, the other 
two are both between zero and 1 and are approximately given by 

uw — 0.70, uz ~ 0.82 


Since the preliminary analysis of f(u) showed only one root of 
‘(u) in 0 < u < 3/2, an extraneous root must have been introduced 


f(u) 
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Fie. 7(a) QuauiTative Picture or f(u) 
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Fig. 7(6) QuaitTative Picture or g(u) 

by the squaring of Equation [34]. It can be seen readily which 
root is extraneous by observing that a necessary condition for 
Equation [34] to be valid is that the left-hand side be positive. 
Since this condition is satisfied by uw, but not by m, the desired 
root is given by Equation [23]. 





Studies on Scabbing of Solids Under 
Explosive Attack 


By K. B. BROBERG,' STOCKHOLM, SWEDEN 


The purpose of this paper is to analyze the mechanism of 
the scabbing phenomenon that occurs when an intense 
shock wave in a solid is reflected against a free surface. 
Only plane shock waves with normal incidence to the free 
surface are discussed. The shock wave is assumed to be 
initiated by the detonation of an explosive (especially TNT 
with a loading density of 1.5 g/cm"). The calculations are 
based upon values given by H. Jones and A. R. Miller (for 
the detonation pressure), D. J. McAdam (for the strength 
of the material at combined stresses), P. W. Bridgman (for 
the quantitative behavior of the material at very high 
pressures) and, finally, upon results from the author’s own 
experiments regarding the impulse and the pressure-time 
curve at detonation in contact with a metal surface. It is 
shown that fracture sometimes is likely to occur in several 
parallel layers of the material. Experiments have been per- 
formed which support the theoretical analysis. The re- 
search was carried out at the Royal Swedish Fortification 
and Works Administrative Service, Stockholm. 


MATERIAL AT UNIAXIAL DEFORMATION 
AND Hicu PRESSURES 


THe BEHAVIOR OF 


The deformation is assumed to be uniaxial 
é #0 
&=6 =0 
where €;, €:, and €; denote strains along three orthogonal! direc- 
tions. In the elastic region 


Oo. =a7= - 


where o denotes stress and v Poisson’s ratio. 

As the stress combination is cylindrical it is possible to repre- 
sent the limits for yielding and fracturing on a two-dimensional 
diagram (1).? Fig. 1 shows such a diagram schematically. It 
applies to uniaxial straining when the stress history is such as 
described later. The curve Y represents the elastic limit and the 
curve L the locus of fractures. For negative values of o; the 
curve Y—according to reasonable yield theories and experimental! 
researches (2)—is approximately represented by the straight lines 
0; = 0; cy. The diagram is valid for a certain temperature and 
a certain rate of strain; moreover, the ductility influences the locus 
of fractures (1, 3, 4). 


1 The Swedish Fortifications and Works Administrative 


Service. 

? Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Tue American Society or MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be ac- 
cepted until October 10, 1955, for publication at a later date. Dis- 
cussion received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, June 8, 1953. Paper No. 54—A-95. 
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Two-Dimensional DrtaGRaM ror YIELDING AND FRAcTUR- 
ING 


Fic. 1 


y= | 


Fic. 2 Srress Composirion aT UntaxtaL DerorMaTION 


Let us start with a virgin material and load it with successively 
increasing |¢,| (compressive). At first the material behaves 
elastically, the stress system following Equations [1] as indicated 
by the line OY’ in Fig. 2. Then the yield point is reached and the 
material yields under a stress system approximately given by the 


relation 
{2] 


0," 0; = “Ty... «| 


9 


- 


e.g., the stress system is represented by the line Y’Y", Fig 
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If |o,| is decreased after the point Y” is reached, the material 


| 


again behaves elastically following the relation 
v 
Oo: — Oxy = —— (0; — diy) 
li—yp 


where v varies so little with the mean pressure —'/;(0,; + o2 + a3) 
that the relation is very accurately represented by a straight line 
until the point Y’’’ is reached when the material again starts 
yielding, then following the relation 


0, -— 02 = Cy 


This relation holds until point F is reached, where fracture 
occurs. F is the intersection point between the line o; — a2 = ay 
and that locus for fractures which is valid for uniaxial plastic 
deformation. 


or A SHock Wave Wirn a Very Hicu 


PRESSURE 


Front VELOCITY 


The stress system just behind the plastic wave front of a plane 
shock wave in a solid material may be represented by the point 
Y” of Fig. 2. If the intensity of the shock wave is very high 


0, A 02 = G3 


e.g., the stress system is approximately hydrostatic. 

Bridgman has determined very accurately the relation between 
hydrostatic pressure p and density p for many materials up to 
p = 30,000 kg/cm? (5) and with somewhat less accuracy up to p 
= 100,000 kg/cm? (6, 7). As at detonations in contact with 
metals pressures of about 300,000 kg/cm? are to be expected, it is 
necessary for quantitative calculations to extrapolate Bridgman’s 
experimental results. Pack, Evans, and James (8) have sug- 
gested the relation 


p = A(p/po)”/*[exp{ 8[1 — (po/p)'/*]} — 1] 


which by suitable choice of the constants A and § very closely 
follows the experimental results. It is to be observed that Equa- 
tion [3] is the relation between pressure and density when the 
changes of state are isothermic. In the absence of better assump- 
tions Equation [3] is assumed to hold even when the changes of 
state are such as take place at the passage of a shock wave. 

Table 1 contains the values of A, 8, and po for some materials. 


CHARACTERISTIC CONSTANTS FOR SOME 


TABLE 1 
MATERIALS 


Material dynes/cm?* 
PS caa:.4 2 . 6.01 * 104 
Aluminum. . . 1.90 
Magnesium. . . 0.639 
Copper..... 3.52 

OS) ear 1.32 
Quartz glass... 4.7 

( Brass) (3.0) 


~ 
wom ore oO D> 


NOONOR eS 


~~ 
— 
~ 


The front velocity U and the mass velocity u just behind the 
front of a shock wave with the direction 1 are given by the rela- 
tions 


Cpe adie? 


Calculations of U and u as functions of a; have been performed 
with the aid of Equations [3], [4], and [5] for iron, aluminum, 
magnesium, copper, lead, quartz glass, and brass. The relations 
obtained are represented graphically in Fig. 3. To give an idea of 
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the pressure that is necessary to make the velocity of the plastic 
wave front higher than that of elastic waves, the results obtained 
by Bridgman are extrapolated to 530,000 kg/cm? for steel. 

A calculation of the pressure at a detonation in contact with a 
metal surface implies knowledge of the following: 


(a) The gas relationships at reflection against a moving wall 
(pressure as a function of the velocity of the wall). 

(b) The velocity of the wall (mass velocity as a function of 
pressure ). 
The latter relation—u as a function of o;—is already worked out 
for several different materials, Fig. 3. However, rather little is 
known about the gas relationships at the high pressures that are 
to be expected at a detonation in contact with a solid. Jones and 
Miller (9) have assumed an empirical equation 


po’ /N’ = RT + bp + cp? + dp*..... (6] 


where v’ denotes the volume of the gaseous products from detona- 
tion of one mole of TNT and N’ the number of moles. The con- 
stants b, c, and d were chosen so as to give agreement between 
calculated and measured values of the detonation velocities of 
TNT with different low loading densities. Complete agreement 
also for high loading densities was impossible to obtain with Equa- 
tion [6]; thus an extrapolation to the considerably higher pres- 
sures that are reached at detonation in contact with metals is 
somewhat doubtful but is used here to give an idea of the pres- 
sures that are to be expected. 

When the detonation wave reaches the surface of the solid, a 
shock wave’ emerges from that surface into the detonation gases. 
The mass velocity just behind the front of that shock wave has 


In some cases a rarefaction wave emerges. 
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initially the same value as the velocity given to the surface. Thus 
it is possible to calculate the pressure initially reached at the 
moving surface as a function of the velocity of that surface by 
means of the Hugoniot-Rankine equations, Equation [6], and the 
expression given by Jones and Miller (9) of the internal energy of 
the detonation gases. The “‘ambient’’ pressure, viz., the pressure 
at the detonation wave front, is 160,000 kg/cm? for TNT with a 
loading density of 1.5 g/cm (9). 
Then the following relation is obtained 


10-1580 — u)? = (10-"p — 1.60)*(10~"'p 
+ 0.33)(3.03 — 10-"p)/1.60(10-"p + 0.10) 


where u (m/sec) is the velocity of the wall and p (dynes/cm*) the 
pressure at the intermediate surface just after the arrival of the 
detonation wave. The relation is graphically represented in Fig. 4 
together with relations between mass velocity and front pressure 
of shock waves in various media. The relation obtained is as- 
sumed to hold approximately even on the rarefaction side. In 
the case of air accurate experimental results agree with the 
values shown in Fig. 4. 
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However, the gas equation does not seem to hold for the very 
high pressures that are supposed to be reached when the velocity 
of the intermediate surface is low. The results for high veloci- 
ties of the surface are therefore extrapolated graphically to give a 
physically possible relation between pressure and velocity in the 
low-velocity range. It is to be emphasized that the values thus 
obtained tend to be mere guesses for the materials toward the 
bottom of Table 2. 


CALCULATED MAXIMUM PRESSURES 


Pressure at detonation in contact 
with the material (TNT, 1.5 g/cm) 
dynes/cm?* 

45 xX 10° 
.20 X 10" 


65 


TABLE 2 


Material 


Quartz glass 
Magnesium 
Aluminum 
Lead. 
Brass... 
Isom... « 
Copper. 


www wwOK KR Oo 


APPROXIMATE TREATMENT OF PLANE PROPAGATION OF A SHOCK 
WAVE IN A Sotip MATERIAL 


A hypothetical case is to be studied, where the following 
approximations will be used: 


1 The propagation velocity of plane elastic waves in relation to 
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ambient material is independent of the pressure. This velocity is 
called c,. 

2 The propagation velocity of plane plastic waves in relation 
to ambient material is independent of the pressure. This velocity 
is called c,(c, < ¢,). 

3 The mass velocity u is small comparea with c¢, or c,. 

4 Influence of the temperature is unimportant. 


If the propagation of the shock wave were represented on an 
z-t-diagram, that diagram would be divided into elastic and plastic 
regions. In an elastic region the propagation of the wave is re- 
garded as if occurring in a virgin elastic region (without an elastic 
limit) and in a plastic region the propagation of the wave is re- 
garded as if occurring in a “‘virgin plastic’ region. As the division 
into elastic and plastic regions is not predetermined a correlation 
is necessary between the z-(-diagram and Fig. 2. 

With the foregoing assumptions the following relations hold in 
each separate region (10) 


Ds P  D-Q 
Dt ~—sCWODtk 


P= 


oO 
ot 
where c is either c, or c,. The equations express that P is a con- 


stant along lines with the slope 1/c (line P) and Q is a constant 
along lines with the slope —1/c (line Q). 
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Fie. 5 


Assuming the load on the material surface to be of the form p = 
p(t) that is graphically shown to the left of the z--diagram in Fig 
5, it is obvious that the z-t-diagram is divided into two plastic re- 
gions (one of which degenerates into a straight line of finite length ) 
and two elastic regions (which are not separated completely). An 
elastic wave with the constant stress 
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1—vp 
sali! P= hon 
precedes the plastic wave front. Immediately behind the plastic 
wave front at the co-ordinate z¢ (the point C of Fig. 6) the value 
of P is 


PO es AB | 


Oic(Ze) 
ay 
1—2v po Po 


1 


——— = @ 


Ce 


1 
Cp co, 
The line P through the point C emerged from the point B. There 
the line P intersects the line Q that emerged from the point A. On 
the latter line 


Seert chs: 014( Oz¢) 
ail E pies 


QV= — 
’ 1—2y po 
where 0 = a/y. 
Thus at the point B 
O1a( Oz) 
2po 


P+Q __ Plate) _ __ az) 
2 Pot, 2po 


By recursion the following expression is obtained 


—oi(z) = = [p(ax) + Op(Oaxr) + O*p(Oaxr) +... .] 


where the index C of x is dropped. That expression holds along 
the line OC’. 

When a line P or Q crosses the line of the z-t-diagram, Fig. 5, 
that separates the elastic region from the second plastic region, P 
or Q are changed in such a way that o; and u are continuous on 
that line. 

The graph of Fig. 5 is designed to agree quantitatively with the 
propagation in steel of plane waves produced by detonating TNT 
with a loading density of 1.5 g/cm* in contact with a plane surface 
of the steel. The load curve is chosen to be approximately the 
pressure-time relation from a cylindrical charge of 50 grams with 
the diameter 24 mm. Thus the front pressure is that pressure 
worked out previously, viz., 2.8 < 10'! dynes/cm?, the impulse 
has the value experimentally obtained on detonation against steel, 
viz., 3.5 X 10° dynes sec/cm?, and the shape agrees essentially 
with the shape experimentally determined by a capacitive method 
on detonation against steel of TNT with a loading density of 
0.80 g/em*. The properties of the material are found from esti- 
mates based essentially upon graphs by McAdam (1, 4) for 
several temperatures. As the rate of strain is probably of the 
order of 10° sec~! or more these estimates naturally involve a lot 
of guesswork. 

If the plate against which the explosive is detonated is of finite 
thickness, a reflection occurs against a free surface. That implies 
that lines Q emerge from that surface on which 


Q=—P 


A graphic design for a steel plate of 20 mm thickness with one 
surface exposed to direct detonation with a charge of the kind 
mentioned is shown in Fig. 7. Through correlation with Fig. 2 
the point S, of the z-t-diagram is found which is the earliest point 
of the diagram that corresponds to the point F of Fig. 2. Thus 
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scabbing occurs from the surface z = 2z(S,) which thereupon 
offers another free surface. Thus the process can be repeated and 
several fractures are likely to occur (S2, Ss, . . .). 


EXPERIMENTAL INVESTIGATIONS 


Determination of the Pressure-Time Curve. A simple method to 
determine the impulse density on detonation in contact with a 
metal surface presents itself. At one end of a cylindrical bar of 
the metal a plate of the same metal was fastened as shown in 
Fig. 8. 

The charge was then detonated in contact with the end 
of the bar and the plate. The velocity of the bar after 
the detonation was measured in a simple way and the 
impulse is easily calculated. With the charge described pre- 
viously (50 grams) the impulse density was found to be 
3.5 X 10° dynes sec/em? against steel and copper. Ex- 
periments with other materials than high-quality steel and 
copper failed because the bar fractured. 
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Some measurements of the movement of the right end of a steel 
bar, according to Fig. 8, have been made with a capacitive method 
when detonating 50 grams of TNT with a loading density of 0.80 
g/em*. The pressure seems to fall off from the maximum value 
(14,000 kg/em*) very rapidly (down to 5000 kg/cm? in about 7 
usec) but the decrease is slower than for the exponential curve 
Thus the impulse density has 
As the pressure de- 


with the same initia] decrease. 
reached only half its final value at 7 usec. 
crease after the first few microseconds is essentially regulated by 
the expansion of the gas sphere, the correspondence in that inter- 
val between the pressure-time curves for TNT with a loading 
density of 1.5 g/cm’ and 0.80 g/cm! is obvious. These considera- 
tions together with the experimental value of the total impulse 
density and the calculated values of the inaximum pressure form 
the basis for the choice of the pressure-time curve of Fig. 5. 
Experimental Method to Obtain Plane Snallings. When detonat- 
ing an explosive in contact with a plate the scab generally has the 
shape shown in Fig. 9. The fracture first occurs on the central 
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Fre. 9 Generar Smape or Scans From Prats 
(Note spheroidal form. The scab is cut into two equal pieces.) 


parts as a cleavage parallel to the free surface; then the velocity 
of the portion between that cleavage and the free surface causes 
a spheroidal deformation of that portion and then another fracture 
that separates it completely from the plate. If two or more 
cleavages occur, they generally flow together during the spheroidal 
deformation. To avoid that spheroidal deformation the method 
used was to bore a hole 6 mm diam through a steel plate, then to 
push a bar in that hole and place the charge upon the bar as shown 
in Fig. 10. The deviations from the plane case are then very 
small for strong materials like steel, but for lead, brass, etc., they 
are still very great depending on the fact that the plastic flow (es- 
pecially on the charge side) has a large component normal to the 
cylindrical surface of the bar. To minimize that flow a cylinder 
of the bar material with a diameter of 18 mm was inserted into 
a hole in a steel plate. The bar of 6 mm diam was then placed 
in a hole axially into the cylinder as shown in Fig. 11. Thus the 
deformations were essentially uniaxial and no important disturb- 
ances from the steel affected the bar. 
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Fig. 12 


In all experiments the scabbing parts were collected in water, 
thus preventing secondary deformations. The scabs from the bar 
were easily recognized. Some typical scabs are shown in Fig. 12. 
The thicknesses of the separate scabs were determined by weigh- 
ing. 

The charges used were all of TNT with a loading density of 1.5 
g/cem® and were cylindrical with their length three times their 
diameter. Some of the charges weighed 100 grams, and others 50 
grams. 

The thickness of the plate varied from 15 mm to 30 mm. 

The results from the experiments are given in Table 3. 

The predictions from the theory proved to be correct in the re- 
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TABLE 3 MEASUREMENTS ON SCABS 


Weight of 
charge, 
grams 

100 
100 
100 
100 


Thickness of 
plate, mm 


15 


Material 


Steel 
25 
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Aluminum 


Electron 


50 
50 
50 
50 
50 
50 
50 
50 
50 
50 
50 
50 
50 
100 
100 
50 


Quartz glass 


lst scab, 
mm 


5. 
12 
17. 
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® The bar divided into two parts, each of the length of 7.5 mm. 


6 20 mm diameter of the bar. 


spect that more than one scabbing sometimes occurred for steel, 
brass, and aluminum. Thus, for instance, three separate pieces, 
with a total thickness of 4.5 mm, were scabbed from a 15-mm- 
thick plate of steel (and that result was not changed if the bar in 
Fig. 10 was divided into two parts, each of the length of 7.5 mm). 
In general, the number of scabs decreased and their thickness in- 
creased when the thickness of the plate increased, just as predicted 
by the theory. However, this tendency seemed to be changed for 
the thinnest plates. Further, the number of scabs was less and 
their individual thickness more than the theory predicts. The 
cause of these deviations from the theory is thought to be that 
because of the ductility some time is needed to complete a fracture 
and so tensile stresses far exceeding the stress necessary to produce 
a fracture under normal conditions may exist simultaneously on a 
rather thick layer near the bottom of the plate. When fracture 
is completed at one surface, it is possible that fractures started at 
other surfaces may be prevented from being completed, because 
reloading waves emerge from the completed fracture. Some of 
the scabs from thin steel plates also show signs of started but not 
completed fractures. It is to be noted that the time between 
separate completed fractures is of the order of some tenths of a 
microsecond and that the theory presupposes the fracture to occur 
instantaneously, thus providing complete reflections against free 
surfaces. 

If the material were completely brittle, fracture would occur in- 
stantaneously and the two free surfaces on each side of the fracture 
would separate at a velocity which immediately will reach a 
rather high value because of reflections of the waves traveling 


toward the fracture surfaces. For instance, the surfaces at frac- 
ture S, of Fig. 7 separate at an initial velocity of 90 m/sec. 

In a ductile material, fracture is not completed instantaneously 
and thus the two portions on each side of a partial fracture tend to 
separate with a rather low velocity because the waves traveling 
toward the “fracture” surface are not reflected completely 
Suppose the velocity difference between two parallel layers at a 
distance of 0.5 mm at fracture S, of Fig. 7 to be 50 m/sec; then 
this portion elongates 0.005 mm during 0.1 microsec, which means 
an average strain of 1 per cent. But in 0.1 microsec a reloading 
wave from fracture S, has arrived thus preventing completed 
fracture. 

As regards quartz glass, no results were obtained because the 
whole glass plate disintegrated completely into extremely small 
grains. Thus the result was disappointing because quartz glass 
was expected to behave as the foregoing theory predicts because of 
its brittleness. Yet in the quartz sand some fragments from the 
bar were found, having the size of about 1 mm. 


Discussion 

The theory developed in the foregoing explains qualitatively 
some scabbing phenomena though the quantitative agreement be- 
tween theory and experiments is not good. 

The differences between the theoretical and the experimental 
results are thought to be caused by the following imperfections of 
the theory: 

1 The bar material is not completely brittle and therefore 
fracture does not occur instantaneously. 
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2 The strength properties of the bar material are not known 
accurately at very high pressures and very high rates of strain. 

3 The elastic constants of the bar material are not known 
accurately at very high pressures. Thus Poisson’s ratio has been 
assumed to be constant, an assumption which obviously is not 
fulfilled (11). 

4 The temperature changes and their effects on the strength 
properties and elastic constants have not been considered, The 
maximum temperature is believed to reach the melting point in 
the case of aluminum, magnesium, lead, and quartz glass. Tem- 
peratures above the melting point, caused by suddenly applied 
very high stresses, sometimes can be reached even in the case of 
steel (12). A rough estimate shows that the “‘residual’”’ tempera- 
ture increase in the metal just below the charge is about 50 deg C 
for steel and 20 deg C for copper. 
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Buckling of Sandwich Cylinders Under 
Combined Compression, Torsion, 


and Bending Loads 


By C. T. WANG,? R. J. VACCARO,’ anv D. F. DE SANTO,‘ NEW YORK, N. Y. 


A theoretical investigation is carried out on the buckling 
of sandwich cylinders under combined compression, tor- 
sion, and bending loads. The governing differential equa- 
tion is solved by using Galerkin’s method. The interrela- 
tionship obtained between the critical loads is plotted in 
the form of nondimensional interaction curves. In the 
limiting cases of axial compression alone, torsion alone, 
bending alone, and combined bending and axial compres- 
sion, the results agree with those obtained previously 
(1-3).° 


NOMENCLATURE 
The following nomenclature is used in the paper: 


radius of cylinder to mid-plane, in. 

hG, lb per in. 

flexural stiffness of isotropic sandwich cylinder, in-lb 

Eth*/2(1 — v*) 

Young’s modulus for the face material, lb per sq in. 

2tE/a? 

shear modulus of the core material, psi 

depth of isotropic sandwich plate measured between 
middle planes of faces, in. 

moment of inertia of sandwich cylinder about its 
diameter 

length of cylinder, in. 

bending moment, in-lb 

number of half-waves longitudinally 

resultant normal forces in z and y-directions, lb per in. 

resultant shearing force, lb per in. 

applied normal force in axial direction, lb per in. 

number of full waves circumferentially 

torsional moment, in-lb 

= thickness of the faces, in. 
= displacements in z, y, z-directions, respectively, of a 

point in middle surface of cylinder, in. 

rectangular co-ordinates (Fig. 1) 


1 The results reported in this paper were obtained during the course 
of research, sponsorec by Office of Naval Research, under contract 
No. N6-onr-279, Task Order V. 

2 Professor of Aeronautical Engineering, New York University 

3 Research Assistant, New York University. 

4 De la Cierva Fellow, Daniel Guggenheim School of Aeronautics, 
New York University. 

’ Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Taz American Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be ac- 
cepted until October 10, 1955, for publication at a later date. Dis- 
cussion received after the closing date will be returned. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, October 12, 1953. Paper No. 54—A-102. 
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= Poisson’s ratio for the face material 
= circumferential co-ordinate 
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Fic. 1 SanpwicH-Cy.LinpEeER CONFIGURATION AND LOADING 


INTRODUCTION 


In previous papers (1 to 5), the senior author and his associates 
have investigated the buckling behavior of sandwich cylinders 
under axial compression, torsion, bending, and combined bending 


and axial compression. The investigation is now extended to the 
buckling of sandwich cylinders under combined compression, 
torsion, and bending loads. By solving Donnell’s equation modi- 
fied to include the effects of transverse shear for sandwich curved 
plates and shells using Galerkin’s method, the buckling loads are 
calculated and are plotted in the form of interaction curves. In 
the limiting cases of bending alone, axial compression alone, tor- 
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sion alone, and combined bending and axial compression, the re- 
sults agree with those obtained previously. 


FORMULATION OF THE PROBLEM 


By assuming isotropic core material and neglecting the bending 
rigidity of the faces about their own middle surfaces, the equi- 
librium equations for an element of a sandwich cylinder have been 
derived in reference (4). By neglecting terms that were regarded 
as small by Donnell (6), these equations can be reduced to a single 
equation in terms of the lateral deflection w only 


D v? 2tE Ow 
C a* Ox‘ 

_ fw , Ow Ow \ 

3 ' + N, y z | 

or oy? Or OY 

This is the so-called Donnell’s equation modified to include the 
effects of transverse shear for sandwich curved plates and shells 
first obtained by Stein and Mayers (7) 


In the case of sandwich cylinders under combined compression, 


torsion, and bending loads, we have 


DYV*w + ( - 


{1} 


—N, + (2Mat/I) cos 6 ) 
= 0 


V.= 
N,, = T/2ma*, N 


ry ’ v 


. [2] 


where N, is the force per unit length due to axial compression, M is 
the bending moment, J is the moment of inertia of the cylinder, 
With such a loading, Equation 


and 7’ is the torsional moment. 


[1] thus becomes 


D 
DV‘w + (: var v] 


J2tE d‘w i 2Mat 
—V‘| |(—N. + - 7 008 8 


(a? dr! 
where y is taken as af. 


Ow T dw jt 
+ "7 
Oz? ra* dr 00 | $ 


= 0 . [3] 


GALERKIN’s Metruop 


[3] may be solved by means of Galerkin’s method as 
first assume the deflection w of the cylinder after 


Equation 
follows: We 


2 7 
4p 
J, t. re + Regre ek 


a) 


buckling in the form of a series that satisfies the boundary con- 
ditions but with undetermined parameters. For long cylinders, 
however, the boundary conditions at the two ends become unim- 
portant and we may assume the deflection series without any re- 
gard for the end conditions. For a cylinder under combined axial 
compression and bending, w may be assumed in the following form 
(3) 
& 
_ marr 
) = sin 5 A,, cos nO 
ow 


[4 
j [4] 


n=0 


and for a cylinder under torsion only, the deflection after buckling 
is of the following form (4) 


= / mar 
= > B,, sin ( - —né 
no} l 
_ marx mmr . 
(sin ; cos n@ — cos i sin n?) 


Guided by these expressions, we shall assume the deflection of the 


[5] 


>> B 


n=1 
cylinder in the case of combined loading as follows 


n m1 
_ MTT mar _- ; 
w = sin > A,, cos n@ + cos i > B,, sin n@.. . (6) 


n=0 n=1 


With w expressed in a proper series, we shall next substitute this 
series into Equation [3]. If the Expression [6] happens to be the 
exact solution of Equation [3], after substitution Equation [3] 
will be identically equal to zero. In general, this will not be so 
and the resulting expression will be a function of z and @ which we 
shall denote by Q. Galerkin’s equations for the determination of 
the coefficients A, and B, are 


2e l 
_ mr 
f fe sin 
0 0 


- cos nO ad@dz = 0 
Qe »! 
mar 
f } Q cos 
0 #0 


when written out, become 


sin n@ ad@dr = 0 
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DF ow MII 
es sin —— cos n6 ad@ dz 
ox! l 
O*w 
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aaa ) sin ; cos n6 ad@ dz 
xr 


vs O*%w D is 
= oY 


} 20 D o?w 
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C oz? l 
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marx 
) sin cos n6 ad@ dz = 0. . [9] 
or 00 OC l 


“fee 


= 2/H/a*, and 
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dr 06 l 
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Substituting the assumed function w into these equations and 
carrying out the integration, we obtain 


E + nt) FAS | DPM + nt) 
a’ a‘ Ca*® 
_ Nid + nyt mpRn + wr i 
a’ Ca’ P 
. | TaN + att , TDwd(W* + 4 . 
Ta mwCa"” 
2 bee + n%)* | MatDd*A? + = 
Ta® Ca’ 
(Ani + Anu) = 0 





and 
E +0°y FAS, DF ad n*) 
Ca‘ 
NiAXA? + n*)?  N,DA*(A? + 1?) | 
i 3 A Os 
a® Ca’ 
E= nt)? 


tra’ 


a’ a‘ 


TDnd(A* + 7) A 
wea” ‘4 

Ee +n)? MatD \A? + aed 
— ia ee 


(Br + Bat) ih . [12] 


Instead of working with these two equations, it is found con- 
venient to combine them into the following ones. Thus, by sub- 
tracting Equation [12] from [11], we obtain 


2 2) FHA 
EE 4 


a a‘ 


DF XX? + n?) 
Cao 
Ni AA? + n*)? = Ni DA? + n?)3 
i a’ a Ca’ 


Tnd(d* + n**__ TDnd(d* + sud K 





awCa™” 


MatD dX! + =a 


tra’ 





Ta® TCa® 
(Kaa + Kan) = 0.... 


E AAA? + 2)? 


(13) 
in which \ = mma/l, K, = A, — B,, and in which 2K, is to be 
substituted for Ko atn = 1; K, = Owhenn>n,. When Equa- 
tions [11] and [12] are added, we have 


D(A + nt)* , FAM | DPM + n*) 
a’ a‘ Ca® 
NAA? + n?)? Ny Dd*A? “+f n*)* TnX(r? + n*)* 
a® Ca’ ma’ 
TDn MA? + n*)*? | Mat XX? + n?)? 
~ mCa” | ns + | Ta® 
MatD XA? + n*)* 
ICa’ 
in which K’, = A, + B,. Again at n = 1, 2K’y is to be sub- 
stituted for K’) and K’, = O whenn > n,. 

The substitution of n from 0 to nm in Equations [13] and [14] re- 
sults in 2n; + 1 simultaneous algebraic equations for 2n, + 1 un- 
knowns. One solution to these equations is, of course, the trivial 
one, namely 


K, = K’, =0 (n = 0,1, 2,3,.. 


| (K'n- + K'n+1) = 0 


9 nm) 


The nontrivial solution is carried out in the following section. 
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DETERMINATION OF BuckLiIne Loaps 


To find the nontrivial solutions of Equations [13] and [14] in 
their present forms is a very difficult problem. However, from the 
previous investigations (1, 2, 3) it was found that the minimum 
buckling loads occur at X = ~. Dividing Equations [13] and 
[14] by A’, and remembering that n; also may be very large, we 
shall drop all terms containing \ to a power greater than zero in 
the denominator but keep terms containing the ratio n/X. 
Equations [13] and [14] thus become 


n? N, r n 
a SF 
( Th C we *) . 
Mat 


Ic (K,- + Kass) = 


0.. [16] 


After dividing these equations through by Mat/IC, we have 
[17] 
. [18] 


Kau + bf. T K,-1 = 0... 
ee ee a 


= Ic 14 n® N; — 
~ Mat C wt é&S- 


L’ Ic (: n? N, re = 
“* " Mat ? C * rae Xj 

Following the examples worked out in reference (3), one may 
attempt to solve Equations [17] and [18] as finite-differeace 
equations. This, however, was not found possible. The reason is 
that Equations [17] and [18] are now finite-difference equations 
with variable coefficients and the solutions of such equations are 
difficult mathematical problems. Instead, we shall solve the 
problem in the following manner: 

Let us first investigate the magnitude of n,._ If n; is small com- 
pared to A, then n,/A ~ 0 as \ > o and Equations [17] and [18] 
reduce to the governing equations in the case of combined com- 
pression and bending. In order that the torsional load may have 
any effect on the buckling phenomena, n; must also be a large 
number so that the ratio n,/A may remain finite. For any n close 
to mn, say, n = nm, — 1, n, —2,...,m1 —q, (KX m), it is obvious 
that such terms as 1/A, 2/A,...,¢/AvanishasA—> ©. Thus, for 
the equations in which n = nm, m 1, m — 2,..., % — q, the 
following relations hold 


[19] 


[20] 


Bs oe Bae © here © 22: © Irae 


(14 m* Mi 7 m) at 
~ Mat ? ee Be 
Therefore, if in the series for w we take the summation of terms 
from n, — q to m, the system of equations will be as follows 
LKn, + Kn = 0 ) 
Ka, + LK,,- + | = 0) 


[21] 


..- [22] 


Kaen + LK,,-. =0 
L'K's, + K'n1 = 0 
K'n, + L'K’.—2 + K'n-2 = 0 


RK’ -eti + L'K'n-~ = 0 
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pe 2 we, fs 
"Mat 2 C wa X 
To obtain the nontrivial solution of Equation [22] we set the 


determinant of the coefficients K, equal to zero, namely 


0 0 ae 0| 
0 a 0 
1 a. ae 0} 

| = 0.. [24] 


0 0 0 0 0. 
Equation [24] can be rewritten as 


L— l 





By taking more and more terms in the expression for w, we have 
successively larger and larger continued fractions in Equation 
[25] and in each case the roots L are found. 

The question now arises as to which of the roots obtained in 
solving Equation [25] is the one which should be used in the final 
analysis. This is easily determinable from Relation [21], which, 
when rewritten, becomes 


[26] 


IC N, fy nr 
M = te — : 
Lat ( mwa*C X 
Obviously, the lowest value of the critical bending moment M 


occurs for the largest value of L; therefore, in solving Equation 
25], the largest root obtained in each case is the one selected. 





3 


























i5 20 25 
Undetermined Parameters 





Number of 


Resutt or Evatuatine ZL By Mersop or Successive 
APPROXIMATIONS 


Fic. 2 


It is noted, Fig. 2, that the largest root of Equation [26] ap- 
proaches the value of 2.00 as larger and larger continued fractions 
are considered. Therefore the value ZL = 2.00 is taken as the 
solution. Equation [26] therefore becomes, after dividing 
through by /C/Lat 


2Mai =“ n,;? N, 7 ny 


ie Mt CG wa 


[27] 


In order to find the lowest possible value of the term 2Mat/IC, 
it is necessary to minimize the right-hand side of Equation [27 
with respect to the variable m,/A. It may be pointed out that 
n,/X actually takes on only discrete values on account of the inte- 
gral character of n, and of \ (= ma/l). However, where J is 
very large (as it is in this case), it is possible to consider n,/X as a 
continuous function in the minimizing process. 

Having established that it is permissible to consider n,/\ as a 
continuous variable, Jet us minimize the right-hand side of Equa- 
tion [27] by setting 


2 (v4 AS Se ee 
&(n;/r) A? C mwaeC X “ 


Hence 


ni ms T 
Xd 2watC 


Consequently, Equation [27] becomes 
2Mat _ Ms A 
Ic C 2ra*C 


N,  2Mat 


| 
2 * ise 7 


Exactly the same result is obtained if we solve for the nontrivial 
solution for Equation [23]. This indicates that for sandwich 
circular cylinders with weak core the cylinder will buckle when the 
maximum principal compressive force N reaches the magnitude 
hG or C as can be seen from the following calculations:* Let 


T 


ona [31] 


N / 


ey () + x0" 


N principal =—( = 


Then 


Since 


= and N,,., = 


27a? 
Equation [32] becomes [31]. 
In the case where the cylinder is under axial compression alone 
M = T = 0, and Equation [31] becomes 


+ V/1—WN,/C =0 | 
Equation [33] is exactly the one obtained in reference (1). 


In the case where the cylinder is under torsional loads alone, 
M = N, = Oand Equation [31] becomes 


(33) 


¢ The authors are indebted to Prof. P. P. Bijlaard of Cornell Uni- 
versity who pointed out this fact. 
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i, ge 
2ra*C 


Ny = +C 


Equation [34] is the identical equation obtained in reference 
(2). 


In the case where the cylinder is under bending moments alone, 
Equation [31] becomes 


+ ~/1— 2Mat/IC =0 
or 
2M at 


7 Cc 


Equation [35] is exactly the one obtained in reference (3). 
If we define the stress ratios Re, Rg, Ry according to the follow- 
ing formulas 


M critical compressive stress 
C buckling stress under compression alone 





Ro = 


2Mat critical bending moment 
Ic buckling moment under bending alone 





T critical torsional moment 
2ra*C buckling moment under torsion alone 





Ry 


then Equation [31] may be written as 
Re = to W 1 — (Re + Re)..........:- [36] 


The interrelationship between compression, bending, and tor- 
sional stress ratios given by Equation [36] is plotted for engineer- 
ing use in Figs. 3 and 4. Once any two stress ratios are specified, 
the buckling value of the remaining stress ratio can be determined 
graphically from these curves. 
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The Accuracy of Donnell’s Equations 


By N. J. HOFF,* BROOKLYN, N. Y. 


Solutions of Donnell’s equations of the small deforma- 
tions of the perfectly elastic thin-walled circular cylindri- 
cal shell are compared with those obtainable from Fligge’s 
equations. The range of the basic parameters is found 
within which the two solutions are approximately equal. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


a = radius of cylinder 
real quantities, defined in Equations 
[12] 
base of natural logarithms 
wall thickness 
imaginary unit 
integer 
= real number 
= complex root of characteristic equation 
radial load per unit area 
real number 
radial displacement divided by radius 
amplitude of radial deflections 
amplitude of radial load expression 
= function of n and K, defined in Equa- 
tion [44] 
bending rigidity of wall of shell per 
unit length 
Young’s modulus of elasticity 
= parameter, defined in Equation [2] 
K/n 
length of shell 
real quantities, defined in Equation 
[13] 
= polynomial! 
= real quantities, defined in Equation 
[13] 


da, b, c d = 


1 This work was performed under a consulting contract with the 
Knolls Atomic Power Laboratory, Schenectady, N. Y., operated by 
the General Electric Company for the United States Atomic Energy 
Commission. The author is indebted to the company, to the AEC, 
and to Dr. John Zickel, the project supervisor, for their permission 
to publish this paper. 

Dr. Eric Reissner has called the attention of the author to a recent 
paper by Moe (14)* in which the characteristic equation of the Flagge 
differential equations was solved explicitly through ingenious sub- 
stitutions with a minimum amount of simplifying assumptions. The 
paper also contains comparisons of the accuracy of the roots of the 
characteristic equations of various approximate representations of 
the equilibrium conditions of cylindrical shells; however, it does not 
discuss the Donnell equations. 

? Head, Department of Aeronautical Engineering and Applied 
Mechanics of the Polytechnic Institute of Brooklyn. Mem. ASME, 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Tue American Soctety or MecHANICAL ENGINEERS, 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1955, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, May 20, 1954. Paper No. 54—A-105. 


function of n, K, and v, defined in 
Equation [45] 

real quantities defined in Equations 
[25] 

= real quantities assumed small as com- 

pared to unity 

Poisson’s ratio 

circumferential co-ordinate, measured 
in radians 

real quantity defined in Equation [22] 

partial differential sign 


R 
S,T,V,W 


a, B, y,6 


INTRODUCTION 


In the past few years Donnell’s equations defining the small 
deformations of thin-walled circular cylindrical shells have been 
used by a number of authors in the solution of problems of 
equilibrium and stability. In recent discussions at scientific 
meetings, objections have been raised as to the accuracy of these 
equations. It is the purpose of this paper to establish the ac- 
curacy of the results obtainable from Donnell’s equations. 

As a standard of comparison, Fliigge’s equations will be used. 
These were originally derived by Fliigge (1)* in 1932, on the basis 
of Love’s (2) theory first published in 1888; they can be found in 
such well-known textbooks as “Statik und Dynamik der Schalen ”’ 
by W. Fligge (3), and “Technische Dynamik,’’ by Biezeno and 
Grammel (4). The Donnell equations were published in 1933 
(5). They were developed from Love’s theory on the basis of 
order-of-magnitude considerations and are much easier to solve 
than the Fliigge equations. They are therefore preferable in 
engineering applications if their accuracy is satisfactory for the 
purposes of engineering. 

The present author and his co-workers at the Polytechnic 
Institute of Brooklyn made use of the Donnell equations in 
solving line-load and concentrated-load problems at an earlier 
time (6, 7, 8). The accuracy of the solution was established 
through comparison of typical results obtained from the Fliigge 
and the Donnell equations (9) and (10). However, the validity 
of the proof was restricted to cylinders with dimensions closely 
resembling those of the particular cylinder investigated. 

A more general analysis of the accuracy was required, and is 
presented here, to establish the range of the parameter values 
within which the results obtained from Donnell’s equations do 
not differ appreciably from those derived from Fliigge’s equations. 
This analysis is not carried out on the basis of an evaluation of 
the relative magnitudes of the various terms in Fliigge’s equa- 
tions but rather by means of a comparison of the solutions ob- 
tainable from the two sets of differential equations. 

When surface loads acting upon the cylindrical shell are rep- 


resented by trigonometric expressions, it is often possible to find 
Under these conditions the accuracy 
of the Donnell approximation can easily be ascertained by means 


of a direct comparison of the numerical factors in the two solu- 


solutions of the same form. 


tions. 

It was shown in references (6 to 8), as well as in (11) and (12), 
that line loads and concentrated loads preferably can be con- 
sidered as edge loads; solutions of the problem can then be ob- 
tained with the aid of the eigenfunctions of the differential 
equations. This procedure has the advantage that single, rather 
than double, summations are needed to represent the defiections 
and the stresses. Moreover, the convergence of the series so ob- 
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tained is more rapid than that of the double series of the approach 
first mentioned. 

The accuracy of the solution by means of the eigenfunctions 
e?? cos nz and e?* cos ng of the Donnell equations was deter- 
mined by comparing the values of p? obtained from the Donnell 
equations with those derived by a perturbation method from the 
Fliigge equations. As the values of p define the variation of the 
deflections and the stresses in the co-ordinate directions and they 
also determine the numerical factors in the expressions obtainable 
for the deflections and the stresses, small differences between the 
p-values satisfying the Donnell and the Fliigge equations are 
an indication of a satisfactory accuracy of the Donnell! equations. 

Naturally, the accuracy of a solution of a problem in elasticity 
cannot depend upon the choice of the functions representing the 
loads and the displacements unless singularities of an unsatisfac- 
tory nature are introduced by the choice; the second part of this 
statement was proved recently by Sternberg (13). Conse- 
quently, the error committed by the use of the Donnell equations 
must be the same whether a concentrated load is represented 
by one of the two types of eigenfunctions or by the double Fourier 
series. However, the accuracy of any one term of the solution, 
which in itself corresponds to a physical problem, can vary 
greatly from one representation of a concentrated load to an- 
other. The determination of the accuracy of any one term is the 
task undertaken in this paper. 


So.tution BY EIGENFUNCTIONS WitH TRIGONOMETRIC EXPREs- 
SIONS IN THE LONGITUDINAL DIRECTION 


In agreement with Equation [1] of references (7, 11), the first 
of the three Donnell equations can be written in the following non- 
dimensional form when all external loads are absent 


Viw + 4K(04w/dr‘) = 0 


where w is the radial inward displacement of a point of the median 
surface of the shell divided by the median radius a, z is the axial 
co-ordinate divided by the radius a, and 


4K* = 12(1 — v*) (a/h)* 
and 
V? = (02/02?) + (07/d¢") 


with h the wall thickness of the shell and v Poisson’s ratio of the 
material. It was shown in reference (7) that Equation [1] and 
suitable boundary conditions are satisfied by the eigenfunctions 


w = e?* cos nz 
where 


n = mr(a/L) 


and L is the length of the shell and m is an odd integer. Sub- 
stitution of w from Equation [4] into Equation [1] and solution 
yield the following four expressions for p? 


pit = (n? + nK) + inK ) 
p2® = (n? + nK) — inK 
ps3? = (n*-——nK) + inK 
pi? = (n?—nK)— inK } 


A more complete set of equations defining the deformations of 
thin cylindrical shells was derived by Fliigge (1) in 1932. Kemp- 
ner (9, 10) has shown that these equations can be brought into a 
form resembling that of the Donnell equations; when this is done, 
the first of the resulting three equations contains only the non- 
dimensional radial displacement w and the axial and circumfer- 
ential displacements are absent from it. If (h/a)* is neglected 
against unity, the complete equation in w can be written as 
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Vw + 4K tw!Y + QywVl + wl + 274 — vw" 
+ 22 —v)w + 2u +w=0......[7] 


In this equation primes and Roman numerals indicate differen- 
tiation with respect to z, and dots differentiation with respect 
to the circumferential angular co-ordinate g. Substitution from 
Equation [4] yields the following quartic in p? 


(p? — n*)* + 4n*K* + 2Qp* + [1 — 2(4 — v)n%]p* 
+ [6n* — 2(2 — v)n*]p* — 2yn* = 


The conditions will now be investigated under which Equa- 
tions [6] can be considered as a satisfactory approximation to 
the solution of Equation [8]. It will be assumed that the four 
values of p? can be written as 


pi? = (n* + nK) (1 + a) + inK(1 + B) | 
po? = (n*? + nK) (1 + a) — inK(1 + B) | 
ps? = (n®* — nK) (1 + ¥) + imK(1 + 34) ( 
pe = (n?—nK) (1 + y) — inK(1 + 6) | 


[9] 


where a, 8, y, and 6 are small as compared to unity. If Equa- 
tions [9] are the solutions of Equation [8] and are correct up to 
second-order small quantities in a, 8, y, and 6, the polynomial P 
defined as 


P = (p* — p,*) (p? — pz*) (p? — ps*) (p? — pa®)... . [10] 


must be identical with the left-hand member of Equation [8] 
to the same degree of accuracy. Substitutions from Equation 
[9] and evaluation yield 


P = (p*— n*)* + 4n*K* — 2(a + K’'b)n*p* 
+ 2[a(3 — K’*) + 2K’b + K’%c]n‘*p* 
+ 2[a(2K’? — 3) — K’b — 2K"*c + 2K'*d]n*p? 
+ 2[a(1 — K’? + 2K") + 2K’% 


+ K’'%1 + 2K’*)e — 2K'4d]n* [11] 


K’ = K, . [12] 


where 


and a= 
c= 


[13] 


The polynomials given in Equations [7] and [10] are identical 

if 
a+ K’b = —(1/n?) = M 
a(3 — K'*) + 2K'b + K"%c = [1 — 2(4— y)n*] /2n4 = N 
a(2K’? — 3) — K'b — 2K"*c + 2K’ 

= [3n?— 2+ y]/n‘*=Q 
a(l — K’2 + 2K’*) + 2K" + K’%1 + 2K"%)c 

— 2K"*d = —({v/n?) = R 


) 
| 
| 
\ 4} 
| 


where M, N, Q, and R are symbols introduced to obtain a more 
concise representation of the solution of the simultaneous equa- 
tions. The solution is 


8K’'"1 + K’)a = —M(1 — 6K"? — 4K’) ) 
+ M1—2K) + Q+R | 
8K"B = —M(1+ 6K’ + 6K’) + N(1+4K’ + 2K") | 
+ Q1+2K")+R 115) 
8K'™1 — K’)y = M(1 — 6K"? + 4K") | 
— N(1 — 2K") — Q—R | 
8K"S = —M(1 — 6K’ + 6K") 
+ N(1 — 4K’ + 2K") + Q1— 2K’) +R 
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The derivations just presented are correct, and the Donnell 
equations represent a satisfactory approximation to the Fligge 
equations, when a, 8, y, and 6 computed from Equations [15] 
are small as compared to unity. However, the approximation 
may be satisfactory even when not all of the quantities a, B, y, 4 
turn out to be small. In particular, it is unreasonable to require 
7 to be small when n and X are almost equal. In such a case 
even a large ¥ is unlikely to modify p;? and p,? to an apprecia- 
ble degree. 

To cope with such a situation, it is advisable to assume the 
quantities p? in the form 


p,? = n? + nK(1 + a) + inK(1 + 8) | 
; n? + nK(1 + a) — inK(1 + 8B) ( 
n?-— nK(1 + y) — inK(1 + 8) 
= n?— nK(1 + y) + inK(1 + 8) 


The polynomial P defined in Equation [10] is now 


P = (p* — n*)* + 4n*K* — 2n*p®K'b 
+ n‘*p(—2K""a + 6K'b + 2K"%c) 
+ n*p{4K"%a — 6K'b — 4K"c + 4K"8d) 
+ n*((4K"* — 2K’*)a + 2K’b 
+ (4K"* + 2K"2)c — 4K'*d]. 
The polynomials of Equations [8] and [17] are identical if 
K’'b = M 
—K'%a + 3K’b + Kc =N 


2K'%a — 3K'b — 2K" + 2K’ = Q 
(2K"* — K"*)a + K’b + (2K"* + K")c — 2K""d = R 


[18] 


| 


where M, N, Q, and 2 have the same values as in Equations [14]. 
The solution is 


4K"ta = (6K"” 1)M 
K'b = M 

4K"*c = —(6K"? + 1)M+(2K"+1)N+Q+R 

2K'd = —3M + 2N --Q 


/ 


(20K%—1)N+Q+R 


[19] 


So.LuTIOoN BY EIGENFUNCTIONS Wire TRIGONOMETRIC ExPREs- 
SIONS IN CIRCUMFERENTIAL DIRECTION 
In references (11) and (12), Equation [1] was solved by assum- 
ing that 


w = e?* cosng 


where n is a real number. It is an integer when the cylinder is 
closed. The squares of the roots of the characteristic equation 
obtained in references (11) and (12) can be generalized to repre- 
sent solutions of the more complete Equation [7] 

pi? = (n*? — KQ) [(1 + a) — (K/Q) 
p2? = (n?— KQ) [(1 + a) + HK/Q) 
ps? = (n? + KQ) [((1 + y) — ( K/Q) 
p2 = (n* + KQ) (1 + y) + (K/Q) 


where Q? = —(K*/2) + [(K2/2)? + n‘]/2 


The polynomial P of Equation [10] becomes 


P = (p? — n*)* + 4K‘*p* + (—2n%a + 2KQb)p* 
+ [2(2n4 + Q4)a — 4n*KQS + 2(K2? + 2K ‘*)ec 
— 4n*KQ( K/Q)*d) pt — 202[n( 30? + K2)a + 2n?K%x 
+ KQ(K* — 2*)b — 2K*Qd) p? 
+ 2n4Q4[a + (K/Q)?*c] 
In the derivation of this equation use was made of the identi- 
ties 


nt — K%)? = (4... 
and 
[l + (K/Q)?] [n‘4 


K*Q?] = n‘ . [245] 


Substitution of the solution assumed in Equation [20] into 

Equation [7] yields 
(p? — n*)* + 4K‘4p* + 2pyp* 
2n* [(4 — v)n? — 2 + vl] p? + n{(1 2n*) = 0 [25] 


6n*p‘ 


The left-hand member of Equation [25] is identical with the 
polynomial P of Equation [23] if 
na + KQb =S8 
2n*KQ6 + (n* + K*%*) (K/Q)% 
2n*#KY( K/Q)*d = T 
2K%2?)a + (n* — 2K°22)KQb 
— 2n?04 K/Q)%e + 204*KQ(K/Q2)*d = V 
20244 + 204K /2Q)*e = W 


(3n* — K*Q2*)a - 
—n* 3n4 (26) 


where 
=y 
—3n? 
n*((4 
= ] 2n? 


5 


+ v| 


v)n? -—— 2 


and, as before, a, b, c, and d are defined by Equations [13]. 
Solution of the four simultaneous equations yields 
—(n§S + OAT + n?V 

+ (1/2)Q‘W) /[2K2Q%(n* + Q*)) 


a= 


b = (1/KQ)(S + n*a) 
e = (2/K)*{(W/22*) — a} 
2n*S — T 


(1/2) (n* + K2Q?) (W/Q2*)] 


(Q2Q/2n?K*) [—2K2Q0%a 


A different assumption for the solution of the Fliigge equation 
is given below, but in it the quantities a to 6 do not clearly repre- 


sent the error. 


n*[(1 + a) — (K/2) (1 + B)) 
KQ{1 i( K /{2)] 

n*{((1 + a) + (K/Q) (1 + B)) 

— KQ(1 + «K/Q)) 
n*((1 + y) — (K/Q) (1 + 4)] 

+ KQ{1 — (K/Q)) | 
n*{((1 + y) + (K/Q) (1 + 48)] 

+ KQ(U1 + ¢(K/Q)) 


[29] 


The polynomial becomes 

P = (p?—n*)* + 4K%p‘ — 2ntap* 
+ [6n‘a + 2n?*KQb + 2n4(K/Q)%e — 2n?*KQK/Q)*d) p* 
— 2 {n%3n‘ + 2K*)a + 2n*KQ(n/Q) + 2n%KQ)*e} p? 


+ 2n* {[n%a + KQb + n{K/Q)%e + KQ(K/Q)%4d} . . . . [30] 


Comparison with Equation [25] yields 
—niqg=S§ 


3n’a + KQb + n{K/Q)*e — KX K/Q)d = (T/n*) 
(3n* + 2K*)a + 2n*KQ(n/Q)*% + 2.KQ)%e = —( V/n*) 
nta + KQb + n%{K/Q)*e + KQUK/2)%d = (W/2n*) | 


[31] 


The symbols S to W have the same meaning as in Equations 
[27]. Solution gives 
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2 KQ)*(2 + (K/Q)*]b = (3nt + 2K4* — 424)S 
— Q4T /n*) — V — QYW/2n?). . . . [32d] 


2K*{2 + (K/Q)*Jc = n*[4(n/Q)* — 20K /n)* — 3]S 
+ (n/Q)*T + (V/n*) + (n/Q)4{W/2).. . . [32] 


d = [—S — (T/2n*) + (W/4n*)] /[KQ( K/Q)?] .. . [32d] 


SoLuTiIoN WHEN EiGEenrunctTion Is CONSTANT IN Z OR ¢ 
DrIREcTION 


When the solution is in the form 
w = e?? cos nz 
and n = 0, Equation [7] reduces to 
(d8w/d¢g*) + 2(dw/d—y*) + (0¢w/d¢g*) = 0...... [33] 


which is a form of the equation defining the deformations of a 
circular, ring. Substitution yields a characteristic equation 
which has a quadruple root at p = O and double roots 
at p = + i. Therefore the solution contains deflection func- 
tions of the form cos ¢, sin ¢, g cos g, and g sin ¢; this result 
cannot be deduced from the Donnell equation which in this case 
is simply 

Re a | [34] 


These functions are seldom used in the solution of shell problems 
because they are not compatible with the usual boundary condi- 
tions. It is of some interest to note that the polynomial « + 
ag + «g* + csy* corresponding to the quadruple root is a spuri- 
ous solution; it does not satisfy the lower-order equations from 
which the Donnell and the Fliigge-Kempner equations were 
derived. An exception in this regard is the constant c to which 
correspond linear expressions in u and », 
When the solution is in the form 


w = e'*® cosny 
and n = 0, Donnell’s equation reduces to 


(O8w/dx*) + 4K (0tw/dz*) = 0........... [35] 


This equation is derived in the theory of the axially symmetric 


deformations of thin cylindrical shells. Substitution yields the 


condition 
p(p' + 4K*) = 0 
Hence the four values of p? are 


pi? = p;? = 0 } 
pit = (2K*)  } 
p2 = —i(2K?) } 


The Fliigge-Kempner equation (Equation [7]) reduces to 
(O8w/da*) + 4K 0%w/dax*) + 2v(d8w/dr*) = 0... . [38] 
Consequently the characteristic equation is 
ppt + Qvp* + 4K*) = 0............. [39] 
and the roots are 


pr? = px? = 0 
pst = —v — i2K*{1 — (y2/8K*)] } ........ [40] 
pet = —v + i2K*{1 — (v?/8K*)} | 


As the smallest. value of K for which the Fliigge-Kempner 
equation is valid is about 5 and since vy = 0.3, the correction 
term in the imaginary part is not greater than 18 & 10-* which 
is certainly negligible. The real part is smaller than 1 per cent 
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of the imaginary part and thus it has a negligible effect upon the 
values of p. Again, the solutions corresponding to p,; and pz, are 
spurious in the sense discussed above. 


SoLuTION oF INHOMOGENEOUS EQUATIONS 


When the load is represented by double Fourier series, the de- 
flections also can be assumed in the same form. Comparison of 
the coefficients of identical trigonometric functions yields values 
for the unknown coefficients of the series representing deflections 
This procedure is so simple and straightforward that there is 
little reason to make use of Donnell’s equations in preference to 
the Fliigge equations. The importance of each term also can be 
seen immediately when numerical values are substituted in the 
equations. 

By way of example the case is treated here when the load q per 
unit area is applied in the radial direction. It is represented by 
the expression 

q = B cos sz cos ng eee 


Under these conditions the right-hand member of Equations 
[1] and [7] is (a*/D)V‘q rather than 0. The radial deflection u 
can be assumed as 


w = A cos sx cos ng 


Substitution in the left-hand member of Equation [7] and use 
of the expression given in Equation [41] for the load term in cal- 
culating the right-hand member result in 


(s? + n*)4 + 4K‘s4 — 2Qyo° — 6s‘n? — 2(4 — v)s*n* 
+ 2(2 — v)s*n? — 2n* + n‘ = (a*/D) (8? + n?)%B/A).. . [43] 


The left-hand member of Donnell’s equation is 
C = (s? + n*)* + 4K ‘s4 


Hence the percentage error made because of the use of Donnell’s 
equation is 
100 R/C + R) 


where R = —2vs* — 6s‘n? — 2(4 — v)s?n* 
+ 2(2 — v)s*n* — 2n* + n*.... [45] 


NUMERICAL RESULTS 


When the deflection function is trigonometric in the axial di- 
rection, Equations [15] must be used to calculate a, 8, y, and 6 
unless K/n is equal to, or not too different from, unity. When 
this is the case, the quantities are computed from Equations 
[19]. In the computations three values were assumed for K 
namely, 5, 10, and 50. When K is considerably smaller than 5, 
the assumptions of thin-shell theory become invalid and (h/a)? 
cannot be neglected as compared to unity. When K is greater 
than 50, the shell is so thin-walled that it can hardly fulfill strue- 


tural requirements. The values obtained are given in Table 1. 


ERROR WHEN w TRIGONOMETRIC IN z DIRECTION 


a 8 Y é 
—1.46 0.479 518 0.508 
—0 360 0.0428 0 0538 
—N.194 0.0085 0.0170 
—0 082 —0.0064 0.0019 
—0.003 0.0167 0 0210 


—O0 617 0.121 125 
—0O 174 0.0114 0128 
—0.098 0.0027 0038 
—0 045 —0.0010 19-5 
—0.003 0.0067 0018 


—0.105 0.0049 0049 
—0.0336 0.0005 0005 
—0.0199 0.0001 

—0 0099 —2 xk 107% 
—0 0008 —I1 X 107 


TABLE 1 


Coun 
occoo 


we 


ou 
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TABLE 2 


a 8 
0.998 —0.498 
-0. 4 —0.210 
-0.179 —0. 0874 
0.0991 —0.0343 
0.0141 +0.0220 


-1.00 —0.500 
0 409 —0.218 
0.194 —0.104 
0.115 —0.0580 


—0.0144 0.00630 


1.00 0.500 

0.409 —Q.219 

-~0.195 0.105 

{ 0.117 0. 0608 
i0 0.0183 


The values in Table 1 were computed from Equations [15] 
10 and in row K = 
Values in the latter two rows were obtained from 


except the ones contained in row K = 5,n = 
10, n = 10 
Equations [19]. 

It can be seen from the results that for comparatively thick- 
walled cylinders (K = 5) the Donnell equations are accurate 
enough only when n is equal to, or greater than, unity; in the 
medium-thickness range the limiting value of n is about 0.5; and 
for very thin-walled cylinders n may be as low as 0.1. Since 
n = mm(a/L), the restrictions on n correspond to restrictions 
on the length of the cylinder. The first term of the family of de- 
flection functions is characterized by m = 1. 
tion of the Donnell equations is therefore accurate enough in the 
case of the first term for the following limiting combinations of 


K and (L a) 


The present solu- 


10 50 
6 30 


For longer cylinders than the ones listed, the Donnell solution is 
inaccurate for the first term of the series. When m > 1, the 
accuracy is always better than form = 1. 

At first sight it is disconcerting that 8 and 6 are larger for n = 
10 than forn = 1. Nevertheless, the Donnell solution does not 
deteriorate with increasing n as an analysis will easily demon- 
strate. 

When n is very large, one has from Equations [14] 


) 


, 


/ 


(4 v)/n* 
(v/n?) 


With the aid of these expressions, Equations [15] become 


v)/4nK, ¥ (1 — v)/4nK 
(1 — v)n/2K3, 6 = (l1—v)n/2K* |} 


tends to infinity. On the 
Nevertheless, the 


Obviously, @ and y approach zero as 
other hand, 8 and 6 increase beyond all limits. 
roots of the Donnell equation represent satisfactory approxima- 
tions to the roots of the Fliigge equation as can be seen if the 
foregoing values of a, 8, y, and 6 are substituted in Equations 


[9]. 


When n becomes very large one obtains 


= n*{1 “1 
= n*{1 + (1 vy) (1 
= n*{1 + 1 v)(1 

[ “1 v) (1 


v) (1/2K*)] | 
2K*)] 

2K?)| f 
2K*)] | 


As in the limit the Donnell equation yields 


pi? = p.? = p;? = p? = 


the correction is the imaginary part of the root. The greatest 
value of the imaginary part is 1.4 per cent of the real part if 
v = 0.3 and the smallest practically allowable value of K is taken 


as 5. 


ERROR WHEN w TRIGONOMETRIC IN ¢ DIREC 


0.00994 


TION 


y 
0.150 
—(0 0353 
0.0122 
0.00315 
+0. 00206 


0 150 
0.0874 
0 0163 
0.00851 
+0.483 X 107¢ 


—O f 00980 «10~% 
: 5 0.384 
0 864 
53 


9.60 
lid only 1 


expr ssi ns obt iined t { I Val 
Wher 


this is not true for 8 and 6 at very large values of n, one can r 


Of course the 
their numerical values are small as compared to unity. 


examine Equation [8]. The first two terms in this equation ar 


also present in the characteristic equation of Donnell’s equation 
the other terms represent the correction to the Donnell solution 
But each power of p in the first two terms is multiplied by a 
factor which is at least n* times the factor of the same power ol 
p in the Hence Equation [8] ap; 


correction terms. roache 


Donnell’s characteristic equation as n increases beyond all limits 
Thus Donnell’s and Fliigge’s equations must yield the sam: 
results within engineering accuracy when n is sufficiently larg: 
(see reference 9). 

When the deflection function is trigonometric in the circum 
ferential direction, the values of p? are calculated from Equations 
[28] or [32]. 
is complete (closed), the computations were carried out forn = 
2, 3, 4, and 10 and for K = 5, 10, and 50. 
in Table 2. 

All 
According to the table, 


As in this case n must be an integer when the shell 
] 


The results are given 


) 


the values listed were computed from Equations [28] 


the influence of K upon the accuracy is 
small. At all values of K investigated the accuracy of the solu- 


tion is satisfactory when n is equal to or greater than 4; atn < 3 


the error is too large. 
ea 
~ 


When n is very large, one may set in Equations 
; = l l 


Qn»? 


Then from Equations [28] and [12] 


= y 2Kn, 
B = (1 — v)n/2K3, 


51) 


Y = —»/2Kn t 
5 


= (1 v)n/2K* 
On the other hand, Equations [27] are not valid when 8 and 6 


With K = 10 this occurs when 


For even greater values of n one can interpret the 


exceed, say, 0.1 in absolute value. 
300. 
polynomial of Equation [25]. In the Donnell version the only 


nm > 


terms are 


(p n?)4 4 1K *p* = () 

In the remaining terms of Equation [25] each power of p is multi- 
plied by a factor which is at most of the order of magnitude of 
(1/n*) times the factor of the corresponding term in (p?* n*)*, 
Hence all the terms not corresponding to the Donnell equations 


} 


are negligibly small if m is greater than 10. 

When n tends to infinity, the characteristic equation of Fligge 
approaches rapidly the characteristic Donnell 
Hence for all practical purposes the roots are the same when n 


equatic yn of 


is large. 

As far as the solution of the inhomogeneous equations is con- 
cerned, the example of the radial surface load distributed ac- 
cording to Equation [41] can be continued here. Numerical 
values computed are given in Table 3. 


The values computed here for the error are, of course, accurate 
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TABLE 3 ERROR IN DOUBLE-TRIGONOMETRIC SOLUTION 


-—-When s = 0.5— 
Error, jrror, 
K per cent K per cent 
F 5 5 
5 4 
5 2 
10 
10 
10 


-———When s = 1—— 


3 
5 
10 
3 
5 
0 


Nw. B 


ai 


even when they are large. They show that the error resulting 
from the use of Donnell’s equations in the solution of the inhomo- 
geneous problem is large when n and K are small. Ass = 1 
corresponds to the first trigonometric term in the axial direction 
when (L/a) = mw, and s = 0.5 to that when (L/a) = 27, this 
type of solution of the Donnell equations should be used with 
caution when the length of the cylinder is greater than the 
diameter. 


CONCLUSIONS 


Simple expressions have been derived for the computation of 
the error made when the more complete Fliigge equations are 
replaced by the simpler Donnell equations. Computed results 
show that the deviation between the squares of the roots of the 
characteristic equations according to Donnell and Fliigge is not 
greater than about 10 per cent for all the terms of the solution 
e? cos nz when K is greater than 5 and the length of the cylinder 
is less than 3 times the radius; and it is smaller than about 11 
per cent for all the terms of the solution e”” cos ng when n is 
equal to or greater than 4. 

As the form of the deflection and stress curves depends upon 
the roots, and the multipliers of all the deflection and stress 
quantities are linear functions of the roots, the solutions obtained 
from the Donnell equations under the conditions stated should 
have terms deviating only slightly from the solutions of the Fliigge 
equations. 

It follows then from these statements that the solution e?* cos 
nx is most suitable when the cylinder is short. The accuracy of 
solution e?” cos ng depends little on K when the cylindrical 
shell is complete (closed). In this solution the terms correspond- 
ing ton < 4 are inaccurate; they should be replaced by a solution 
of the Fliigge equations. 

In the solution of the inhomogeneous problem by means of 
double trigonometric series the results may be inaccurate for 
various values of n when the length of the cylinder is considera- 
bly greater than the diameter. Since in this case the compu- 
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tations by means of the Fliigge-Kempner equations are only 
slightly lengthier than those by means of the Donnell equations, 
use of the Donnell equations is not recommended unless the 
eylinder is very short. 
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Lateral Buckling of Asymmetrical Beams 


By H. L. LANGHAAR,' URBANA, ILL. 


A simplified theory of lateral buckling of asymmetrical 
beams under the action of uniform bending moments and 
axial thrusts is developed. 


IG. 1 represents a cross section of any flanged beam, such 
that the principal axes of inertia through the centroid are 
parallel and perpendicular to the web. Since there may be 
a thrust force, the neutral axis is not necessarily the centroidal 
axis. 

It is assumed that, when buckling occurs, the lateral deflection 
of the web in the z-direction, Fig. 1, is 


" , . v 
w = (C, + Coy) sin 











4 





| 
| 








| 


Fic. | Cross Section or FLANGED Bream 


in which C; and C2 are constants, and L is the length of the beam 
This assumption implies that the ends of the beam are free to ro- 
tate about the vertical axes. End conditions other than simple 
support may be taken into account by regarding L as a reduced 
length.? 

The bending of eccentric flanges in their planes induces incre- 
mental longitudinal strains Ae, and Ae, at the upper and lower 
edges of the web. It is assumed that these strains are propor- 
tional to the lateral curvatures of the flanges. Consequently 


. 2 
Ae, = C, sin 


4 


in which C; and C, are constants. 
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By plate theory, Equations [1] and [2] determine the strain 
energy of the buckled web, provided that the longitudinal strains 
vary linearly throughout the depth of the web. Also, /quations 
[1] and [2] determine the strain energy of the buckled flanges, 
since the flanges remain perpendicular to the web. The strain 
energy due to longitudinal strains in a flange must be augmented 
by the strain energy due to twisting. The twist of either flange is 
0*7w /Oxdy. 

The potential energy of the external forces is Q2 = Se o,dA 
where a, is the compression stress in a fiber just before buckling, 
and ¢ is the contraction of the fiber. The incremental contraction 
Ae that occurs at buckling consists of two parts: Ae = Aye + Ay 
in which Aye is the contraction due to incremental strain of the 
fiber, and A,e is the contraction due to bowing of the fiber. Aye is 
irrelevant, since it contributes nothing to the second variation of 
the potential energy. The contraction due to bowing is 

PL 
Aw =! fc [((dv/dxr)? + (Ow/dzr)*] dx 
in which v is the deflection in the y-direction. The y-component 
of deflection of a fiber of a flange results from twisting of the 
flange. 

The total potential energy of the buckled beam is V = U + , 
in which U is the strain energy. The potential energy may be 
represented in the form 


Y= Vo + 6V + (1/2)8°V + ore 


in which V, is independent of C,, C2, C3, Cy; 6V is a linear form in 


(,, Cs, Cs, Cy; and 6°V is a quadratic form in these variables. By 


(1/2)6¢V = _ bs ay CC; 


i=ly=1 


definition 


After some integrations, one obtains 
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where, besides the notations which are shown in Fig. 1 


= cross-sectional areas of compression and _ tension 
flanges 
moments of inertia of cross sections of compression 
and tension flanges about the y-axis (Fig. 1) 
moments of area of cross sections of compression and 
tension flanges about the y-axis (positive if cen- 
troids of the flanges lie on positive side of web) 
Et’ 
12(1 — v?) 
torsional stiffnesses of compression and_ tension 
flanges (G@ is shear modulus) 


A ii 
Kas I, 


Q. Q% 


= flexural rigidity of web 


é. compression strain in compression flange at instant of 
buckling 


The coefficients a;; have been rendered dimensionless by 
elimination of irrelevant constant factors. An apparent lack of 
symmetry in Equations [4] results from the fact that the bending 
of the tension flange is determined by C, alone, whereas both C; 
and C, determine the bending of the compression flange. 

A necessary and sufficient condition for stability is that 6?V be 
positive definite; 6?V ceases to be positive definite when the de- 
terminant of the matrix (a,;;) becomes zero. Accordingly, the 
buckling criterion is 


det (a;;) = 0 


The determinant in Equation [5] is symmetrical. Only the co- 
efficients au, @22, G2, @m contain €,. The other coefficients a;; de- 
pend only on geometrical] properties of the cross section and on the 
location of neutral axis. Accordingly, Equation [5] is a quadratic 
equation in €,. For pure bending, ene root is positive and the 
other is negative. The negative root corresponds to buckling with 
a reversed bending moment. 

When the numerical values of the coefficients in the last two 
rows and columns of the determinant in Equation [5] are deter- 
mined, the equation may be simplified by multiplying the last 
row by a properly chosen constant and adding the resulting row to 
the first row, so that a4 is eliminated. Similarly, a4 may be 
eliminated. Thus three zeros are obtained in the right-hand 
column. Laplace’s development then reduces the determinant to 
the third order. By a repetition of the process, the determinant 
is reduced to the form, det (A;;) = 0, where (A,;) is a two-rowed 
matrix whose terms are linear functions of €,.. This reduction 
preserves symmetry, i.e., Ain = An. Consequently, the critical 
compression strain €, of the compression flange is determined by 


An Aw = Aj,” 


If the cross section of the beam is symmetrical about the 
y-axis, Equation [6] reduces to 


A102 = G*.. 


An implicit assumption in the theory is that the web is dis- 
placed only in the z-direction when buckling occurs. This as- 
sumption sometimes causes appreciable errors when there is a 
large thrust force, if the flanges are wide compared to the depth 
of the beam. 

For buckling of a doubly symmetrical I-beam, the present 
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theory agrees with Timoshenko’s theory. * For lateral buckling 
of a plate without flanges, it yields a critical load that is slightly 
higher than that given by Prandtl’s theory, but the difference is 
less than 1 per cent if L/h > 6. 

The main advantage of the present theory is that it is easily 
applied in some cases for which Timoshenko’s formula is in- 
applicable, for example, beams with unequal flanges, tee beams, 
and beams with unsymmetrical cross sections. A comprehensive 
comparison with the more general theory of Goodier‘ is difficu!t. 


EXAMPLE 


A beam with the cross section shown in Fig. 2 is subjected to 
pure bending, so that the free edge of the vertical web is in com- 
pression. The length L is 30 in.; Poisson’s ratio is 0.30. 





Fic. 2. Cross Section or Beam Sussectep To Pure Benpine 


With the cross-sectional dimensions that are shown, the follow- 
ing constants may be computed by elementary methods: 


t = 0.03 in. h = lin. 

0.833 in. C, = 0.167 in. 

0 A, = 0.0600 sq in. 
= 0.0200 in.‘ 


e 


( 
A 
I, = 0 ; 


c 


D/E 2.47 X 10-* cu in. 
J.=0 J, = 


€ 


1.800 X 10~* in.* 


Equation [4] accordingly yields 


a, = 0.0002193 
A22 0.00001038 — 0.0030e. 
Qin = —0.0090e, 


Since the y-axis is an axis of symmetry of the cross section, 
Equation [6a] may be used instead of the more general rela- 
tion, Equation '6]. Consequently, only the constants a,;, a, 
a2 are needed. Equation [6a] yields 


219.3(10.38 — 3000¢,) = 81 & 10%,2 


The positive root of this equation, (which correspond: to a 
bending moment that places the free edge of the web in com- 
pression) is €¢, = 0.00262. This is the critical compression strain 
at the free edge of the web. The corresponding bending moment 
is M,, = 23.6 X 10~*E lb-in. 
tained by Goodier’s theory.‘ 


This result agrees with that ob- 


+““Buckling Strength of Metal Structures,"" by F. Bleich, McGraw- 
Hill Book Company, Ine., New York, N. Y., 1952. 

4*‘Flexural-Torsional Buckling of Bars of Open Sections Under 
Bending, Eccentric Thrust, or Torsional Loads,”’ by J. N. Goodier, 
Cornell University, Engineering Experiment Station Bulletin 28, 
1942. 





The Root Section ot a Swept Wing— 
A Problem of Plane Elasticity 


By B. C. HOSKIN! ann J. R. M. RADOK,' MELBOURNE, AUSTRALIA 


The methods of N. I. Muskhelishvili are used to obtain 
the stresses in an approximately square plate, subject to 
concentrated forces at two opposite corners, acting in the 
direction of the diagonal, and to certain shear-stress dis- 
tributions along the sides. These shear-stress distributions 
have been chosen to conform approximately with those 
observed at the corresponding boundaries during tests on a 
45-deg sweptback tube with ribs normal to the leading 
edge. Numerical results, involving loading parameters, 
are presented in the form of tables and graphs. Use of the 
numerical results is illustrated by application to a wing 
under varying degrees of torsion and bending. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= arbitrary constant in stress function ¢ 
coefficients in power-series expansion of stress 
function ¢ 
see Equations [14] 
coefficients in polynomial mapping function 
w(t) 
see Equations [9] 
V—!l 
order of highest power in mapping function 
w(t) 
arc co-ordinate on boundary ZL of original region 
displacements 
co-ordinate in original plane 
arbitrary constant in mapping function 
see Equation [19] 
A(f); 


see Equations [16] and [17] 


Fourier coefficients o see Equation [20] 

boundary of original region in z-plane 

concentrated forces per unit thickness of plate 

concentrated forces 

uniform shear on boundary of L 

maximum shear on boundary of transformed 
region 

maximum shear on boundary of original region 

maximum shear on boundary of perfect square 

stresses in original region 

external stresses on L, in directions Oz, Oy, re- 
spectively 

length of diagonal of perfect square 
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the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of THe American Society or MecHanicat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
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understood as individual expressions of their authors and rot those of 
the Society. Manuscript received by ASME A.pplied Mechancis 
Division, February 23, 1954. Paper No. 54—A-97. 


unit circle 

complex variable in transformed region 
polar angle in {-plane 

see Equations [4] and [5] 

shear modulus 

Poisson’s ratio 

are co-ordinate on 

complex stress functions 

mapping function 


-S=QzurRFax oer 


“ 


conjugate complex function to ¢( ¢) 

¢(f), ete. 

deg 
—, Ct. 

dé 


1 INrTRopUCTION 


The internal structure of the swept wings of present-day, Aigh- 
speed aircraft belongs, in principle, to one of two general types, 
These may be either 

Fig. 1) or 
parallel to the center line of the aircraft (“aerodynamic ribs’’ 
Fig. 2) 


related to that presented by wings of the former type. 


depending on the orientation of the ribs. 
perpendicular to the leading edge (‘‘structural ribs’’ 


The problem of plane elasticity, solved in this paper, is 





Fic. 1 “Srructura.t” Riss Fie.2 “Agropyrnamic” Riss 


Conventional stress analysis of wings utilizes in more or less re- 
fined manner the familiar formulas of the engineering theory of 
Relying on Saint Venant’s principle, it ignores in the first 
However, 


beams. 
place the local effects at the fixed end of the wing 
since normally the width-length ratio of wings is considerably 
larger than that assumed in beam theory, the actual stress dis- 
tribution in the root section may affect a large section of the wing 
area. In fact, the rib at the root section of a ewept wing always 
will be very heavy and, as a consequence, the stress distribution in 
the cover sheet along this line (A-C in Fig. 1) will be nonuniform 
when the wing is subject to external loading. To the authors’ 
knowledge, there exists no accurate treatment of the problem of 
the stresses in the root section (A-B-C-D in Fig. 1) of such a 
wing. 

A possible approach is to consider a root triangle (A-B-C in Fig 
1) of the cover sheet and to formulate a boundary-value problem 
of plane elasticity for that region. Load distributions along the 
edges A-B and B-C, based on experimental data or estimates ob- 
tained from shell theory applied to the outer wing, may be as- 
sumed and a displacement condition may be introduced along the 


root rib A-C. The most common assumption for these displace- 
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ments postulates a rigid rib, ie., zero displacements. Apart 
from the fact that this assumption does not conform with the 
actual circumstances, because of the flexibility of any real rib, 
solution of the corresponding boundary-value problem encoun- 
ters severe analytical difficulties because of the nonhomogeneous 
nature of the boundary conditions. 

For this reason the present investigation deals with the root 
section, rather than with the root triangle. It presents only a 
partial solution in that the effect of the elastic root rib has not 
been included, although the displacements along the diagonal 
A-C have not been assumed beforehand. In fact, the problem 
solved in this paper may be conceived as referring to the top or 
bottom skin of the root section. 

This statement will be elucidated further in the next section. 
It also should be noted that the boundary stresses, assumed for 
the numerical application to a 45-deg sweptback wing, may of 
course be varied; they have been chosen here to approximate to 
some degree those expected from shell theory as well as to ease the 
computations when calculating the actual stresses. 


2 Tue Bounpary-VALUE PROBLEM 


Experiments on a 45-deg swept tube with normal ribs have 
shown that the stresses on the boundary of the root section 
have the distribution shown in Fig. 3.2 It is thus seen that the 





c 


Fic. 3 AcruaL ProspLem 


edges B-C and C-D are loaded in uniform shear, while along 
the edges A-B and A-D the shear increases toward the point A. 
Equilibrium in the direction A-C was established by direct 
stresses applied to the skins through a heavy diagonal rib. 

The boundary stresses in the numerical problem of this paper 
are based on the foregoing results. However, the following 
simplifications had to be introduced in order to be able to cope 
with the computations with the available calculating machines 
and to bring the problem within the range of the theory of plane 
elasticity, as developed by N. I. Muskhelishvili.* Thus an ap- 
proximately square plate has been considered for the root section; 
in fact, in the conformal mapping of the perfect square onto the 
circle, an approximate mapping function has been used which in 
effect implies rounding off the corners, Fig. 4. The shear stresses 
along the edges B-C and C-D again have been assumed constant, 
while those along the other two edges are of the type shown in 
Fig. 5. It is seen that they vary approximately linearly, increas- 
ing toward A, but that they decrease in 4 narrow region in the 
vicinity of A. This choice of stress distribution was conditioned 
by the desire to restrict computations, and the position of the 
maximum stress is closely linked with the approximate mapping 
function, as will become apparent later on. This digression from 
the actually expected stress distribution of Fig. 3 should not be 


?“Strains and Deformations Measured Near the Root of a 45° 
Swept Rectangular Tube,’’ by J. E. Wheeler and N. B. Joyce, ARL 
5 and M Note 197, May, 1952. 

*“Some Basic Problems of the Mathematical Theory of Elas- 
ticity,” by N. I. Muskhelishvili, translated by J. R. M. Radok, P. 
Noordhoff, Groningen, Holland, 1953. 
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Fic. 4 Square Witn Rounpep Corners 


ae A 


Fic. 5 Simp.iriep Propitem Fic. 6 Root Sussections 
critical, since for cther reasons the theory of elasticity would not 
give accurate results in the neighborhoods of the corners. 

Obviously, equilibrium will be maintained in the direction B-D 
by the symmetry of the plate under consideration and of the as- 
sumed stress distribution. In the actual case, the forces main- 
taining equilibrium in the direction A-C will be introduced into 
the plate along the diagonal A-C, Fig. 3. Owing to analytical 
difficulties which as yet have not been resolved, these dis- 
tributed forces have been replaced by two forces acting at A and 
C, respectively. Thus the corresponding solution may be inter- 
preted in two ways: (a) It may be conceived as referring to the en- 
tire root section in which case the problem will be made definite by 
fixing the relative displacement of two points of the diagonal A-C. 
This will correspond to the case when the skins are attached to a 
given rib at those points so that the assumption of zero relative 
displacement will imply a rigid rib. (6) The solution may be con- 
ceived as referring to root subsections, say, contained between 
two spars or stringers and the same reasoning may be applied, 
Fig. 6. 

Thus it is seen that the theoretical solution of this paper is re- 
stricted in the sense that the presence of the root rib does not 
affect the stress distribution in the skins in a manner which con- 
forms with the actual conditions. It is hoped to consider the more 
complicated problem at a later stage. 

One particular case of the problem under consideration is that 
of the square plate loaded by concentrated forces at two opposite 
corners, Fig. 7. This problem has been investigated by photo- 
elastic methods,‘ and it will be shown later that the theoretical 
and experimental results are in good agreement. 

Before solving the boundary-value problem, discussed pre- 
viously, the analytical method of solution to be used will be sum- 
marized in the next section. As mentioned earlier, this method, as 
well as a number of others, is due to N. I. Muskhelishvili.* Al- 


‘ **Photo Elasticity,"’ by M. M. Frocht, John Wiley & Sons, Inc., 
New York, N. Y., 1941, p. 296. 
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Fig. 7 Fic. 8 

though these methods were published 20 years ago in the form of 
a monograph, they have found only limited use outside the 
USSR. The authors of this paper feel, therefore, that the im- 
portance of these methods, particularly with regard to aircraft 
stressing, has not yet been fully realized and that a number of 
current problems will find their solution by the application of 
these methods. 


3 MATHEMATICAL STATEMENT OF PROBLEM AND Its SOLUTION 


In the work by N. I. Muskhelishvili,’ the solution of boundary- 
value problems of plane elasticity is reduced to the determination 
of two analytic functions g, Y of the complex variable z which 
have to satisfy certain conditions at the boundary L of the region 


under consideration in the z-plane. The displacements u, v and 


the stresses 7',,, 7',,, Ty, at the point z are then given by 
2u(u + w) =x«K 1 1) 
[2] 
. [3] 
where 


4y for plane strain 

4 . 

for generalized plane stress 
v 
v = Poisson’s ratio 

uw = shear modulus , 
ty, 
dy 


», ete., 


“(2 
de e \ 


¢'(2 


Further, the resultant force acting on a line A-R is given by 
°B -_ 
if, (X,, + tY,)ds 


: B 
= [o(2) +z 9(z) + Me], [9] 


f= 


hi + ifs = 


where s is the arc co-ordinate along A-B. 

The method of solution selected for the present problem is 
based on certain properties of analytical functions and Cauchy 
integrals. In particular, the evaluation of such integrals is 
simplified greatly if the region under consideration has a circular 
boundary. 
solution involves the conformal mapping of the region under con- 
sideration onto the unit circle by means of a regular analytical 
function. 


For this reason an essential step in the method of 


Let z = w({) be the mapping function, o be a point on the unit 
circle y. Then,® the boundary condition for the functions g, y 
takes the form 


wig) — 


~ ¥() +Wo)=fAt+ih=f 


A° += 
w’( 


xe. (30) 


where, by Equation [9], f is a known function of o. 


5 By §78 of footnote 3. 


‘ROOT SECTION OF SWEPT WING 


—PLANE ELASTICITY PROBLEM 


339 
It is shown in the same footnote 5 that the functional equations 


for o(f), Wf) with ¢ the complex variable in the plane of the 
circle y are 


" l fdo l WT) (ac) 
As? © = ~<a ne da 
277i Jo 4 2ri Jy w'(a) (o t) 


. = 
1 fdo l f wo) g(a) , 
_ . “< ‘ A . _ ad 
2riJ , 7 ¢ 2riJ,w(a) ao é 


where 4 is a constant which does not influence the stress distribu- 
tion. 


wr) 


In the particular case when w({) is a polynomial 


2= WS) =af + af? 4 - + c.f", a 0, ¢, 0 


these equations are easily solved by elementary means. In 
one has 


tot +bo+ >. bat 14) 

nt + be bad 1) 
i=1 

where only the b,, k > 0 will be required. As off 

analytic inside y, it has the power-series expansion 


is a function, 


Af)=agct+... ( warp OR) ae [15] 


where the a, are at present unknown. Using properties of the 


boundary values of Cauchy integrals,* it can be shown that 


WT) g(a 


l ) , , 
J , " da = Ky + kif T ace 
2mi Jy wa) (o—f) 


where 
+ 2Zaishe + + nd,b,, 
+... + (n — 1)d,-~1b, 


Hence, by Equation [11] 


af) +a+K, + Ait 4 + Ko => 


Developing the known function A({) in a power series 


oD 


A,{f* 
) 


= ( 
where obviously 
2n 


fe db 


po 
27 Jo 


[20] 
are the Fourier coefficients of the function f; substituting from 
Equations [15] and [19] in Equation [18] and equating co- 
efficients of ¢*, it is found that the a, are determined by the sys- 
tem of equations 


+ ab; + eee 
:Tr aybe + 


+ ni,b, = A; 


+ (n 1 dy 15, = A: 


6 Explained in part IV of footnote 3. 
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Having solved the System [21] for a,, the function g({) may 
be written down by Equation [18] 


fs) 


af) = >> Ag+ a@— Aye +a= 
l 1 


Similarly, it can be shown that 


“ ] 
, 1 (° jao (+) OF Ps ay Se 
(f) QriJyo—¢t w(t) $) gE ef 
The stresses and displacements can now be found from Equations 
[1] and [2], using the Expressions [22] and [23], where it must be 
noted that the derivatives in Equations [1] and [2] are with re- 
spect to the variable z. 

It is thus seen that the following distinct stages of computation 
will be required for the solution of a boundary-value problem of 
the foregoing type, where the stresses on the boundary are known 
and where the region under consideration is mapped onto the 
unit circle by a polynomial-type mapping function w({): 


1 Find a polynomial z = w({) mapping the region onto the 
unit circle. 

2 Calculate the coefficients b,, defined by Equation [14]. 

3 Determine the Fourier coefficients A,, defined by Equation 
{20}. 

4 Solve the system of Equations [21] for a,. 

5 Write down ¢g(f), using Equations [22], and ¥(¢), using 
Equation [23]. ; 

6 Calculate y’(f), 9°(f), W/(D), and hence ’(z), g"(z), and 
yv'(z). 

7 Calculate the stresses and displacements from Equations 
{1] and [2]. 

In the case where the mapping function is an infinite power 
series, an approximate solution may be obtained by retaining 
only the first few terms of the exact mapping function. It may be 
shown that the obtained approximate solution will be improved 
with increase in the number of retained terms. 


4 APPLICATION TO THE SQUARE PLATE 


The bour:lary-value problem discussed in Section 2 will now be 
solved by the method of Section 3. The boundary stresses are 
shown in Fig. 5 and it is immediately seen that the problem re- 
solves itself into two parts which can be treated separately. The 





WA 
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first part deals with a square plate under uniform shear, Fig. 10, 
while the second part deals with the problem illustrated in Fig. 
11. 


Square Plate Under Uniform Shear Loads. This problem is 
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easily solved by elementary considerations for the perfectly 
square plate. Denoting the shear stress by So, one has 


. Siz ’ 
= So, + const 
2u 


Sov 


2u 


f 
| 
+ const 


Square With Rounded Corne:s, Subject to Concentrated Forces 
and Certain Shear Loads. Following tie scheme indicated at the 
end of Section 3, the mapping function will be determined first. 


Using the Schwarz-Christoffel transformation, one finds 


where 


= 0.7627a 
4 


$ 
2a = diagonal of square 
The integral occurring in this transformation function is elliptic. 


Expanding the root under the integral in a power series and 
integrating, one finds 


>= ( o) = A { 
=e (s * 10 


+ 35 oad + 
2176 a 


Retaining only the terms given in the foregoing, one finds that 
the region mapped onto the unit circle by this transformation is of 
the form shown in Fig. 4. By increasing the number of terms the 
corners of the mapped regions will become sharper. 
Using 
z = w(t) = A(E + 0.1 + 0.0417 + 0.02406" 
+ 0.0161 £""). 


one finds from Equations [14] 


_ wf) 


. -) 
t 


= 0.0161¢" + 0.016063 + 0.0277£° + 0.075105 + 0.94276 


+ >> bgt... [29] 
1 


= buf! + bat? +... 


@ 
t ht + bo + >> on 
k=1 


i.e., one has 


co = 1, co =0.1, co = 0.0417, cs = 0.0240, co = 0.0161 
by = 0.9427, bs = 0.0751, by = 0.0277, hy; = 0.0160, b,; = 0.0161 
while all other b,, k > 0 are zero. It is easily seen that this last 
fact will simplify greatly the ensuing computations. 

Next, the Fourier coefficients A, will be determined. Theoreti- 
cally, if the function f, defined by Equation [9], is known, the A, 
may be calculated since the are co-ordinate s on the boundary 
of the original region can be expressed in terms of @ by use of 
the mapping function (see Appendix). However, an indirect 
method will be adopted here in order to restrict computations. 
This indirect approach implies the assumption of a function f(@) 
in the transformed region, i.e., around the unit circle, and subse- 
quent calculation of the stresses on the sides of the square. Let 
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S(1 — 41) 
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s 
t fox, + 7Y,,)ds 
/0 


af(@ ) dé 
dé ds 


where S is a parameter. 


f(s) = 
one has 
x. + €Y. 


_ af 0) l 
dé jw'( | 


and hence 


P; at A(@=0) ) 


4 iY, ds P, at C @=n7) 


(xX n 
superimposed on which 


6 on A-D 


l 

"ey 

iW \$ /| 

on D-C, C-B 

7 ; oT 1 : 

| —S(1 + 27) - i on B-A 
| 2 \wo'( £)| 

The stress X,, along A-D, is shown in Fig. 12; the other stresses 


we 
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vary in a similar manner. As mentioned earlier, these stresses de- 
pend to some degree on the mapping function as a result of the 
adopted indirect approach. It is seen from Equations [30] that 
for equilibrium in the direction of the real axis it is necessary 
that 
S71? 
P, P2 + 
4 


Graphical integration of the stress distribution Equation [32] 
on the square with rounded corners shows that 


P, aoe Py a 0.84S,a@ = 0 


where S; is now the maximum value of the shear stress on the edge 
of the square. Assuming the shear stress to be distributed linearly 
with the maximum value S; occurring at the corner A and with 
the total applied foree equal to that obtained from the dis- 
tribution, Equation [32], one finds the relation 
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S, = 1.198, 


while comparison of Equations [33] and [34] gives 


S = 0.340S,a 


By Equations [20] and [30], the Fourier coefficients A; take 


the form 
l g jar? 
~ (4k 


i k 


f | quation I. 


where P; has been eliminated by | 
- 17 
meee ee ‘ 


ire given in Table 1 


numerical values of the A, (k = 1, 


TaBLe 1 Nomertcau VaLves 


A study of the expression for A, and of the numeric 
that 


(ct S* Ae 
7 


S = tr 
cat 
. [38] 


where the series which have not been summed are r ipidly ab- 
solutely convergent for t¢ <& 

The coefficients a; of Equation [15] are now easily determined 
The corresponding system of linear Equations [21] is presented 
in matrix form in Table 2. Since all the coefficients are real, the a, 
will be real. Although there is a total of 17 simultaneous equa- 
tions, these may be solved in three independent groups of 4, 5, 


and 8 equations because of the fact that the mapping function in- 
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voives only five of the possible terms of the seventeenth- 
erder polynomial. These three sets of equations involve 
(Gs, G7, Gy, Ais), (G1, Gs, Ao, Gis, iz), and (2, a4, as, As, Ayo, 
Giz, G4, Qe), respectively. Using Crout’s method’ the 
values of the a; have been computed and are shown in 
Table 1. 

The function 9({) may be written down immediately. 
By Equations [22] one has 


17 
Af) = A(f) — }> Kg +4 
1 


P; 1+¢ Saat 
=| — log (1—) — 
ir 1— i ms) 2 2 


28 — pa-s ut 
+? Dla tam | we +e 
... [39] 


where the values of the K, = A, — eo are given in Table 
1. 


By Equation [23], the function ¥(¢) is given by 


i l 
1 { jac (+) 
ui) =a) Me be oe 


17 
AL 


The integral in this expression can be expressed in the 
same manner as the function A({) to which it is closely 
related. 
In fact 


fdo P; 1 
oa ooSeuthonth So log ye ‘ 


2riJ,o—f 2r 


Ss = o _ 28 = cans re- 1 
— shin ey (te 1)3 


1 


+ Se log (1 — ¢) 


and ¥(¢{) takes the form 


YS) = — SE tog FF SF hog (1 — §) 


—s, nats 
a —oy t a — >| 


- 
Ky 


eo 


where all terms are now known. It is shown in the Ap- 
pendix that ¥({) is regular at ¢ = 0 and formulas are 
derived for the calculation of this function for small values 
of ¢. 

The formal determination of the required derivatives 
of the functions g({) and ¥({) presents no difficulties. 
With a view to numerical calculations, certain infinite 
series occurring in these derivatives again have been re- 
placed by their sums much in the same way as this was 
done in the case of the function A({). These deriva- 
tives are 


. [42] 


7**A Short Method for Evaluating Determinants and Solv- 
ing Systems of Linear Equations With Real or Complex Co- 
efficients,” by P. D. Crout, Trans. ATEE, vol. 60, 1941, p. 


1235. 
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When calculating y’(¢) for small values of ¢, it may be preferable 
to use the derivative of the expression, deduced in the Appendix. 

Finally, since by Equations [1] to [3] the calculation of the 
derivatives of the functions gy, Y with re- 
use the formulas 


stresses requires the 
spect to z, one has to 


¢(s) 
p'(z) = o (0) = | 
ez) = ott =, 
Heh) — e( Hw (fl) | : 
i w'(S)e"(L) — 9'(f)w"(¢ 146) 
[w’( $)]* 
" r) 
y'(2) = v's 
w’(f) 
General Numerical Results. The actual evaluation of the 


stresses at points of the plate involves lengthy and tedious com- 
putations. Since the stresses in the plate under uniform shear are 
easily obtained from the formulas of the section, Square Plate 
Under Shear Loads, once the value of Sp is known, consideration 
will be restricted here to the stresses corresponding to the prob- 
lem discussed in the section, Square With Rounded Corners. . . . 
As mentioned earlier, this problem involves two parameters P, 
and S by means of which it can be modified to account for a 
number of different types of loading. For example, by putting 
S 0, one obtains the plate stretched by two diagonal forces 
acting at opposite corners, Fig. 7. Putting P; = 0, one finds the 
solution of the plate with the assumed shear loading, balanced in 
the diagonal direction by a force acting at that corner of the plate 
about which the shear distribution is symmetrical, Fig. 9. Com- 
bining these two solutions, one can obtain the solution of the 
problem where the shear forces are balanced by a concentrated 
force acting at the corner between the two unloaded edges of the 
plate, Fig. 8. Finally, P2 and S may be given any convenient 
finite values. 

The values of the functions ¢( ¢), ¥( ¢) and of their derivatives 
have been evaluated at the following points of the diagonals of the 


plate 


f 


- 0.6, —0.4, —0.2, 0, 0.2, 0.4, 0.6, 0.8 


—0.8, 
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~ 
_ 


PROBLEM 


= —).64, —0.46, —0.31, —0.15, 0, 0.15, 0.31, 0.46, 0.64 
a 
€ = 0.2%, 0.47, 0.6%, 0.87 
~ = 0.15%, 0.31%, 0.464, 0.64i 
a 


The values of these functions are given in Table 3 with S and P, 
as parameters. The corresponding stress distributions along the 
diagonals of the square are contained in Table 4 and Figs. 13 and 
14. 

The displacements of points of the diagonal in the z-direction 
have been calculated using Equation [1]. They are tabulated 
in Table 5 and graphed in Fig. 15. The arbitrary 
omitted in Table 3, has been chosen so that the displacements are 
= 0. 

Application to a Particular Case. 
use of the foregoing numerical results, consider the case of a 45-deg 


(Jew) 


swept wing with root chord 10 ft and assume there is to be no rela- 
tive displacement between the two points 

nae = +0.64a +0.64 X 60 = +38.4 in. of the center line of 
the root section. 

By Equation [34] one has for that part of the boom load which 
is diffused into, for example, the top skin 


oe 0.84 _ 
V2 Soa + = Sia jt 
V2 


where the quantities X and Sp» will be given the following values 


constant, 


zero at z 
In order to demonstrate the 


xX 


X = 72,000 lb, So = 0 

X = 96,000 lb, Sy = 5000 psi 
X = 120,000 Ib, S, = 10,000 psi 
X = 144,000 Ib, = S_ = 15,000 psi 


corresponding to various degrees of torsion and bending. Sub- 


stituting for X and Sp» in the foregoing formula, one finds for 
the maximum values S, + S, of the shear on the boundary of the 
root section in all cases 


So + 8, = 20,000 psi 


Consider first the case, with t = 0.1 in. 


X = 72,000 lb, 0, S; = 20,000 psi 


By Table 5 the relative displacement of the points z,,: is given by 


1 
u(2) u( 22) -(2 X 0.376P, — (0.036 + 0.144)aS;] 
m 


- (0. - 0.180 K 60 & 20,000) 


be 


752P; 


1 
— (0.752P, — 2.16 X 10°) 


m 
Hence, for zero relative displacement of these two points, one has 


2.16 K 10° 


P, = < = 287,000 lb per in. 
0.752 
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By Equation [34] 
P, = P, — 0.84 x aS; = 287,000 


- 0.84 & 60 XK 20,000 = 721,000 Ib per in. 


30 that for a skin thickness of 0.1 in. 
P,’ = 28,700 lb, P:’ = —72,100 Ib 
Next, consider the case 
X = 96,000 Ib, So = 5000 psi, S; = 15,000 psi 
Then, by Equation [24], one has the additional displacement 
Se X 0.64 X 60 = 5000 X 38.4 = 1.92 x 10 
m Mm mM 
and the condition for P; becomes 


0.180 * 60 x 15,000 — 1.92 x 10 
0.752 


_= 
1.62 X 10° — 1.92 x 10° 
; 0.752 
while 
P, = —39,800 — 0.84 X 60 X 15,000 = —716,200 lb per in. 
so that for the same skin thickness 
P,’ = —3980 lb, P,’ = —71,620 Ib 
Similarly, one has for the case 
X = 120,000 Ib, So = 10,000 psi, S; = 10,000 psi 
P, = —367,000 Ib perin., P: = —871,000 lb per in. 
P,’ = 36,700 lb, P,’ = - -87,10) Ib 
while the case 


X = 144,000 lb, Se = 15,000 psi, S; = 5000 psi 
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P2 ™ 


694,000 Ib per in., P, = —946,000 lb per in. 
P,’ = —69,400 lb, Pi’ = —94,600 Ib 


The values of S;, So, and P: being now known, the correspond- 
ing stress distributions and displacements can be obtained from 
Tables 4, 5, or Figs. 13 to 15. 

Comparison With Experimental Results for a Square Piate 
Under Diagonal Concentrated Loads. By placing the parameter S 
(and hence, 8;) equal to zero, the problem of the section, 
Square With Rounded Corners. . ., reduces to that of a square 
plate under diagonal concentrated loads, Fig. 7, for which M. M. 
Frocht* has given experimental results. Concentrated compres- 
sion loads of 180 lb were applied at opposite corners of a square 
plate with diagonal of length 1.885 in., and thickness 0.255 in.; 
hence 

2 
Ee sce _ ee 
a 0.255 & 0.943 

The stresses, calculated from Table 4 using the foregoing value 
of P:/a, are shown in Tables 6 and 7, together with the experi- 
mental values. 


Location 


0<e<avV2 


avV/2 <s < 2av/2 
s= 2arv/2 


2arv/2 <8 S Bav/2 


Barv/2 S 8 < 4av/2 


The agreement is satisfactory in view of the fact that the 
theoretical results have been obtained for a square with rounded 
corners, while the plate of the experiment was a perfect square. 

(An analysis of this particular problem, using complex-function 
theory, also has been made by C. A. M. Gray.®) 


CONCLUSIONS 


This investigation of the state of stress and deformation in an 
almost square plate with rounded corners under certain shear 
loading and concentrated forces at the boundary has been in- 
fluenced by the problem of the root section of a 45-deg swept- 
back wing. While the problem solved in this paper does not 
agree with that of the root section, the numerical results given 
should provide some estimate of the state of stress and deforma- 
tion in that section. 

Suggestions for Future Work. The main difficulty of handling 
the exact problem of the root section arises from the presence of 
the root rib by which the wing is attached to the fuselage. In- 
stead of the two concentrated forces, introduced in the problem 
solved in this report in order to balance the longitudinal com- 
ponent of the shear forces on the boundary, the effect of the rib 


§**Polynomial Approximations in Plane Elastic Problems,” by 
C. A. M. Gray, Quarterly Journal of Mechanics and Applied Mathe- 
matics, vol. 4, part 4, 1951, p. 444. 
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will be equivalent to sources of such forces along the correspond- 
ing diagonal where the local magnitude of these forces will depend 
on the local deformation of the rib-skin combination. In princi- 
ple, this problem should be solvable by the methods of N. I. 
Muskhelishvili,? and it is intended to consider it in the near 
future. 
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Appendix 
Drrect SoLuTION oF BOUNDARY-VALUE PROBLEM 


Instead of the indirect approach used in the main part of this 
paper by which the stress distribution on the boundary in the 
image region was assumed, one may, of course, start from a given 
stress distribution on the boundary of the original region. Thus 
let this distribution be as follows, where s is the are co-ordinate 
along the sides of the perfect square with s = 0 corresponding to 
the point A of Fig. 3: 


Type of load z-component y-component 


Concentrated force per 
unit thickness 


Stress 


Stress 
Concentrated force per 
unit thickness 


Stress 


S: Se 
Stress —{f s—3avy2 8 3a V2 
2a 2a 


This distribution is similar to that of Fig. 11 except that the 
shear stresses along A-B and A-D now vary linearly from zero at 
points B and D to a value S; at A. Since, by Equation [9] 


f(s) = i fp + iY,)ds 


one has 


— 


| 2 
ifr, + (1 — i)S (~5, =) 0<s < Va 


Pi + (1 — é)S, 5 /2a <8 < 2\/2a 


Sa - P2 + (1 — 1)8: «| 2 Va < s<3V2a 


P, — P. + (5 + 41)S:a — S (1 + t)s 


= 


2 V2 








Ss 
| we a (1 + ae] 3 V/2a <3 < 4/20 
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Hence, putting s = 44/2a 
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is the condition of equilibrium of the external forces. 
Finally, since, as is easily seen 


1+2 
v2 


8 V2y V2(a z)= (a—z) for 0O<s 


while 
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(z a) for 3\/2a <s < 4\/2a 
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Vv 


one has now the function f(s) in terms of the complex variable z. 
Transforming by use of the mapping function 


he 


4 ) 


w/( 


one finds f(z) as function of ¢ = e and the Fourier coefficients 
\ § 


A, may be determined by Equation [20]. 


Reouvarity or ¥(¢) at f = 0 


At first sight, the function ¥(¢) as determined by Equation 
[23] may appear to be singular at f = 0. It will now be shown 
that this function is regular at that point and at the same time an 
alternative expression will be deduced for its numerical evaluation 


for small values of ¢. 


Consider 
ii = 
@ ( 4 ) 
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where the b,; are the same as in Equations [14] and R(¢) is a poly- 
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which is regular, since w’({) cannot vanish inside the region which 
it maps conformally onto the unit circle. 
from Equation [23] that ¥(¢) is regular. 

Replacing in Equation [42] the corresponding terms on the 
left-hand side of the last expression by those on the right-hand side, 
one finds the earlier-mentioned alternative expression for the 
function ¥( ¢) 


Therefore it is seen 
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where 
R(¢) = 0.2580F" + 0.31475" + 0.3848¢7 + 0.51266" 
and the L, are given in Table 1. 
The advantage of this expression for ¥( ¢) arises from the fact 
that for small values of c numerical calculations are not compli- 


cated by loss of significant figures 
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Bending of Pretwisted Beams 


By J. ZICKEL,? SCHENECTADY, N. Y. 


The general theory of pretwisted beams and columns'*:‘ 
is applied to the bending of an initially straight and uni- 
formly pretwisted beam of doubly symmetric thin-walled 
section. Pretwisting brings planes of various bending 
stiffness into play with a resulting stiffmess which in a 
sense averages the stiffness of the beam in its principal 
directions. It is shown that compared with bending of an 
untwisted beam in its most flexible direction a thin strip 
can have its deflection in the plane of bending reduced 72 
per cent by an initial twist of 0.837. Simultaneously, how- 
ever, lateral deflections of almost equal magnitude are in- 
duced. For pretwists above 27, the lateral deflections be- 
come practically negligible and the deflections in the plane 
of bending are still reduced as much as 44 per cent. With 
increasing initial twist, however, the pretwisted beam 
becomes more flexible, and for an initial twist of 6.57 it is 
as flexible as the untwisted beam in its most flexible direc- 
tion. Beams of equal flexibility in all directions simply 
become more flexible with initial twist, a fact which cor- 
responds to the observations made by Den Hartog‘ in some 
of his experiments. 


GENERAL CONCEPTS AND DEscRIPTION OF RESULTS 


F a beam, which is very flexible when bent in one plane but 
quite stiff in the perpendicular plane, is loaded so that the 
plane of bending is the stiffer plane, it will buckle in the 

flexible direction. In general, the resulting deflection for such 
a beam, no matter what the plane of the moments, will strongly 
favor the flexible direction. The effect of pretwisting the beam 
appreciably means that there will not be a more flexible plane 
or a stiffer one. However, a weakening effect due to twist is in- 
troduced simultaneously. Den Hartog® points out the interesting 
fact that a pretwisted beam with equal bending stiffness in all 
directions shows considerably larger deflections than the same 
beam without the initial twist and challenges the reader to offer 


an explanation. 
In his “Theory of Naturally Curved Rods,’ Love® describes 


1 The results presented in this paper were obtained in the course of 
research sponsored by the Office of Naval Research under Contract 
N7onr-358 with Brown University. 

* Engineer, General Electric Company. Formerly Research As- 
sociate, Graduate Division of Applied Mathematics, Brown Uni- 
versity. 

*“General Theory of Pretwisted Beams and Columns,” by J. 
Zickel, Report All-73, Graduate Division of Applied Mathematics, 
Brown University, June, 1952. 

‘The auihor is indebted to the Column Research Council and the 
Rhode Island Department of Public Works for sponsoring part of this 
work. 

** Advanced Strength of Materials,” by J. P. Den Hartog, Mc- 
Graw-Hill Book Company, Inc., New York, N. Y., 1952, p. 319. 

‘A Treatise on the Mathematical Theory of Elasticity,” by A. E. 
H. Love, Dover Publications, New York, N. Y., chapter 21, 1944. 

Contributed by the Applied Mechanics Division and presented 
at the Diamond Jubilee Spring Meeting, Baltimore, Md., April 18- 
21, 1955, of Tae American Soctery or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1955, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, June 11, 1954. Paper No 55—S-2. 


the configuration of the rod by means of three co-ordinate sys- 
tems. The same method is used for the pretwisted beam, Fig. 1. 
The 2, yo, 2o-system, which is the fixed co-ordinate system, locates 
the beam in space. The 2, y, 2-system is the system referred to 
the pretwisted, but unstressed, beam. At any cross section the 
xz and y-axes are directed along the principal axes of the cross 
section and the z-axis is tangent to the beam axis or center line. 


The unstressed beam 











The stressed beom 
Fia. Pretwistev Beam Wits Its Co-Orpinate Sysrems 


Finally, the £, 7, {-system is the system of the stressed beam 
where £ and 7 are the co-ordinates along the principal axes of 
any cross section and ¢ is tangent to the center line l. 

The normal stresses in the beam are considered to be in the 
direction of the fibers and shear stresses to be perpendicular to the 
fibers.* After linearization, the expression for the fiber stress 
contains five components resulting from compression, bending 
about each of the principal axes, warping of the cross section, 
and interaction of initial and additional twist. The shear stresses 
are those of the Saint Venant theory of torsion and those which 
are developed as a result of the variation of fiber stress along the 
length of the beam. Stress resultants are obtained by integrating 
the derived stresses over the cross-sectional area. The stress- 
couples are found by a similar integration, using appropriate 
moment arms. They in turn must be in equilibrium with the ap- 
plied external moments. To simplify the analysis the beam is 
supposed initially straight, initially twisted at a uniform rate 
6o’, and the pair of equal and opposite moments is assumed to 
act in the yo, z-plane. The extension to bending moments acting 
in any other plane presents no difficulties. 

Equations [6a], [6b], [6c]? are reduced in complexity by trans- 
formation from the relative displacements u and »v along the &, 
n-axes to absolute displacements U and V along the 2, y-axes. 


7 These equations appear in the next section. 
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The additional twist 8 remains unchanged. It is assumed that 
the beam is supported so that no displacements will be possible 
at either end and rotation is prevented at one end. The mo- 
ments are assumed applied in such a manner that no warping 
stress exists at the ends. 

A beam of cruciform section with equal moments of inertia in 
all directions, Fig. 2(a), is discussed first because it is the simplest 
case and yet furnishes an insight into the behavior of pretwisted 
beams in bending. The cruciform cross section not only has equal 
moments of inertia in all directions but it also has equal modi- 
fied moments of inertia. The word “modified” indicates an 
effective value based upon considerations of the initial twist. 
When there is no initial twist, the modified moment of inertia is 
identical with the usual moment of inertia. 

The twist causes an inclination of the fibers to the axis or center 
line which increases with the radial distance from the center line. 
Not only does this inclination have the effect of producing a smaller 
strain for a given curvature but in addition, the fiber stress is 
concentrated more toward the center than in the usual untwisted 
beam. The resisting moment is thus decreased considerably for a 
given curvature. At the same time, the resistance to torsion is 
increased with increasing pretwist. 

The pretwisted beam of cruciform cross section deflects only in 
the plane of the applied bending moments and it does not twist 
any further. The deflection, which is given by Equation [12], is a 
function of the modified moment of inertia, just as the deflection 
of the untwisted beam is a function of the ordinary moment of 
inertia. Fig. 3 shows the ratio of the maximum deflection of the 
pretwisted beam and the untwisted beam, which is called the 
relative maximum deflection of the pretwisted beam, for a beam 
with the cross-sectional dimensions of Fig. 2(a). Although there 
is hardly any weakening noticeable for initial twists up to 1/2, it 


becomes very apparent for larger pretwists. If a beam with an 
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initial twist of 107 were perfectly elastic then it would deflect 4.7 
times as much as an untwisted beam. 

The cruciform section, and any cross section with a third axis 
of symmetry at 45 deg to the principal axes, has equal modified 
moments of inertia in any direction. This property permits an 
explicit solution for the deflection. A beam of any other doubly 
symmetric cross section, however, has unequal modified principal 
moments of inertia. As a consequence the deflections can best 
be obtained by successive approximations. 

The greatest advantage of intial twist should be expected from 
a beam which has one plane far more flexible than the perpendic I- 
lar plane. The example chosen for illustration is a thin strip with 
a ratio of principal moments of inertia of 400:1, Fig. 2(). 

For purposes of comparison, the maximum deflections, assum- 
ing perfect elasticity, were nondimensionalized by division by the 
maximum deflection that the same beam, but untwisted, would 
experience if it were bent in its most flexible plane. This quantity 
which again has been called the relative maximum deflection is 
shown in Fig. 4. Depending on the orientation of the beam at 


the end at which rotation about the beam axis is prevented, it be- 
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comes more flexible (curve A) or stiffer (curve B) for initial twists 
up to 0.837. For pretwists of 1.57 and greater the initial orienta- 
tion becomes quite unimportant. It is, however, recognizable for 
pretwists which are close to being odd integer mutiples of r. Of 
course, for pretwists of 0.57, 1.57, 2.57, etec., the deflections are 
necessarily independent of the orientation. In addition to the 
deflection in the plane of the applied moments, there is a lat- 
eral deflection which increases for initial twists up to 0.4m and 
then decreases gradually; for initial twists above 27 it is ex- 
tremely small. 

Thus it is found that pretwisting a beam which is bent by a 
pair of moments can stiffen it so that it will deflect as little as 28 
per cent of what the same beam, when untwisted, will deflect 
However, lateral deflections are induced, which may offset any 
gain that has been derived. A decided advantage is obtained for 
initial twists between 27 and 6.57, but for higher pretwists the 
beam becomes more flexible than the untwisted beam. This 
flexibility which has been explained previously for the cruciform 
section is due to the inclination of the fibers which increases with 
radial distance from the center line. The modified moments of 
inertia express this effect in the form of an equivalent moment 
of inertia for pretwisted beams. Its reciprocal is equal to the 
average of the reciprocals of the principal modified moments of 


inertias 
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If the smallest moment of inertia is divided by the equivalent 
moment of inertia of a beam, a curve is obtained which is identical 
with the average relative maximum deflection, Fig. 4. This curve 
is a close approximation to the flexibility of a pretwisted beam for 
initial twists of 1.5a and greater. 

The flexibility of a beam in bending is frequently discussed in 
terms of difference of slopes at the ends. When these values for 
a pretwisted beam are divided by the difference of slopes for a 
similar, but untwisted, beam (which is bent in its most flexible 
plane), then the relative difference of end slopes is obtained, Fig. 
5. A beam with an initial twist of 0.727 is stiffened most to a 
relative difference of end slopes of 0.40. In this type of compari- 
son the flexibility of pretwisted beams is independent of orienta- 
tion for initial twists which are multiples of 0.54; however, it 
is also nearly so for pretwists above 1.597. The average rela- 
tive difference of end slopes is identical with the average relative 
maximum deflection, and for initial twists above 1.57 it is a good 
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3. 5 Revative Dirrerence or Enp Stopes ror PRETWISTED 
BEAM IN BENDING 


approximation to the actual flexibility. Except for initial twists 
up to 1.57, which also induce relatively large lateral deflections, 
the flexibility of a pretwisted beam is equal! to that of an un- 
twisted beam with a moment of inertia as given by Equation [1]. 

It is interesting to note the actual deflections of a pretwisted 
beam in bending. In the plane of bending the projection of 
the beam is predominantly circular, as for any beam in pure 
bending. Superimposed on this major deflection are curves of 
the form 


Vn = Cz sin 2A...... 


as shown in Fig. 6(b), though greatly magnified. Except for very 
small initial twist, the superimposed curve is of negligible ampli- 
tude and need not be considered. 

The lateral deflections and the additional twist are of the same 
form but the magnitude of the twist is so small that it can be 
neglected. The form of the lateral deflection is shown in Fig. 6(a). 
If the initial twist is an integral multiple of 0.57, then the projec- 
tion is a sine wave, such as 


U =e, sin2A 


For intermediate values of pretwist the loops are pulled out of 
their symmetric shape, but the general pattern of the projection 
is still the same. 
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MATHEMATICAL DERIVATION 
In the “General Theory of Pretwisted Beams and Columns,’’* 
three equations were developed for the stress-couples of pre- 
twisted beam-columns of doubly symmetric section. These 
equations are 
Ge = (Elz, + AN pH'5’2)c + 2NyH'8"%eey 
— 4E,§'2B"'k — 4ET39'5'3B'''co 
+ E(T9*6"5'')B''co — 2E(D. + 21'6H5'5'' '62B ky 
+ 2( E16’? + GI, — 2EI zp"? + 4GC 9'6')5'B'cy 
Gy = (EI, + 4NES"2)k + 2N ESky 
— 4E%,6'28'c + 4ETSEG'98'"'o 
+ E(TE45'45'')B'’'ko — 2E(B, + 21 4E%6'5'’)5’2B' co | 
+ (QET 45’? + GI, —2EI », B°8'? + 4GCES'2)8'B'ky | 
G; = —ET,\6’" + ET6'6"B" + (GCA, + N;BtAz)p’ | 
—E6'(Ig, + 21 :,p6'? — 1,5'*)(c? + cee) >... [3c] 
— E8'(1q, + 21 f*5'? — 15'*)(k* + kko) + Neps’ | 
As a bending moment only is applied at the ends, the external 
forces 
X=Y2+Z=0 
and the external moments 
M, = M,=0 
These conditions determine the stress-resultant 
N; =0 


and the stress-couples 
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~M ,(cos 6 — 8 sin ).. 
G, = M,(sin 6 + B cos 8)... 


vd’) cos 6 


G; = 


G: M,[(u’ -(v’ + ud’) sin 6 + wu’) . [4c] 


The beam is pretwisted at constant rate, but its center line is 
initially straight, thus 
uo = O</(<L) 
... (5) 
6’ = const, O<l1<L 
The equilibrium equations are obtained by equating the 
corresponding Equations [3] and [4] and applying the Boundary 
Conditions [5]. All terms of second order in the dependent 


variables are neglected 


Elz.c + M (cos 6 6 sin 6) = O. [6a] 
M,(sin 6 + B cos 5d) = O.. ‘ 6b} 
GCA,B’ — M,[(u’ — vbo’) cos 6 — (v’ 


+ wb’) sin 6] = 0.. [6c] 


EI ,,k 
ene” 


It is advantageous to transform the displacements u and v in the 
rotating system of axes to deflections U and V in the fixed system. 
The latter are given by 

u = U cos6 + V sind \ 


[7a] 
v U sin 6 + V cos 6 


and the curvatures are given by 
c U’ -V" cosé | 
k U" cos6 + V" sin 6 


sin 6 
[7b] 


If Equations [6] are divided by their respective leading co- 
efficients and Expressions [7a] and [76] are substituted for the 
displacements and curvatures, then the equilibrium equations 


become 


—B, cos 6... . [8a] 


[8b] 


U”’ sin 6 V’’ cos 6 BB sin 6 = 


U” cos 6 + V"” sind B.8 cos 6 = B, sin 6 


og B;*8' B,U’ =0 : [8c] 


B, = M,/EI;, 
B, = M,/EI», 
B, = VGTA,/ET; 
B, = M,/ET, 
The separation of variables U and V in Equations [8a] and 
[8b] results in the following equations 


U" — B(Bs + B; cos 25) = By sin 26... 
V’" BB; sin 28 = B, — B, cos 26 


[9a] 
[9b] 


Equations [8c] and [9a] can be solved for U and 8. Subse- 
quently, the solution for 8 can be substituted in Equation [9b], 
leading to a solution for V. To simplify the writing of the 
equations, the following notation is used 


i 1 
By = 5 (Bs — Bi) By = 5 (Bi + B,) 


For a beam of cruciform cross section these equations simplify 
appreciably, yet remain significant enough to give an insight into 
the behavior of pretwisted beams in bending. The simplification 
is due to the equal modified moments of inertia and the dropping 


PRETWISTED BEAMS 


out of the Wagner constant I’. As a consequence 


B,=0 B =B, PT, =0 


Thus Equations [9] and [8c] become 


5 BiB = 0 [10a] V" = B, {10d} 


B’ + BU’ =0 [10] 


with B, = M,/GCA 


The beam is simply supported, tLe moments are applied so that 
no warping stresses exist at the ends, and to eliminate rigid body 
motion, additional twisting is prevented at one end 


U=0) 
’ = 0 


i = @ 
> atl =O " = 
0 at l 0 


° Bp" =0 
BB’ =0; 


Under these conditions the solutions to Equations [10] are 


] 

Rill L) 
9 
® [12] 


v 


It is thus shown that a beam of cruciform section which is sub- 
jected to bending will not twist any further, nor will it deflect 
laterally, but it is more flexible in the plane of bending than a 
similar, but untwisted, beam. 
of a pretwisted beam and an untwisted beam of equal dimensions, 
It is also 


The ratio of maximum deflections 


the relative maximum deflections, is plotted in Fig. 3 
equal to the ratio of moment of inertia and modified moment of 
inertia for any doubly symmetric beam whose cross section has a 
third axis of symmetry at 45 deg to the principal axes 

Equations [9] do not simplify for any other beam whose cross 
section is not triply symmetric. However, solutions can be ob- 
tained by successive approximations of the form 


U = Ul) + Unil, 81) + Umil, Bu) 4 
V = Vill) + Vu( 461) + Vin(l, Bu) 4 
B = Bx(l,U1) + Bull,Un) +... 


and application of the Boundary Conditions [11]. 
For the first approximation, Equations [9a] and’ [9b] become 
U" = B, sin 26 
V"1 B, — B; cos 26 
Their solutions are 


l 
L 


sin 2A — sin 25) [13a] 


; 


l 
(cos 25 — cos 2A + Fi ) 


—_— I 
Vr = 9 Bl L) + 45,"2 L 


[14a] 
Applying the same process to Equ.uon [8c] results in 
Bi'’’ — B,2B;’ = BU’ 


The first approximation to the additional twist, when U1’ is sub- 
stituted in the foregoing equation, becomes 


Bi = Bs | 2 sin 26 + 


( _ sinh Bl 
2 


l l 
455"? B;? ) a 24 
sinh Bs L at | 
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The first approximations to U and V satisfy the nonhomogeneous 
parts of Equations [9a] and [9b], and subsequent approximations 


need only satisfy the homogeneous part of these equations. For 
the second approximation they become 


Un" = BBs + B; cos 26) 
V’ = BB; sin 26 


The second terms of the solutions are 
B 
Un = Byl(L*—1*) + (ses. — 52) (si 26 
— — sin 24) 
i 
+ BB, (sin 46 — L sin 14) + Bil (cos 26 
— cos 24) } [135] 
+ Bu («inn Bil — sinh Pal.) 
+ Bay (sinn B,l cos 26 — ; sinh B;L cos 2A) 


+ Bu (com B,l sin 26 — : cosh B;L sin 24) 


Vn = shaban — 0 + 2 (cow 25 —1 
0 


l l 
— j cos 24 + +) 


— BB (con 43 — 1 — + eos 44 + 2) 


+ Bil (sin 26 — sin 2A) ha 


l 
+ By (sinn Bl sin 26 — i sinh B;L sin 2A) 





l 
— Bu (com B,l cos 26 — L cosh B,L cos 2A) | 


Again applying the same process to Equation [8c] results in 
Bu’ — BBu’ = BUn 


When Solution [13d] is substituted in the foregoing equation, 
then the second term of the solution for Bu is of order 


Bis. = 
pu = 0| aaa | 


In general, 81 is negligible in comparison with 81. 

The evaluation of the integrals for the cruciform section and 
the thin strip of Fig. 2 have already been developed in the supple- 
ment of “Buckling of Pretwisted Columns’’® by the author. The 
constants By, By, Bu, By, Bis, and Bu, which were used to simplify 
the expressions, are listed in that reference.’ Figs. 3 and 4 are the 
curves which were obtained from Solutions [12], [13], and [14]. 
For very small values of initial twist per unit length, however, the 
Solutions [13] and [14] do not give satisfactory results. Solutions 
in the form of power series of twist per unit length are more 
appropriate for this case 


*“Buckling of Pretwisted Columns,”’ by J. Zickel, Report All-74, 
Graduate Division of Applied Mathematics, Brown University, Provi- 
dence, R. I., June, 1952. 

*Tbid , pp. 22-23. 


By expanding the trigonometric terms, Equations [9] and [8c] are 
expressed in powers of 69’. The coefficients for Solutions [16], 
[17], and [18] are then obtained by equating terms of equal power 
in do’, e.g. 


Bo = 0 
L sin =) 
sin Bish 


By?L sinh B,/ 
B,;* sinh BL 


By*L sinh B,l r| 


8 B; L sin Bygl a 
fs B;? sinh BL RY . 


B, sin ByL 


U, =0 
V2 = By Wl — L*) + By [ent B3L (: sinh Bl 


2 2l 2 
cosh Bl 


—lsinh BL + B, — PAL - B, 


2/ 
+ —— cosh bal.) + ese Bul (: sin By L —lsin Byl 
B3L 


2 21 2 21 
— cos Bl + Bal cos Bul) 


‘sh a 





The number of terms that are necessary for the desired accuracy 
of Solutions [16], [17], and [18] depends on the number of terms 
that are required in the expansion of the trigonometric functions 
of the initial twist. 

The difference of end slopes can be obtained from Solution [14] 
by differentiation and integration over the length of the beam 


L 
DES = f, V'dl 
0 


When this difference of end slopes is divided by the difference of 
end slopes of an untwisted beam, then the relative difference 
of end slopes results (Fig. 5). 


CONCLUSION 
Pretwisting a beam of thin-walled section has two effects. The 
obvious one is that flexible and stiff axes of bending are dis- 
tributed continuously in many or all directions so that the 
properties of the beam may be almost equalized for all planes cf 
bending. A necessary and probably undesirable accompaniment 
is an increase in flexibility caused by the inclination of the fibers. 
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Stress Distributions in 
Orthotropic Strips 


By H. D. CONWAY,' ITHACA, N. Y. 


The distribution of stress in orthotropic strips stretched 
by equal and opposite concentrated loads acting centrally 
and parallel to the longer sides is discussed. Numerical 
results are given for oak, the grain being, respectively, per- 
pendicular and parallel to the longer sides of the strip. 


INTRODUCTION 


HE isotropic version of the infinite-strip problem shown 
Sh Mageeeentonty in Fig. 1(a) has been discussed by How- 
land (1)? and Girkmann (2), who obtained distributions of 
the a, stresses for the cross sections at various distances from the 
The solution for the practical problem shown in Fig. 1(6) 


ia -nigueargec Arion ail 


F 


load. 


(b) 


Fig. 1 


is obtained by the principle of superposition, it being assumed 
that the distance between the forces P is at least sufficiently large 
for a uniform tensile stress to be induced on the cross section mid- 
way between the forces. Since the load distribution is probably as 
far removed from being uniformly distributed as is possible, the 
solution throws some light on the problem of finding the shortest 
distance from the applied load before, by the principle of Saint 
Venant, the stress is constant at all points on the cross section. 

The object of the present paper is to treat the corresponding 
orthotropic version of the problem in Fig. 1(b), one of the principal 
axes of orthotropy corresponding to the direction of the infinite 
sides of the strip. Green (3) has discussed the general problem 
of the orthotropic strip but, in so far as the author is aware, no 
numerical results are available on the subject. 


ANALYSIS 


Problems of the type to be considered involve the solution of the 
equation 
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-— 2 Bote = 
- + a 7 + 7 @ = 0.. [1] 


subject to the boundary conditions, the stresses being given by the 
equations 

0*d 

Ordy 


0*p 
= P T = 


Oz? 

The constants a, and a are given by the equations 
701g? = Sy /Se2, 0)? + Oe? = (Seg + 2Si2)/See.. .. 
where the moduli are defined by the stress-strain equations 


¢é£ = Sug, —_ Sud, 

¥ ¥ { 
¢ = Sud, + Snd, ? sees [4] 
Ye Susy } 


it being assumed that the x, y-directions correspond to those of the 
principal axes of orthotropy. 

The problem of a concentrated load P acting at a point in an 
infinite plate of thickness A and parallel to one of the principal 
axes of orthotropy is first considered. Use is made of a stress 
function in the Fourier integral form 


2 1 : 
¢' = } (A‘e~ Bu/m 4 Ble Bu/@) gin BrdB [5] 
Jo # 
and the procedure is as given in a recent paper (4). Assuming 
initially that the direction of the load corresponds to the direction 
in which S,; is measured, it is found that 
P 04 Se - Se 


A’ 
2rh 


(a? . a;*)Sxe 


P aaSes — aS 


B —_—* 
Qah ( Qt? - a) Sa 


and, in particular 
Pz 
7) Sx 


| ste 


a,*z? + y? 


oe, = 


2rh{ a? 


Si) 


Ae( 2; *Sx ae) 


ay*z* + y? 


In order to nullify the a, and 7,, stresses left by the foregoing 
stress function on the boundaries y = +4, use is made of a second 
stress function 


AP ie 
Fi Je 


and writing 


(A” cosh By/a, + B” cosh By/a,) sin Brd8.. . [8] 


we obtain 
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Qe 
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b , 
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1 


a 


The o, stresses in Fig. 1(a) are finally 


where a,’ is given by Equation [7] and 


~ J ™ B 9 ” 
0,” = f ( . cosh By + -— cosh fy | sin Brd8 
o \a;? a QQ" ae 


where the constants A” and B” are given by Equations [10]. 
problem in Fig. 1(6) is then solved by superposition. 

The evaluation of the oa,” stresses involves a considerable 
amount of labor, and was accomplished by evaluating the inte- 
grand for various values of 8b between zero and 6. The integral 
was then evaluated between these limits by Simpson’s rule. 
Above 8b = 6, the integrand can be written in a much simpler 
form which enables the integral to be evaluated in closed form be- 
tween 6b = 6 and infinity. 

The elastic constants chosen for the numerical work were those 
for oak, these having been given by Horig (5). For the case 
where the direction of the grain of the wood corresponds to that 
of the shorter sides of the strip and taking the constants S;,, S2, 
Sw, and Sg as 0.01015, 0.00172, —0.00087, and 0.0128 sq mm per 
kg, respectively, a,? and a@? are found from Equations [3] to be 
5.321 and 1.109, respectively. The constants a and a: are re- 
placed by their reciprocals when the direction of the grain is re- 
versed and, in addition, S» is replaced by Sy. 


. [12] 


The 


RESULTS 


Fig. 2 shows the distributions of longitudinal stresses on cross 
sections at various distances from the loads, calculated by the 
foregoing method, the loads being, respectively, perpendicular 
and parallel to the grain of the wood. As previously stated, it is 
assumed that the distance between the forces is at least suf- 
ficiently large to allow a uniform distribution of tensile stress to be 
induced on the central cross section. It is observed that the 
variations from the average value of P/2bh in the loaded portion 
of the strip are much greater when the load is parallel to the grain 
than when the load is perpendicular to the grain. In the latter 
case the stresses appear to become very nearly uniformly dis- 
tributed in a distance from the load equal to the width of the 
strip. When the loads are parallel to the grain, the value of the in- 
tegrand in Equation [12] varies rapidly with Gb in the region 


b b 
& + ( a;2Se2 —_ Sy) cosh had 
a 


Thickness a 


P 
<= 
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x=" = -b2 
(b) Loan pr To GRAIN 


Ht at 4 
tah ge 
OS fom” ~r4y lew t 
hie fom” Hoon * oe Hy 
-a080 ~Oi137 10.307 0 


= 2% 
© Loap tier: To GRAIN 


Fra, 2 
(Multiply values given by P/hb to obtain stresses.) 


8b = O and when the distance z from the load is large. This 
makes accurate estimates of the stresses difficult to obtain. How- 
ever, it appears that the stresses become very nearly uniformly 
distributed in a distance equal to about twice the strip width. 
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Vibrations of a Helicopter Rotor-Fuselage 
System Induced by the Main Rotor 
Blades in Flight 


By M. MORDUCHOW,? S. W. YUAN,’ ano H. REISSNER,* BROOKLYN, N. Y. 


Based on a simplified model of the hub-fuselage struc- 
ture, a theoretical analysis is made of the response of the 
hub and fuselage of a helicopter in flight to harmonic 
forces transmitted by the rotor blades to the hub both in, 
and normal to, the plane of rotation. The assumed struc- 
ture is in the form of a plane framework with masses con- 
centrated at the joints. Simple expressions are derived for 
the vibration amplitudes of the mass points as functions 
of the masses and natural frequencies of the hub and the 
fuselage. 
determined, and simple explicit conditions of resonance 


The pertinent nondimensional parameters are 


are derived. Numerical examples are given to illustrate the 
results. 


INTRODUCTION 


HE purpose of this paper is to present a simplified analysis 

of the response of a helicopter rotor and fuselage to har- 

monic forces transmitted by the main rotor blades to the 
hub in flight. 

Although considerable work on ground vibrations of helicopters 
has been accomplished (for example, references 1 and 2),' rela- 
tively little theoretical research has been performed on the re- 
The chief 


work, which is fairly recent, along these lines is reference (3), 


sponse of rotors to harmonic exciting forces in flight. 


where an analysis is made of the response of helicopter rotors to 
The method of 
analysis there is based on the ground-vibration analysis of 


harmonic blade-forces in the plane of rotation. 


reference (1 

Since the actua! helicopter-rotor structure is complicated, it is 
necessary, in analyzing theoretically the response of a rotor to 
harmonic forces, to make certain simplifying assumptions. In 
particular it is necessary to assume a simplified rotor and fuselage, 
but, nevertheless, to retain the essentials of the actual structure. 
For this purpose a particularly simple physical model of the hub- 
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fuselage structure, in the form of a plane framework with masses 


present analysis 


concentrated at the joints, is assumed in the 
In spite of the simplicity of such a model, it will be seen that it in- 
cludes most of the essentials of the actual helicopter configura- 
tion, such as the mass and elastic characteristics of both the hub 
and the fuselage. 

A further simplification in the present analysis is the approxi- 
mating assumption that the motion of the hub-fuselage structure 
does not appreciably affect the forces transmitted by the rotating 
blades to the hub. Consequently the problem, as it is analyzed 
here, becomes essentially one of the forced vibrations of an elastic 
\ detailed 
theoretical analysis of the harmonic forces transmitted in flight by 


structure induced by given external exciting forces. 


the rotor blades to the hub in the plane of rotation and normal to 
this plane has been made in reference (4). It is shown there that 
the net forces transmitted at the hub by balanced blades will be 
harmonics which are certain multiples of the rotor angular speed 
(cf. Equations [2a,b] and [3] which appear later). A convenient 
summary of such forces is also given in reference (5 

The analysis in this investigation can be considered an exten- 
sion of that in reference (3) in the sense that the effect of the 
fuselage vibrations is now included, while forces and motions 
normal to, as well as in, the plane of rotation are considered 
However, the structural model studied here, and consequently the 
analysis, is considerably different from that in reference (3), where 
the Lagrange equations of motion were applied to a system of 
(n + 2) degrees of freedom (one degree of freedom per blade, in 
addition to two degrees of freedom of the rotor). In the present 
analy sis, a simple application is made of D’Alembert’s principle 
to the motion of three mass points essentially connected by 


springs. 
THE SIMPLIFIED STRUCTURE 


The simplified hub-fuselage structure assumed in the present 
analysis is shown in Fig. 1. This may be regarded as a sym- 


metrical plane framework with masses concentrated at the 


joints. The bars connecting the three joints may be assumed as 
free of bending vibration, so that only longitudinal vibrations 
occur in the bars; i.e., the bars act only in tension or compression 
The mass m at joint 1 consists primarily of the total mass of the 


The 


masses m: at joints 2 and 3 may each be considered as equal to 


rotor blades and of the pylon-hub-blade connections 
half of the gross mass of the fuselage. Since only translational 
motions are thus considered, the mass of the fuselage, rather than 
its moment of inertia, appears here. As in the case of a helicopter 
in flight, the structure in Fig. 1 is assumed to be suspended freely 


in space by the lift on the rotor blades. 

The bars A and B, between points 1 and 2, and 1 and 3, may be 
interpreted as representing the structure at the hub, while the bar 
C between points 2 and 3 may be regarded as representing the 
These three bars can be treated dynamically 


fuselage structure 
as springs with elastic moduli k,4, kg (=k,) and ke, respectively, 
where k, represents the elastic resistance of the hub and kg that 
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of the fuselage. If the bars are regarded as ordinary structural 
components of a framework, then, by Hooke’s law 


ke = EpSe/le 


where E = modulus of elasticity of material of a bar, S = cross- 
sectional area, and ! = length of a bar. It will be seen subse- 
quently that it is more convenient to replace k, and ke by 
parameters proportional to the natural frequencies of the hub 
support and of the fuselage. 

It is assumed that given external harmonic forces of the form 


F, = F, cos vot 


kag = E,S,/la, 


act at point 1, Fig. 1, in the zand z-directions, respectively, where 
z is normal to the rotor plane of rotation, and z is perpendicular 
to z and in the plane of the (simplified) structure of hub and 
fuselage. F; and F; are given constants, i.e., independent of time, 
and are considered as representing the magnitudes of the net 
forces transmitted by the rotor-blade system to the hub in direc- 
tions norma! to, and in, the plane of rotation, respectively. (2 de- 
notes the angular speed of the rotor, while v is a given number 
(integer). If the blades are balanced, and only a single harmonic 
is assumed to be transmitted to the hub, then, as shown in ref- 
erence (4) 


OLY CR er a eee ae [3] 
where n is the number of rotor blades. 


Basic Dynamic EquaTIONs 


The equations of motion for each mass point in Fig. 1 can be 
derived by applying D’Alembert’s theorem of inertia forces, and 
assuming that each bar exerts a restoring force which acts in the 
direction of the longitudinal axis of the bar, and which has a 
magnitude proportional to the elongation and to the spring 
modulus k, of the bar. Let u; and »,; denote the displacements of 
the mass point 7 in the z and z-directions, respectively, and let 
it be assumed that these displacements are sufficiently small so 
that only first-degree terms in these displacements need be taken 
into account. Then the elongation (Al) of each bar will be 


(Al), = (tu; — us) cos 0 + (x, — m2) sin@ =) 
(Al)p = (us — m) cos 0 + (v1; —%) sin @ > ....[4] 
(Ale =U — Uy | 

where @ is the structural angle shown in Fig. 1. 

The conditions of equilibrium of inertia, elastic, and external 
forces for each of the three mass points in the z and z-directions 
yield, with the use of Equations [2a], [2b], and [4], the following 
six linear differential equations in the six unknowns u,(t), v;,(t) 
(¢ = 1, 2, 3) 

—mtl, + ky[(u2 — 2u + us) cos 0 + (v%» — v;) sin 6] cos 0 
+ F; cos vQt = 0. . [5a] 
—m01 — k4[(us — us) cos 0 + (2v,; — vy — vg) sin 6] sin 6 
+ F, cos vQt = 0. . [5b] 
—mati, + ky[(ui — uz) cos 6 + (v; — v2) sin 6] cos 8 
+ kus — uz) = 0. . [5c] 
—m2 + k4[(u — uz) cos @ + (rn — v2) sin 6] sin 0 = 0. . [5d] 
—matlg + k,[(u: — us) cos 0 + (vg — »;) sin 8] cos 0 
+ ke(us — us) = U. . [5e] 
[5f] 


—mr + k4[(us —- um) cos 6 + (a) — 05) sin 6] sin 8 = 0... 
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As indicated previously, the hub and fuselage structural proper- 
ties can be characterized by natural frequencies instead of by the 
spring moduli, although the natural frequencies are determined by 
the spring moduli. Such natura) frequencies can be obtained by 
first considering the motion of the hub without the motion of the 
fuselage. In the simplified structure of Fig. 1 this can be inter- 
preted as letting points 2 and 3 be fixed, while only point 1 is free 
to move, The natural frequency thus obtained would be that of a 
structure composed of (massless) springs A and B with ends fixed 
in a fixed rigid bar C, and with a mass m, at point 1. 

An expression for this natural frequency can be derived from 
Equations [5a] and [5b] by setting Fi=F:=u=-w=n2=%= 
0, and noting that the solutions of the two resulting differential 
equations denote simple harmonic motions with frequencies wny 
and a», respectively, given by 


2k, cos* 8 


m, 


Oy = 


2k, sin? 6 


my 


t= [6b] 


Wry 


These frequencies can be interpreted as the natural frequencies of 
the hub structure for motion in, and normal to, the plane of rota- 
tion, respectively. w,, and a, can, if desired, also be interpreted 
simply as reference natural frequencies defined by Equations 
[6a] and [6b]. For @ =45 deg, which is the case to be worked out 
in detail in the present analysis, w,, = @,, = @,, say, where 
sind to ae beewees e* w2ek 
m 
An expression for a natural frequency denoting the elastic 
stiffness of the fuselage (without hub) can be obtained in an 
analogous fashion. Here, one can consider the motion, in the 
z-direction, of the structure composed of the two masses mz con- 
nected by the (massless) spring of modulus kg. The natural fre- 
quency of this system can be derived by setting kg = 0 (i.e., 
fuselage isolated from hub) in Equations [5c] and [5e], and noting 
that the simple harmonic solution of these equations then has a 
frequency w, given by 
teal 
wy ly 
Thus ke can be replaced by the physically more significant 
parameter w,, which again may be regarded as either a reference 
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frequency defined by Equation [8], or as the natural frequency of 
the fuselage structure, unaffected by the hub or pylon connec- 
tions. 


GENERAL SOLUTION OF EQUATIONS 


To obtain the general solution of Equations [5a]-—[5f], no 
significant loss in generality wiil be incurred if @ is given a specific 
value. Consequently, it will now be assumed, for simplicity, that 
@ = 45 deg. Moreover, it will be convenient to give the solution 
separately for F; = 0, and for F; = 0, since the solution for F; 
F, ~ 0 simultaneously will simply be the sum of these two sepa- 
rate solutions. 

Equations [5a]—[5f] can be solved by setting 


Us = &%,, cos VIE | 
Vs = Cj, cos VL 
(i = 1, 2,3) 


..{9] 


where ¢,,, and e,;,, are constants. Six linear algebraic equations 
in the six unknowns ¢;,, and e,,, are thus obtained. For @ = 45 
deg and Ff’, = 0, the solution of these equations is found to be 


F, (1 —(MH?/v") 


= ee = one 
m2? (1 + M)H? — v? (10a) 


7 : PF; 5 (M1 H?/v?) 
“ast ~~ Om, 2? (1 + M)H* — v2 


Cast = Coxe, Crete = 9, Cage = —Cae = €s24 - (10c]—[10f] 


For 0 = 45 deg and F; = 0, the solution is found to be (using 
primes to denote the case F,; = 0) 


, F, 
- = -—— — 
2m, 2? 
a M (»- 





where the nondimensional parameters are defined as follows 


M =m/m 
¢ =a,/Q ) 


M isa mass-ratio parameter, while H and ¢ are elastic parameters 
of the hub and the fuselage structure, respectively. 

Since the structure analyzed here is suspended freely in space, it 
follows that the three mass points can be displaced in such a 
manner that the entire structure moves as a rigid body. The 
expressions given in Equations [10a]—[10f] and [lla]-{11f/], 
therefore, include rigid-body displacements, and denote the sum 
of such displacements and elastic displacements. (The subscript 
t consequently has been used to denote “total” displacements. ) 
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The rigid-body displacements themselves can be derived from 
Equations [10a]-[11f] by letting H — © and g-> = there; i.e., 
by letting the hub and fuselage become infinitely stiff. The fol- 
lowing expressions (denoted by subscript r) are thus obtained for 
the rigid-body displacements (with @ = 45 deg) for F; = 0 and 


for F, = 0, respectively 
( F; ( M 
m,Q4y? 1+M/] 


= Caer = Cizr/2 


[13a] 


“2 = 


“~ [13b]-[13¢} 
[13d] 
[13e]-[13f] 


[14a]-[14e] 


Cie = 0 
Coe * —Cig * —“Cisr/2.. 
‘=0@ 


, 7, 
Cler = Corr = Crer 


9 = BMT a) 
7 m Q*y? 2+M 


Came’ = Cre - Cher 


[14d] 


[14e]—[14/] 


As a check on these expressions it can be verified from Equations 
[4] that if the displacement amplitudes. are given by Equa- 
tions [13a]—[14f], then the elongation of each bar will be zero. 

The displacements which are probably of the most practical in- 
terest here are the elastic displacements, which may be denoted 
as é,, and e,, (subscripts r and ¢ are omitted), and which can be 
defined by relations of the form 


Cis = Cost Cierny ete. ° [15] 


Substitution of Equations [10], [11], [13], and [14] into Equa- 
tions [15] leads to the following expressions for the elastic de- 
flections of the three mass points 


F; 1 l 


mQ? 1 + M (1 + M)H* — v* (16a) 


“. = 


. . [164]—[16¢] 


Cre = Sp = —(M/2)e45... 


@,. = 0, 


le 


Ce = —{M/2)e,,.. .[16d]-[16f] 


...{17a] 


, F; 
é, = ¥ 


s 7 os [17b] 
2 
2m,Q M (» 


[17c] 
we i 
fe m2? 2 + M 
(2/H*) (v2 


M (»» — “) + (: - i) (vy? — ¢) 


[17e]-[17f] 


9°) —M 


[17d] 


Cry) = yy = —(M/2)e,,’.. 


(Unprimed quantities refer to the case F,; = 0, while primed 
quantities correspond to F; = 0.) 

If more than a single external harmonic force acts at the hub; 
for example, if F, = 2 F2, cos vQt, then Equations [16a]—[17/] 


, 
remain valid for each v, with F:, for example, replaced by F:,, and 


the resulting expressions for each vy need merely be added. In the 
subsequent discussion, however, it will be assumed that only a 
single exciting harmonic force acts at the hub, and that v can be 
replaced by n, the number of rotor blades (cf. Equation [3]) 
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RESONANCE AND OvHER IMPLICATIONS OF GENERAL SOLUTION 


Equations [16a]-[17f] are particularly simple general expres- 
sions giving the response of the hub-fuselage structure to har- 
monic forces transmitted by the blades to the hub in flight. The 
terms with subscript zx denote vibrational motions in the rotor 
plane of rotation, while those with subscript z denote motions 
normal to the plane. 

It should be noted that for F; = 0, i.e., for external harmonic 
forces acting only in the plane of rotation, the deflections, as 
functions of the pertinent parameters, will be of the form 


= o(M, H) 
e= —— Gi 
m QQ? : 
For F; = 0, i.e., for external harmonic forces acting only normal 
to the plane of rotation, the deflection will be of the form® 


' : Py 
m QQ? 


$M, H, ¢)............+ [180] 


Thus the deflections are proportional to the parameters (F2/m;Q?) 
or (F;/m,Q?), and are functions of the three dimensionless 
parameters M, H, and ¢. For forces acting only in the plane of 
rotation, however, the deflections are seen to be independent of 
the fuselage frequency parameter ¢. 

Because of the fact that in practice M< 1, it will be found that 
for external harmonic forces in the plane of rotation, e, ordinarily 
will have the largest magnitude. This means that the mass point 
1, Fig. 1, corresponding to the hub-rotor blade connections, will 
vibrate with greater amplitude than mass points 2 and 3, cor- 
responding to the hub-fuselage connections. This is, perhaps, to 
be expected, since the external harmonic forces, transmitted by 
the blades to the hub, are assumed to act at point 1. However, 
for an external harmonic force acting normal to the rotor plane of 
rotation, it will be seen subsequently that points 1 and 2 may 
vibrate with roughly equal amplitudes under certain special con- 
ditions (cf. Equations [21] and [22] which appear later). 

The conditions of resonance are of particular practical im- 
portance, since they indicate the conditions which should be 
avoided in actual design. Resonance may be defined here as 
the condition under which the magnitudes of the deflections, as 
given by Equations [16a]—[17f], become indefinitely large. For 
the system analyzed here, there will be two different types of 
resonance conditiens, namely, one for a force acting in the plane 
of rotation (7; = 0), and one for a force acting normal to the 
plane of rotation (Ff; = 0). 

For a force in the plane of rotation, Equations [16a]—[16f] 
imply that resonance will occur when 


(1 + M) H*?—n?* = 0..............[19a] 


Therefore the value (Hres) of H for resonance is 


Thus, resonance will occur for a “hub natural frequency” «, 
slightly less than n{2. 

For a force normal to the plane of rotation, Equations [17a]— 
[17f] imply the following condition for resonance 


\ 
u(w—£)+(1— Fre) (0 =) = 0. 200] 


or 


¢ Equation [185] also could be derived by dimensional analysis. 
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n?— (1 + M)H* 


Gres? = n? —— we 
n? — (: + M) 
: 2 


Equation [206] will ordinarily imply that for a given H, yg? ~ n? 
for resonance, i.e., for a given hub natural-frequency parameter H, 
resonance will occur when the “fuselage natural frequency” w, 
is approximately equal to nQ<. For a given fuselage natural-fre- 
quency parameter ¢, the value of H? for resonance due to an ex- 
citing force normal to the plane of rotation, according to Equa- 
tion [20a], will be 


.... [200] 


2 2 
n - ¢ 
Hres® = n? " S 


M 
n{1 + M) — ¢? (: + =) 


[20c] 


Thus, for a given ¢, Hres ~ n, or ® ~ ni, for resonance. If 
go <n, then Hres <n, but ifn < o < V2 n, then Hres > n (unlike 
the case of resonance due to an exciting force in the plane of rota- 
tion). 

For a fixed ratio f(=w,/w, = ¢/H) of fuselage to hub natural 
frequency, the condition of resonance is somewhat different in 
nature from that (cf. Equation [20c]) for a fixed fuselage natural 
frequency. For a fixed f, in fact, there will, in general, be two 
values of H for resonance, given according to Equation [20a] by 


Hea? = ni? 1+ M+ Pt V(P— 1% + M2 + M) [20d] 
f{2 + M) 

Equation [20d], with M (necessarily) positive, implies that if 

(and only if) 0 < f < V 2, then one of the values of Hres will be 

less than n, while the other will exceed n. Equations [20a]—[20d] 

are, of course, all mathematically equivalent, but indicate the dif- 

ferent points of view discussed in the foregoing. 

It may be of interest to observe the asymptotic behavior of the 
elastic deflections as the natural frequencies of the hub and of 
the fuselage become infinitely large, i.e., as the hub-fuselage struc- 
ture becomes infinitely stiff. As H — o, it follows from Equa- 
tions [l6a]—[16f] that e;, and e;, ~ 0. Moreover, as H > 
while f is fixed, and hence g¢ —~ ~, Equations [17a]—[17/] imply 
that e;,’ and e,,’ > 0. These results are, of course, to be an- 
ticipated on physical grounds. However, if ¢ (instead of f) is 
fixed, then as H — -, it follows from Equations [176] and [17d] 
that 


he. pe Se 
2m, QQ? 


: i ed ‘ M 
n{1 + M)— g?{ 1+ 
[21] 
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Relations [21] indicate that with the fuselage natural-frequency 
parameter ¢ fixed, the vibrations due to a harmonic force normal 
to the plane of rotation will approach a finite (i.e., nonzero) mag- 
nitude as the hub natural frequency becomes indefinitely large. 
This result can be explained by noting that in this case, since ¢ 
is fixed, the fuselage elastic stiffness does not at the same time 
also become indefinitely large. 

It may be observed from Equations [17a]—[17f] that in the 
special case of ¢ = v (=n), i.e., w, = nQ), the response of the hub- 
fuselage structure to a harmonic force (of frequency nQ) normal 
to the plane of rotation will be independent of H, i.e., independ- 
ent of the hub stiffness. Hence resonance cannot occur in this 
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special case for any nonvanishng value of H. In this case, in 


fact, Equations [17b] and [17d] yield 
F, 


m Qn? 


F, ( 2 

m Qn? \2 + =) 

In this case, therefore, as also in the case H — © with ¢ fixed (cf. 
Equations [21]), point 2, Fig. 1, will have an amplitude of de- 
flection slightly greater than that of point 1. 

It is interesting, finally, to note that for an external harmonic 
force acting normal to the rotor plane of rotation, a condition 
exists under which the elastic vibrational motions of the hub- 
fuselage structure will occur only in the plane of rotation. From 
Equations [17d]—[17f] it is seen that this will occur when 


(¢,.")e= n 


2(n? — yg?) — MH? = 0 


. . [23] 
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When Equation [23] is satisfied, then since only ¢,’ and e,,’ will 
not vanish (cf. Equations [17a]-—[17f]), the forced elastic vibra- 
tions of the hub-fuselage due to a harmonic force (of frequency 
n{2) normal to the plane of rotation will consist only of vibrations 
of points 2 and 3 (fuselage-hub connections, Fig. 1) in the plane of 
rotation. 


NUMERICAL EXAMPLES 


To illustrate more explicitly the results of the present analysis, 
numerical examples will be worked out, based on the following 
data, which are fairly typical: 


= 3 (three-bladed rotor) 
9.30 slugs ( =300 Ib) 
28 radians/sec (268 rpm) 
= 0.15 


It will be assumed, moreover, that 


F, = 400 lb, F, = 1000 lb 

Since the amplitudes of the vibrations are directly proportional 
to F, and F2, it follows that for any values of F; and F; other than 
those assumed in the present examples, the deflections can be ob- 
tained readily from those to be given here. 

Since the largest deflections in these examples will be |e,,| due 
to the force (given by F;) in the plane of rotation, and |e,,’| due to 
the force (given by F,) normal to the plane of rotation, only 
these two quantities need be considered here in detail. 

From Equation [16a] it follows, with the present data, that 

1.240 


é.. = in. 


«| @~ Te - [24] 

Equation [24] for |e,,| versus H is plotted in Fig. 2. It is in- 
teresting to note that Equation [24] is quite similar, even quanti- 
tatively, to the expression for hub response derived for a 3- 
bladed rotor in reference (3). However, it must be observed that 
the essential structure (rotor and fuselage) analyzed here is dif- 
ferent from that (rotor blades and rotor) in reference (3), al- 
though the mass parameter M (= ratio of blade and pylon mass 
to half of the fuselage mass) here is of the same order of magni- 
tude as the different mass parameter u( = ratio of blade mass to 
total hub, blade and pylon mass) of reference (3). 
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Response or Hus to Harmonic Force tn PLANE or Rota- 
TION 
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For F; = 0 and F; = 400 lb, substitution of the data assumed 
here into Equation [17d] yields 
, 0.305 29 yg?) — 0.15H? 


cer. (10.35 1.075 ¢? . 
On - LUiog*) > 
{ ) vy H? 


in.. . [25a] 


é 
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In terms of the fuselage-hub natural-frequency ratio f(= ¢/H), 
Equation [25a] can be written in the form 


(18/H*) — 0.15 — 2f? 


“gid 25t 
10.35 — f49 — 1.075H*) — (81/H?) = [256] 


€,, = 0.305 


Equations [25a] and [255] for |e,,’_ as a function of H for various 
fixed fuselage natural frequencies (fixed ¢), and as a function of H 
for various fixed fuselage-hub natural-frequency ratios (f), are 
shown plotted in Figs. 3 and 4, respectively. The resonance con- 
ditions are also tabulated there.’ 


CONCLUSIONS 


By using a simple model to represent the helicopter hub and 
fuselage, an analysis has been made of the hub-fuselage response 
to harmonic forces transmitted in flight by the rotor blades to the 
hub both in, and normal to, the plane of rotation. The expres- 
sions derived for the amplitudes of the forced vibrations both in, 
and normal to, the plane of rotation are particularly simple, and 
are very convenient for calculations. The resonance conditions 
thus derived are also quite simple. The pertinent nondimensiona] 
parameters are the number of blades n, the ratio of hub natural 
frequency to rotor angular speed (H = w,/{2), the ratio of fuselage 
natural frequency to rotor speed (¢ = w,/Q), and the ratio of 
blade and pylon mass to half of the fuselage mass (M = m,/m,) 
The vibration amplitudes, moreover, are proportional to (F/ 
m,Q?) where F denotes the amplitude of the exciting harmonic 
force. The vibrations due to a force in the plane of rotation are 


7 One of the choices for f in Fig. 4, namely, f = ¥ ‘2M, was made 
on the basis of supposing kc = ka, and comparing Equations [7] and 


[8]. 
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independent of the fuselage natural-frequency parameter ¢ 

Despite the simplicity of the physical structure analyzed, and 
of the final analytical expressions, the results of a typical numeri- 
cal example based on the present analysis agree well with those 
based on a considerably different, and somewhat more involved, 
type of analysis for the hub response (without fuselage) in the 
rotor plane of rotation due to exciting harmonic forces in this 
plane. 

As an extension of the present analysis, a space-framework type 
of structure, instead of the plane structure treated here, can be 
assumed as a physical model of the hub fuselage. In this manner 
it would be possible to take into account the effect of the actual 
rotation (cf., for example, reference 4) of the harmonic force 
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transmitted by the rotor blades to the hub in the plane of rota- 
tion. 
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Matrix Analysis of Piping Flexibility 


By J. E. BROCK,' MONTEREY, CALIF. 


resulting from restricting the orientation symbols in an 
earlier paper by the author,? in which the letters appear in 
cyclic order z, y, z. Accordingly, Tables 7 and 8 of that ref- 
erence are here extended, as Table 7(a) and 8(a), to include 
anticyclic symbols.’ 
One should note also that the formulas for k and 8 in Table 4 
of the earlier paper? are now obsolete. The ASA Report on 


) remlting correspondents have pointed out the inconvenience 


1 Professor of Mechanical Engineering, 
U. 8. Naval Postgraduate School. Mem. 
ASME, 

2**A Matrix Method for Flexibility 
Analysis of Piping Systems,”’ by J. E. 
Brock, JouRNAL or AppLinsp MEcHANICS, 
Trans. ASME, vol. 74, 1952, p. 501. 

3 There are a few minor changes in the 
manner of presenting the data. In the 
headings of both Tables 7(a) and 8(a@) and 
in the body of Table 8(a), the symbol C 
has been omitted and only the subscripts 
are shown. Also, a symbol is included 
which describes the k-matrix (see bottom 
of p. 502 of footnote 2) for the orienta- 
tion. The sequence refers to the three 
rows of the k-matrix. The values denote 12 
the column in which a unit value ap- 13 
pears. The negative sign indicates nega- 1k 
tive unity. The other six elements of the 15 
k-matrix are zero. 16 

Contributed by the Applied Mechanics 17 
Division and presented at the Diamond 18 +¥,-x 
Jubilee Spring Meeting, Baltimore, Md., 19 “y,+* 
April 18-21, 1955, of Tue American 20 “Y,-x 
Soctety or MEcHANICAL ENGINEERS. 21 +2, ty 

Discussion of this paper should be ad- = a 
dressed to the Secretary, ASME, 29 West oh an 
39th Street, New York, N. Y., and will be ' 
accepted until October 10, 1955, for pub- 
lication at a later date. Discussion re- 
ceived after closing date will be returned. 


TABLE 8(a) 


Case Orient. 
+ Symbol 


+, ty 
+%,-¥ 
~x,ty 
-x,-y 
vy, + 
ty," 
“yy, 
“y,-% 
+2,4x 
+%,-x 
-2,+x 
-2,-x 
+x, +2 
+K,- 
-x,+2 
-X,-2 
+¥ ,+% 
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TABLE 7(a) INTERCHANGE 
Orient. K 
Symbol Matrix 
+x, +y +1,+2,+5 
+x,-y +1,-2,-3 
-x,+y -1,+2,-3 
“E,-y -1,-2,+3 
+¥,+2 +3,+1,+2 
+¥,-% -3,+1,-2 
“¥,+z -3,-1,+2 
-¥,-z +3,-1,-2 
42,+x +42,+3,+1 
4B,-X -2,-3,+1 
-2,+x +2,-3,-1 
“Z,-x -2,+3,-1 
+X,+Z +1,-3,+2 
+X,-Z +1,+3,-2 
-X,+Z -1,+5,+2 
-X,-% ~-1,-3,-2 
+y,+x +2,+1,-3 
+¥,-x -2,+1,4+3 
“y,+x +2,-1,+3 
“¥,-x -2,-1,-3 
+2,+y -3,+2,+1 
+8,-y +3,-2,+1 
-Z,+y +5,+2,-1 
24 -2,-y -3,-2,-1 


E 


m2 B 


12 14 
-12 -15 14 
-12 153 1s 
12 14 
130 23 
-13 23 

13 

-13 

23 

23 

-23 

-23 

-13 

13 

-13 

13 

12 

-12 
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INTERCHANGE OF 
ORIENTATIONS OF BENDS AND INCLINED TANGENTS* 


OF MATRIX ELEMENTS FOR 


“Piping Flexibility’’* gives the following formulas: 
k = 1.65h~! (but not less than 1.0) 

* Report on ‘Piping Flexibility’’ by Task Force of ASA Sectional 
Committee B-31, dated June 21, 1954. Available on request to ASME 
Headquarters. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, October 25, 1954. Paper No. 55—S-5. 


MATRIX ELEMENTS FOR TWENTY-FOUR BASIC 


(Refer to Tables 5a, 6, 7a, and 9.) 
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* Opposite desired case number and under symbol for desired element find letter together with alge- 
braic sign giving desired entry. 
Elements Cu, Cu, Css, are zero. 


Thus Cu in Case 8 is negative of C-value given in Tables 5, 6, or 9. 


rWENTY-FOUR BASIC ORIENTATIONS* 


FEE 


BU EFEELYY 
BEBoeseueune BF 


RIL 


16 
-16 
16 
24 
-24 
-24 
24 
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* Opposite desired case number and under symbol for desired element find symbol of corresponding element in basic Case 1 preceded by appropriate 


algebraic sign. Thus Cx for Case 10 is negative of Cu for Case 1. 
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TABLE 5(a) INFLUENCE COEFFICIENTS FOR BENDS 
(Elements Ci; refer to Case 1.) 


= kR°[0.5(@, - ©,) + 0.25(sin 20, - sin 20, )] /EI 
= -0.25kR°(cos 20, - cos 20, )/EI 


= -kR*(sin ©, - sin ©, )/EI 
= €R°[0.5(0, - 6.) - 0.25(sin 26, - sin 20, )] /EI 


Qa 9a a 
e 
a 


Qo Oo 
8 


kR* (cos ®, - cos @, )/EI 

1.9R*(@, - 0, )/EI 

1.3R*(sin @, - sin ©, )/EI 

-1.3R* (cos @, - cos @, )/EI 

R[0.5(1.3 + k)(@, - @,) + 0.25(1.3 - k)(sin 20, - sin 20, )] /EI 
= -0.25R(1.3 - k)(cos 20, - cos 26,) /EI 
= R([0.5(1.3 + k)(@, - ©) - 0.25(1.3 - k)(sin 20, - sin 20, )} /EI 
= ER(O, - ©, )/EI 


as 


ee ee 
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w Cia Cg, = Cl gs Cag = Mn) “as * “ag? “ss * “ss? “se * “ase 


E 


other Cy are zero. 


i= 0.9h~*/* (but not less than 1.0) This corrects errors appearing in items A and D of footnote 2 
F : : . corrected in the reprints) and also modifies items I, J, and K so as 
the symbol ¢ (rather than 8) being used for the stress-intensifica- ( . * P way y ~ oneag 9” : 2 } 
P : to include the flexibility factor k for ‘out-of-plane’ bending as well 
tion factor. The formula for A remains ae mt eer ‘ " . 
as “‘in-plane’’ bending in accordance with Note 1 of Chart 1 of 
h = tRr-? the footnote 4. 
‘ . Table 5 were errors of transcription and did not affect Table 6. Ob- 
Table 5 of the author’s paper’ is here modified as Table 5(a).* viously new coefficients in items I, J, and K, depend on the value of k 
so that it is not convenient to modify Table 6; values for these items 
5 Tables 6 has not been modified. The errors in items A and D of should be computed separately. 





Inertia Forces in Lubricating Films 


By R. S. BRAND,! 


The usual theory of hydrodynamic lubrication is based 
on the assumption that the inertia forces in the equations 
of motion are negligible compared to the viscous forces. 
This paper shows that if the Reynolds number pRw »/y is 
of the same order as R/h, then the inertia forces will be of 
the same order as the viscous forces. 


to the relative importance of the viscous terms and the 

inertia terms in the equations of motion. In lubrication 
problems, because of the high rates of shear, the viscous terms 
usually are considered to be predominant and the inertia 
terms are neglected. However, Fogg’s experiments with parallel- 
surface thrust bearings (1)? led to speculation that centrifugal 
forces might be important, and Shaw and Strang (2) have de- 
veloped a bearing in which the flow due to a centrifugal field is 
responsible for the bearing’s load capacity. It is the purpose of 
this paper to demonstrate, by order of magnitude arguments, 
that inertia forces are not negligible provided a suitably defined 


Pro ie rein in fluid mechanics are often classified according 


Reynolds number is large enough. 

Ladanyi (3) has considered the inertia forces arising from an 
acceleration of the sliding element of a bearing but neglects the 
inertia forces which are present even with steady flow. Shaw and 
Macks (4) discuss the possibility of the existence of a critical 
Reynolds number above which the flow in bearings is turbulent, 
and Wilcock conducted some remarkable experiments (5) which 
were interpreted as confirmation of the existence of such a critical 
Reynolds number. The present paper is not concerned with tur- 
bulence but merely shows that even with laminar flow the 
teynolds number is a significant parameter if large enough, and 
that the consideration of inertia forces in a laminar oil film may 
phenomena not adequately ac- 


explain certain high-speed 


counted for by the usual hydrodynamic theory. 
Sreapy FLow or INCOMPRESSIBLE FLUID 


The Navier-Stokes equations for the steady flow of an incom- 
pressible fluid take the following form in cylindrical co-ordinates 
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2 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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where u, v, w are the velocity components in the r, 
tions, respectively, p is the pressure, p the density, and yu the 
viscosity. 

Consider a thrust bearing with the runner in the r, 6-plane and 
the axis of rotation coinciding with the z-axis. Let 2 be the radius 
of the runner, w its angular velocity, and h the mean thickness of 
the lubricant film measured in the z-direction. R > h. 

We nondimensionalize the equations by the following substitu- 


tions 


u = u’Rw p = p’pR*%? 
v = v'Rw 
w’hw 


w= 


The 


first two of Equations [1] are then 
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By choosing A instead of R as the length parameter in nondi- 
mensionalizing z and w, we have made u’, v’, w’, and their first 
and second derivatives all of order of magnitude one. The rela- 
tive magnitudes of the terms in Equations [3] are thus given by 
the constant coefficients, the variables being all of order one. 


Since R?/h? is a very large number, a good approximation to Equa- 
tions [3] is 


ou’ 
06 


ww LF 
u +- 
or’ “a 


Op ° 
or’ 


363 





JOURNAL OF APPLIED MECHANICS 


CONCLUSION 


We are investigating the conditions under which the inertia 
terms (the left sides of Equations [4]) are of the same order of 
magnitude as the remaining viscous terms. Since the inertia 
terms are of order one, for them to be significant u/pwh? also must 
be of order one, or 


pRwh/u may be thought of as the Reynolds number for the 
problem, as Rw is the characteristic velocity and h measures the 
width of the flow passage. 

While a thrust bearing has been envisioned in the foregoing 
analysis, a similar conclusion is reached for a journal bearing. 
For the inertia forces to be of the same order as the viscous forces 
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in a journal bearing 
Rwe R 


or w= 


” c 


where F is the shaft radius.and c is the radial clearance. 

Substitution of a few typical values shows that while very high 
velocities are required to make the Reynolds number of the same 
order as R/h, these velocities are not outside the operating range 
of some bearings. 
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Nutation of a Free Gyro Subjected 
to an Impulse 


By B. T. PLYMALE! anv R. GOODSTEIN,' SEATTLE, WASH. 


It is the purpose of this paper to call attention to a par- 
ticular gyro motion which has been observed and studied 
in our laboratories. The phenomenon is of extreme 
practical importance for all instruments which use a gyro 
as a space-stable element, and no published usable in- 
formation has been found concerning it. A description 
and explanation of the motion will be presented. An Ap- 
pendix contains the basic equations for the system and the 
results of approximate solutions. 


DESCRIPTION 


( it a gyro of the type shown in Fig. 1. The wheel 
and gimbals are balanced, the bearings have negligible 
friction, and windage is negligible. Hence no external 

torques are acting on the system, and the wheel and gimbal as- 

sembly maintains a fixed position in space. Now, if either the 
inner or outer gimbal is struck sharply with a hammer, imparting 
an impulse to the system, a wobbly motion of the wheel occurs 
which, in the absence of dissipative torques, would persist in- 
definitely. This motion is referred to as ‘“‘nutation.” It is ob- 
served that for small angular displacements the motions of the 
inner and outer gimbal are approximately sinusoidal. However, 
closer examination and testing reveal that when the inner and 
outer gimbals are not initially perpendicular, the inner gimbal will 
oscillate about a fixed center position but the outer gimbal will ex- 
hibit oscillations accompanied by a steadily increasing angular 
displacement of the ‘‘center” position of the oscillations. It is 
this average angular rate accompanying the outer gimbal oscilla- 
tions which can lead to loss of reference in a free-gyro instrument. 


EXPLANATION 


A physical explanation of the phenomenon will be presented. 
The configuration of the gyro can be specified by the three angles 
y, 0, and ¢ shown in Fig. 1. wy is the angular position of the 
whee! relative to the inner gimbal, @ is the angular position of 
the inner gimbal relative to the outer gimbal, and gis the angular 
position of the outer gimbal relative to inertial space, with the 
positive directions as shown. For some initial angle 6) between 0 
and 90 deg, suppose an impulse is applied to the inner gimbal so 
that in an infinitesimal time interval, the inner gimbal acquires 
a positive angular velocity 6). The basic gyro wheel relation? 
> —- _— an@> 
tT = w X H, where 7 is a torque applied to the wheel, H is the 
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angular momentum, and w is the angular velocity of the H-vector, 
indicates that a torque must be acting on the wheel and inner 
gimbal in the negative direction along the outer gimbal axis. 
Since no external torque is acting, this torque is the “inertial 
torque”’ associated with an angular acceleration of the outer gim- 
bal. This results in a positive angular velocity ¢ of the outer 
gimbal, which initially was at rest. Now this angular velocity 
must be accompanied by a torque along the inner gimbal axis in 
the positive direction, which can come only from an inertial torque 
and a decrease in angular velocity 6 of the inner gimbal. As the 
motion progresses, ¢ will increase to a maximum and 6 will de- 
crease to 0 as dictated by the conservation of energy. Then 6 will 
reverse and ¢ will decrease, and oscillatory motion of the gimbal 
angles will be observed, with a 90-deg phase difference between 6 
and ¢. 


wheel 
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Fic. 1 Free Gyro , 


Further consideration of the phase relationships and the gyro 
ae — os 
wheel equation r = w X H reveals why a net angular displace- 


ment of the outer gimbal occurs for each cycle of the oscillation. 
For anguiar velocities g the torque along the inner gimbal axis, 
7;, is related to @ by 7 = ¢H sin 6. For the half cycle of each 
period during which ¢ is positive, the inner gimbal angle is 
greater than the initial inner gimbal angle, and for the half cycle 
for which gis negative, the inner gimbal angle is less than the initial 
inner gimbal angle. Hence, during the half cycle for which ¢ is 
positive, the values of @ and sin @ are greater than the values for 
the other half cycle. For the same range of values 7; for each 
half cycle, and for constant H, | ¢ | during the half cycle in which 
it is negative will be greater than during the half cycle in which it 
is positive, and thus an average angular displacement in the nega- 
tive g-direction will occur for each cycle of the motion. 

In other words, the inner gimbal inertial torques are more effec- 
tive in producing outer gimbal motion when the inner gimbal is 
close to gimbal lock (@ = 0) than at the other extreme of its 
motion. The inner gimbal will not accrue an angular displace- 
ment per cycle since the maximum outer gimbal inertial torque 
for each half cycle of the motion occurs when the inner gimbal is 


at 6 = A. 
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Appendix 


The following nomenclature is used in an analytical treatment 
of this problem: 


g¢ = angular position of outer gimbal 
6 angular position of inner gimbal relative to outer gimbal 
W = angular position of wheel relative to inner gimbal 
initial inner gimbal angle 
initial angular velocity imparted to inner gimbal by an 
impulse 
amplitude of inner gimbal oscillations 
= natural frequency of system 
: average angular rate term for outer gimbal velocity 
moment of inertia of wheel about its spin axis 
moment of inertia of wheel about an axis perpendicular to 
spin axis 
moment of inertia of inner gimbal about spin axis 
moment of inertia of inner gimbal about inner gimbal axis 
moment of inertia of inner gimbal about an axis perpen- 
dicular to spin and inner gimbal axes 
= moment of inertia of outer gimbal about outer gimbal axis 
= F + C cos? ® +(B + E) sin? & 
= B+D 
= time 
The complete equations of motion for the three bodies can be 
obtained in a straightforward manner by writing down the total 


kinetic energy of the system and using Lagrange’s equations with 
y, 0, and ¢ as generalized co-ordinates. * 


The resulting equations are 
[F + C cos? 6 + (B + EB) sin? 0) — HO sin 0 
+ 2(B + E— C)6g sin 0 cos 0 = 0 


(B + D)§ + He sin 0— (B + E — C)¢g? sin 6 cos 6 = 0.. [2] 


3“‘Advanced Dynamics,” by 8S. Timoshenko and D. H. Young, 
McGraw-Hill Book Company, Inc., New York, N. Y.., first edition, 
1948, pp. 212-214. 
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A(vy + ¢ cos 0) = H 


where H = const = angular momentum of wheel about spin axis. 

Two approximation methods of solution were used. 
method attempted to keep track of the mechanics involved, and 
the other used a classical, well-established perturbation’ method 
at the expense of any physical significance. Both methods yielded 
the following significant results: 


H sin 0% 
V1 fl; 


One 


eo, = 


= frequency at which system oscillates 


6, 
so = 


wn 
amplitude of inner gimbal motion 


Hf? cos Oy (¢ + =) 


etl 21, I, 


= average angular rate of outer gimbal 


The accuracy of the results degenerates rapidly as % ap- 
proaches 0, and the results are for small amplitude motion 
(fo 1). 

The third terms on the left side of the basic Equations [1] and 
{2} are coriolis and centrifugal torques, respectively. The 
mechanics of the motion described in the main section of the 
paper deal with the first two terms of Equations [1] and [2], since 
the coriolis and centrifugal torques are small. However, the cen- 
trifugal torque contributes to the average rate, since the time 
integral of the torque over each cycle is not zero, and Equation 
[6] includes its effect. 

Equation [6] indicates that there will be no average rate of the 
outer gimbal if the gimbals are initially perpendicular or if the 
inertia of the gimba!s is negligible. 


‘“Introduction to Non-Linear Mechanics,’"”’ by N. Minorsky, 
Edwards Brothers, Inc., Ann Arbor, Mich., 1947, pp. 149-153. 





Shortcomings of Present Methods of 


Measuring and Simulating 


Vibration Environments 


By C. T. MORROW! anv R. B. MUCHMORE,? LOS ANGELES, CALIF. 


This paper concerns itself with the problem of measur- 
ing a vibration environment to be encountered by a deli- 
cate instrument or electronic device in the field and of 
attempting to simulate the vibration in laboratory test 
as a check on the reliability of the design. 


IELD vibration is usually either random in time or of a fixed 

frequency nature. Until recently, the vibrations applied in 

laboratory test have been fixed frequencies applied at reso- 
nances, or single-frequency sweeps. In general, it is not possible 
to simulate one type of vibration by another, except in special 
cases, or to express measured data of one type in the language of 
another without loss of accuracy. For example, it is not valid to 
analyze random vibration -in terms of number of g versus fre- 
quency. When the vibration to be encountered is random, the 
vibration applied in test for proof of design should likewise be 
random, and single-frequency sweeps should be used only for proof 
of workmanship with a specification based on the design limits of 
the item. 
of an electronically driven vibrator. 
a random vibration and deriving a specification is presented. 


Random vibration can be applied through the use 
A procedure for analyzing 


NATURE OF A CONTINUOUS SPECTRUM 

Most of the vibration encountered by military equipment, and 
in particular the internal components of guided missiles, is ran- 
dom with time rather than periodic and has a frequency spectrum 
which is continuous rather than discrete. In short, no randomly 
fluctuating vibration can be expressed as a discrete spectral line, 
even if it is accentuated by structural resonance. When random 
vibration is analyzed by a conventional wave analyzer, the indi- 
cating meter will fluctuate; as the analyzer is tuned it will be- 
come evident that the vibration is distributed rather than con- 
centrated at particular frequencies. Thus random vibration may 
readily be distinguished from periodic and its spectrum is called 
“continuous.” 

Vibration data are usually summarized in terms of spectra. A 
correct procedure for describing the continuous spectrum will be 
presented after a brief discussion of statistics. 

1 Member of Technical Staff, The Ramo-Wooldridge Corporation; 
formerly, Research Physicist, Hughes Research and Development 
Laboratories, Hughes Aircraft Company, Culver City, Calif. 

2 Senior Member of Technical Staff, The Ramo-Wooldridge Cor- 
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Aircraft Company. 

Contributed by the Applied Mechanics Division and presented 
at the Diamond Jubilee Semi-Annua! Meeting, Boston, Mass., June 
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received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
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PROBABILITY DisTRIBUTIONS FOR RANDOM VIBRATION 


It will be assumed that the instantaneous accelerations in any 
frequency band have a normal or Gaussian probability distribu- 
tion about zero as a mean, illustrated in Fig. 1, and given by the 
formula 

—a? 
€ 2°" da 


V 2rao 


] 


pla da = 


where a is a given instantaneous acceleration, p(a)da is the proba- 
bility that a lies in the interval between a and a + da, and o can 
be shown to be the rms acceleration and is known as the standard 
deviation. In short 


eo « 
J a*p(a)da = o? [2] 
— 2 


Transient vibrations of occasional occurrence and of severity 
too extreme for compatibility with normal characteristics in a 
record of one hr or longer, i.e., which form a class too infrequent 
to approximate normality in one hr time, say, can be treated 
separately as shock phenomena. 

The probability density function of Equation [1] applies to the 
instantaneous accelerations for any frequency band, wide or 
narrow. If the disturbance has a narrow band, however, because 
of the selective filtering action of some structural resonance, it 
may be more convenient to deal with the distribution of peak 
accelerations. The probability density function for the peaks for 
narrow-band vibration is 

—atp 
p(a, da, = ¢ 2 da, 
where the a, are the peaks of the instantaneous accelerations and 
o is the rms instantaneous acceleration as in Equations [1] and 
[2]. This is known as a Rayleigh distribution and is also il- 


lustrated in Fig. 1. 


¢ PROBABRITY 
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Fic. 1 Comparison or THE Normat Distrisvtion ror InsTan- 
TANEOUS ACCELERATION AND RAYLEIGH DisTRIBUTION FOR Peaks 


Fig. 2 is a plot of the fraction of in itantaneous accelerations and 
the fraction of peaks that exceed a given multiple of ¢. There is, 
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theoretically, a finite probability of exceeding any given accelera- 
tion. 

There are special situations in which the instantaneous ac- 
celerations will not be precisely normal, but will have a modified 
distribution which is simply related to normality. For example, 
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Fic. 2. Prosasitiry or Excespine a Given ACCELERATION 
the distribution would not be normal if a vibration mount bot- 
tomed frequently under vibration. This example is an unde- 
sirable situation and, hopefully, an uncommon one. It will not 
be treated in this paper. Likewise, the more subtle effects pro- 
duced on the distribution by nonlinearity due to friction damping 
will not be considered here. 


Units For MEASUREMENT AND ANALYsIS OF RANDOM VIBRATION 


By now, a large body of vibration data has been collected in the 
literature which, however, most of us look upon as being contro- 
versial to some degree. From the point of view of this paper, it is 
found that there has been little effort to distinguish between con- 
tinuous spectra and discrete spectra. The attempt _is usually 
made to “measure the number of g at each frequency,” and the 
bandwidth of the analyzing equipment is not usually recorded, 
nor is it even stated whether the bandwidth was constant with 
frequency. Yet, in regions where the continuous spectrum has 
no extreme hills or valleys, the number of g indicated will be pro- 
portional to the square root of the bandwidth of the wave 
analyzer. This also would be true, incidentally, if the spectra 
were discrete but so close together that they cannot be resolved 
by the analyzer. Furthermore, analysis on an octave basis rather 
than a constant bandwidth basis imparts a 3 db/octave tilt to the 
spectrum, emphasizing the higher frequencies. Random-vibra- 
tion data quoted on a g versus frequency basis with no reference to 
bandwidth are dependent as much on the particular instrumenta- 
tion used as on the vibration measured. 

The data should be on a per-cycle basis. In other words, the 
quantities used to express the severity of vibration in different 
parts of the spectrum should have the bandwidth of the instru- 
mentation divided out of them. Further, it is necessary that any 
single number used to describe the vibration within a given 
frequency band, or in the entire spectrum, be obtainable by a 
root-mean-square operation from a plot of the spectrum. 

Let us first consider the latter problem of a single number to 
express tire vibration in a specified band or in the entire spectrum. 
Fig. 3 shows a time plot of random acceleration for an entire 
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Fic. 3 AcceLERATION—TimE PLorts 


spectrum and for each of two smaller and nonoverlapping fre- 
quency bands. 

Now, what single number for each of these should be picked to 
typify the corresponding acceleration? Clearly, the peak ac- 
celeration for each time record is not appropriate. Voltmeters 
designed to read peak for a recurrent sine wave do not necessarily 
read peak for a varying complex wave. Furthermore, the peaks 
in band X and band Y do not necessarily occur at the same time 
or in the same direction, are not directly additive, and cannot be 
combined in any simple way to assist in predicting the peak for 
the complete spectrum. Finally, if we observe long enough, 
theoretically we can observe any peak acceleration we choose. 

The average of the absolute values would be less open to 
criticism, but is not optimum to deal with statistically. 

Three considerations favor the root mean square of the in- 
stantaneous accelerations: (1) The rms value is by definition the 
standard deviation of the instantaneous accelerations about zero 
as a mean, and lends itself conveniently to statistical analysis; 
(2) rms values for two or more random collections, even though 
they are in different frequency bands, generally may be com- 
bined as the square root of the sum of the squares; (3) the rms value 
is the time-honored standard measure of a-c voltage in electrical 
circuitry. 

There remains the problem to determine what quantity should 
be plotted against frequency to describe a spectral distribution. 
This should be simply related to the rms acceleration in any fre- 
quency band. More specifically, if W(f) is the function plotted 
against frequency, it should be possible to calculate the rms ac- 
celeration o between any two frequencies f; and f. by a simple 
operation based on the requirement that the rms value for an 
entire frequency band be the square root of the sum of the mean- 
square values for all bands within. This is satisfied if we define 

2 
W(f) = Lim © 
Af->0 





MORROW, MUCHMORE—MEASURING AND SIMULATING VIBRATION ENVIRONMENTS 


where o*,, is the mean square acceleration in the rectangular 
bandwidth Af, for it follows that 


Woo 4% = Lim, yD = Ay 


= Lim 
Ar->0 


In short, the root-mean-square acceleration is the square root of 
the area under the curve between f; and fe. 

The function W(f) will be called the mean-square acceleration 
per cycle or the mean-square acceleration density. It follows that 
the mean-square density in g?/cps is the most convenient means of 
describing the frequency distribution of a continuous spectrum. 

Let J(f) be the meter or oscilloscope indication in g of a wave- 
analyzer device which is to be used for the analysis of a normally 
distributed random vibration. If /(f) is obtained as the square 
root of the time average of the squared acceleration, i.e., if J(f) is 
an rms indication such as would be obtained from a slow-acting 
hot-wire or thermocouple meter, the mean-square density is given 


by 
Xf) 


A [6] 


W(f) = 
where A is the area under the square of the selectivity curve 
normalized to unity at the center frequency and can be obtained 
graphically or in special cases may be obtained by formulas which 
are given below. 

If J(f) is obtained as the time average of the absolute value of 
the instantaneous accelerations, such as is approximated by filter- 
ing the output of a full-wave average-value rectifier, the mean- 
square density is given by 

nlf) 


2A 


W(f) _ 


If the bandwidth B is small by comparison with an octave, the 
signal applied to the detector is a sine wave of slowly varying 
phase and amplitude, and the peaks are in a Rayleigh distribu- 
tion. If, then, /(f) is obtained as the time average of the peak 
acceleration, by averaging the output of a full-wave peak rectifier 
whose internal cutoff frequency remains not appreciably less than 
half the band width, the mean-square density is given by 

21% f) 


W(f) = 7 a a 
) TA [8] 


For a detector which functions according to either of the last 
two situations, but is calibrated in terms of single-frequency root- 
mean-square signal, Formulas [7] and [8] reduce to 


wi = 


Note that the case of a peak rectifier of long internal time con- 
stant has not been calculated. The result would depend on the 
characteristics of the rectifier tube and its d-c load. A formula for 
a particular instrument of this type can be obtained by calibra- 
tion with a random signal of known rms value for a frequency 
band in the region of the frequency to which the analyzer is tuned. 

In case the analyzer has a selectivity curve approximating that 
of a single resonant circuit, the area is given by 


WB, 
2 


[10] 
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More generally, if the analyzer has a selectivity curve ap- 
proximating that of n resonant circuits of identical Q, cascaded 
without interaction, the area is given by 


(2n — 3 2n 


} 3 
2"(n — 1 1 Yo" , 


5)... (1)rB, 


A [11] 


For such a system of n resonant circuits, the bandwidth for 
which the responses are down a factor, r has the following ratio to 
the bandwidth between the half-power points 


R= 
fi 
Ya" —: 

This expression may be used to determine the number of reso- 
nant circuits that best approximate the selective filter of a wave 
analyzer. 

Alternately, a particular analyzer can be given an over-all 
calibration for effects of both rectifier and selective circuit by 
applying a random signal whose rms value over a definite fre- 
quency band has been measured using a thermocouple meter or 
other square-law meter. 

For a distribution other than normal, the use of rms and g?/cps 
is still valid although not a complete description. The formulas 
in the foregoing for interpretation of the wave-analyzer indica- 
tions are still accurate approximations. The distribution changes 
its shape as different bands are combined; the tendency is for 
narrow-band vibration to be accurately normal even when a com- 
Vibration damage 

The vibration in 


plete spectrum has noticeable discrepancies. 
to structures ordinarily occurs at resonances. 
the resonant members tends to be normal, due to restricted 
bandwidth, even when the entire applied spectrum is not. Thus 
the proposed use of mean-square density will be adequate for 
specifications except when the deviation from normality in the 
entire spectrum is extreme, or when the structures to be tested 
are highly damped. 

A test for normality on a wide or narrow-band basis is to count 
the number of instants the acceleration time plot passes through 
various chosen accelerations. For a narrow band, it is sufficient 
to count the number of peaks above each chosen value, which is a 
similar operation and leads to a curve which is Gaussian in shape 
The theoretical population, including both positive and negative 
peaks, is obtained by integrating the Rayleigh distribution from 
a, to infinity 


ii: 


The exact shape of selectivity curve chosen for the wave 
analyzer is relatively unimportant so long as it is taken into 
account in calculating the mean-square-acceleration density. 
The bandwidth should be narrow (comparable to or smaller than 
that of the resonances in the structure that transmitted the vibra- 
tion) to provide resolving power and detail in the analysis. 

Some special considerations arise when the analysis is to be 
carried out on an acceleration-time signal which is recorded on a 
short length of tape. Recirculating a loop of tape makes the sig- 
nal under analysis artificially periodic at the frequency of re- 
circulation. The special effects arising from this will not be con- 
sidered here except to say that the loop of tape should be long 
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enough so that several of the harmonics of the recirculation fre- 
quency will lie within the bandwidth of the analyzer. 

In some analyses it may be found convenient to play back a 
magnetic tape at a higher speed than it was recorded. This 
would, for example, permit analysis down to lower frequencies. 
It must be remembered in doing this that the effective band- 
width to be used in the formulas given in the foregoing is inversely 
proportional to the speed at which the tape is reproduced. 

The indicating device of the wave analyzer, in general, should 
have a time constant of a second or more. Otherwise there will be 
insufficient averaging carried out in one sweep to give a repro- 
ducible result; several sweeps would have to be carried out and 
averaged in an appropriate manner. The rate of sweep of the 
analyzer must be correspondingly slow so that the analyzer will not 
lose the resolving power inherent in its selectivity curve. 


APPLICATION OF CONTINUOUS SPECTRA IN TESTS 


The use of continuous spectra in vibration test requires the 
application of complex waves and necessitates, consequently, the 
use of a vibrator driven by an electronic, hydraulic, or other de- 
vice capable of handling a complex-wave shape. In short, it ordi- 
narily requires a voice coil-actuated vibrator and also an amplifier 
of sufficient output over the frequency range of interest to operate 
the system, In particular, two general methods are possible in 
applying continuous spectra. One is to play into the system a 
recording or mixture of recordings of vibration that actually 
occurred in transportation or in use. The other method is to use 
as a source an electronic-noise generator, i.e., a “white-noise” gen- 
erator, and filter the output in accordance with a specification 
derived from vibration measurements. Facilities for applying 
complex waves to vibration tables should be made generally 
available as soon as possible. 

It is suggested that “‘white-vibration” specifications be derived 
from measured data by drawing a simple curve through the high- 
est peaks in the g?/eps plot, or by multiplying this by any neces- 
sary further margin of safety. 


SIMULATION BY LINE SPECTRA 


It has been customary until recently to do all vibration testing 
in terms of discrete spectra, and in particular, single-frequency 
sweeps. Apparatus for this is available in common use and is 
simpler than that described in the foregoing for the application of 
white noise. It is clear that this technique is entirely valid, 
even though perhaps not preferable, for proof of workmanship as 
the specifications for such a purpose can be derived appropriately 
from the severity that a particular design with an acceptable 
standard of workmanship can stand. It is desirable to go further, 
however, and explore the validity of the single-frequency tech- 
nique for proof of design in type testing, based on specifications 
derived from the tactical conditions. 

Inspection of the problem shows that a single-frequency line 
which is equivalent in any degree to the original spectrum can be 
derived only for the immediate region of a resonance. A further 
complication of the problem of equivalence is that the degree of 
equivalence will depend on the particular type of failure ex- 
pected whether it is simple malfunction, wear, or fatigue. To 
avoid dealing for the moment with this last complication, we 
will speak of a reference spectral line rather than an equivalent 
spectral line. The reference spectral line is defined as the number 
of single-frequency g applied which would result in the same rms 
acceleration at a particular mass in the resonant system under 
test. 

To explore the utility of this limited concept of equivalence, a 
reference spectral line can be computed for a simple resonent sys- 
tem consisting of a mass attached to a vibrator by a spring and a 
dashpot, and excited by a white-noise spectrum of constant 
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mean-square density. The method of calculation is to evaluate 
the integral of the product of the mean square g per cycle and the 
square of the transmission curve of the resonant system, take the 
square root, and divide by the transmission of the resonant sys- 
tem at resonance so as to obtain the number of g at the vibrator 
platform. The detailed calculation is carried out in the Appendix. 
The result is 


Art & VW fo)B 


where Aret is the peak acceleration of the reference sine wave in g, 
W (fo) is the mean-square density at the resonant frequency fo, and 
B is the bandwidth of the simple resonance as defined in the 
Appendix. 

It will be seen, then, that the reference spectral line, in number 
of g, is proportional to the square root of the bandwidth of the 
resonance of the system under test. It can be said immediately, 
then, that even this limited degree of equivalence cannot be ob- 
tained in general until something is known of the dynamics of the 
system under test. Note further that the method of arriving at 
the reference spectral line implies that it would not be swept 
through the frequency range covered by a vibration specification 
but rather left to excite the corresponding particular resonance 
for the entire duration of the specified test. For a sweep there is 
an additional problem of juggling the number of g applied and the 
rate of sweep. It may be concluded that there is no mathemati- 
cally valid way of arriving at a conventional single-frequency 
sweep that is equivalent to a continuous spectrum. Any specifica- 
tion with this objective must be considered arbitrary and in the 
area of engineering judgment and calculated risk, except, per- 
haps, for a few cases of simple malfunction. 

For those cases of malfunction in which it may be worth while, 
the concept of reference spectra may be carried one step further to 
consider the case of a system of several degrees of freedom. The 
spectrum may be divided into bands corresponding to the region 
of each resonance, and a separate reference acceleration for each 
calculated for any mass in the system. If two resonances are ex- 
tremely close together it may be more useful to combine these 
and compute for them a single reference acceleration. Compari- 
son of a reference acceleration with the probability distribution of 
the peaks, as given in Fig. 1, will reveal something of the proba- 
bility of malfunction. 


CONCLUSIONS 


In conclusion, data on vibration that is continuously dis- 
tributed in frequency should be recorded in units which are 
appropriate to continuous spectra. Single-frequency tests may 
then be specified if necessary, in an arbitrary manner for proof of 
design, through the use of engineering judgment, but these should 
not be interpreted as valid descriptions of what happens under 
tactical conditions. It has been shown that the possibility of ob- 
taining valid single-frequency equivalence is quite restricted. 
Furthermore, a single-frequency reference spectral lire, as defined 
in this paper, is not meaningful if much chattering or other non- 
linear effects occur. Under these conditions, the applied con- 
tinuous spectrum tends to concentrate itself not only at struc- 
tural resonances, but also at multiples and combinations of them. 

To avoid unacceptable complexity in deriving specifications 
from vibration data, some arbitrariness is inevitable, even if a 
single-frequency sweep is not to be used to prove out design. It is 
desirable to weight the arbitrariness in such a way that the 
specification conditions are in no way less severe than those 
shown by the data. For tests to be performed on not more 
than a few units, it is commendable to increase the severity 
further beyond the tactical mean by a reasonable factor to in- 
clude a margin of safety against variation of tactica] conditions 
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or workmanship from missile to missile, in short, to guarantee a 
significant reliability with respect to the tactical environment. 
Thus design-approval-test specifications do not have the same 
ebjective as descriptions of the tactical environment and the 
two should be kept distinct. 
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Appendix 


In this Appendix a solution for the acceleration of a mass in a 
simple one-degree-of-freedom resonant system will be found for 
both a sinusoidal applied acceleration and a random acceleration 
having a flat spectrum. The conditions for equivalence, in the 
sense that rms accelerations are made equal, will then be found. 
This defines the reference spectral line as discussed in the text 


is Scaat sa fa=peak acceleration 
of mass m 
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Fic. 4 Mecwanicar System ConsIpERED 
The mechanical system considered is shown in Fig. 4 in which 
m = mass, k = spring constant, and c = damping coefficient. 
For sinusoidal! accelerations 
a—a 


——* —k 
jw w? 


a— 4a, 


ma +e = 0 [15] 


Hence 


Let 


CWo 


ok [18] 


and the damping ratio 


The latter is the ratio of the damping coefficient to that of critical 
damping. 


Then 


_2f@ 
Wo 
The last expression holds for small damping, which condition will 
be assumed hereafter. 


At w = a one has 


[20] 


With a flat spectrum of : 
acceleration of m is 


applied, the mean-square 


0 


War 
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Here W is the mean-square density and is taken as independent of 
frequency. 

Now, to find the peak value in g of the reference sine wave which 
produces the same root-mean-square acceleration of m as does 
the continuous spectrum, set 


From Equations [21], [22], and [20] 
Wax a," . Gut* 
ey ruc er 
This yields a reference peak acceleration in g of 
ares = V Woot (24) 


It can easily be shown from Equation [19] that the shift in fre- 
quency needed to reduce the response to 1/+/2 times that at 
resonance is 


l 


where fo is the resonant frequency and B as defined by this 
equation is called the bandwidth. Thus Equation [24] can be 
written 


drut = /rWB 


If the applied spectral density is not constant everywhere but does 
not vary too rapidly in the vicinity of a», Equation [26] can be 
written approximately as 


dret & Wi fedB.. 27) 





Limits of Economy of Material in Plates 


By H. G. HOPKINS? ano W. PRAGER,* PROVIDENCE, R. I. 


The paper is concerned with the limits of economy of 
material in a simply supported circular plate under a 
uniformly distributed transverse load. The plate material 
is supposed to be plastic-rigid and to obey Tresca’s yield 
condition and the associated flow rule. The criterion of 
failure adopted is that used in limit analysis. It is shown 
that the plate of uniform thickness has a weight efficiency 
of about 82 per cent. Stepped plates of segmentwise con- 
stant thickness are discussed, and the plate of continu- 
ously varying thickness is treated as the limiting case ob- 
tained by letting the number of steps go to infinity. 


INTRODUCTION 


HE limits of economy of material in structures have not 

yet been investigated in a systematic and comprehensive 

manner. Structures that have been discussed from this 
point of view include trusses (1, 2), beams and frames (3, 4, 5), re- 
inforced stressed-skin panels (6), and shells (7). The present paper 
is concerned with the limits of economy of material in a simply 
supported circular plate of varying thickness under a uniformly 
distributed transverse load. The plate material is supposed to be 
plastic-rigid and to obey Tresca’s yield condition and the asso- 
ciated flow rule. The criterion of failure adopted in this paper is 
that used in limit analysis (8). 

As Hill (9) has pointed out, this concept of failure is most 
readily explained for a structure consisting of rigid-plastic ele- 
ments. For a given type of loading of slowly increasing intensity, 
the yield point of such a structure is defined as the load intensity 
at which deformation first becomes possible. For most practical 
purposes the structure can be considered to be on the verge of 
failing when the yield point is reached. It should be noted that 
the stresses may attain the yield limit locally long before the yield 
point of the structure is reached, but plastic deformations in such 
a local plastic region are inhibited by the adjacent rigid material. 
This inhibiting effect vanishes only at the yield point of the struc- 
ture when the spreading plastic region reaches a critical size or 
shape. 


FUNDAMENTAL RELATIONS 


In the spirit of the theory of thin plates, the following analysis 
treats the plate as a two-dimensional continuum. Onaccount of the 
rotational symmetry of loading and support, the state of stress at 
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the yield point and the incipient plastic deformation are specified 
when the radial bending moment M, the circumferential bending 
moment N, and the rate of deflection w are known as functions of 
r. The bending moments must satisfy the equation of equi- 
librium 

(rM)’—N = res. SNR Se [1] 

2 

where p is the uniformly distributed transverse load, and the 
prime denotes differentiation with respect to r. In terms of the 
rate of deflection w(r), the radial and circumferential rates of 
curvature x and AX, respectively, are defined by 


k=—w", =- ‘3 [2] 


For the considered conditions of loading and support the bend- 
ing moments M and N are found to be non-negative. Tresca’s 
yield condition for the plate (10) then requires that at least one of 
the bending moments M and N equals the fully plastic bending 
moment My, = ooh*, where @> is the yield stress in simple tension 
(or compression ), and 2h denotes the thickness of the plate. Note 
that M, may vary with r since the plate is not assumed to have 
uniform thickness. 

The flow rule associated with Tresca’s yield condition (10) de- 
mands that 


k=0, A\>NifO<M< M,, 
k>0, A\D>OfM=N =! 


k>0, \=O0ifM=M, 0<N<M.. [3e] 


Most of the following discussion will be concerned with stepped 
plates of segmentwise constant thickness. Neither Case [3b] nor 
Case [3c] can then apply to a finite interval of r. Indeed, Equa- 
tion [1] is compatible with M = N = M, = const. (Case [3d]) 
only for p = 0; and with M = M, = const. (Case [3c] ) it follows 
from Equation [1] that N = My) + (1/2)pr? > Mo, which is in 
coutradiction to the condition that N < M, for this case. 


Srerrep PLaTEe 


Consider a simply supported circular plate of radius R sub- 
jected to a uniformly distributed transverse load p. In ac- 
cordance with the rotational symmetry of loading and support, 
the plate thickness will be assumed to depend on r only; specifi- 
cally, it will be assumed to be constant in each of the intervals 
bounded by 0 = m <1m<...<r7r, = R. In the kth interval, 
Te-1 <r <7, let the plate thickness be denoted by 2h,, the radial 
and circumferential bending moments by M,(r) and N,(r), and 
the fully plastic bending moment by Mo.. 

It has been shown at the end of the preceding section that only 
Case [3a] is admissible for any finite interval of r in which the 
plate thickness has a constant value. For the kth interval con- 
sidered in the foregoing, there are therefore only the following 
possibilities: Either Case [3a] applies throughout the entire in- 
terval or the interval consists of subintervals to each of which 
Case [3a] applies with M, = My on the boundary between adja- 
cent subintervals. The latter possibility, however, is ruled out by 
the following argument: With Ni({r) = Mo, integration of Equa- 
tion [1] yields 


1 
Mav) &@ Mu —-p* +> 
6 r 
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where c, is a constant of integration. If M,(p) = Mo, for some 
radius p satisfying rx. < p < r,, then c, = (1/6)pp* and 


1 2 
Mfr) = Mul+ (2 <e) 
6 r 


For r < p this gives M,(r) > Moz in contradiction to the condition 
that Case [3a] prevails on both sides of the circle r = p. It 
follows that M,(r) assumes the value My, only for r = r,— or not 
at all. 

As regards the rate of deflection w, necessarily continuous, it 
follows from the first of Equations [2] and Case [3a] that w is 
linear or segmentwise linear in r._ In the latter case the circles 
where the derivative w’ has a discontinuity are hinge circles; the 
radial bending moment must equal the fully plastic bending 
moment at such hinge circles. It has just been proved, therefore, 
that hinge circles can occur only at the inner boundaries of the 
annuli of constant thickness. 

Under a given type of loading a given structure usually fails in 
a well-defined way. A minimum weight structure, however, is 
capable of failing in any one of a number of different ways. In 
the present case the nature of the competing failure modes follows 
immediately from the fact that w must be linear or segmentwise 
linear with hinge circles at the inner boundaries of the annuli of 
constant thickness. For any failure mode the rate at which the 
load does work must equal the rate at which mechanical energy is 
dissipated in plastic flow. For a given critical load p, this energy 
balance is expressed by an equation that is linear in the fully 
plastic bending moments Mm, .. ., Mon. Since there can be at 
most n independent equations of this kind, there can be at most n 
independent failure modes.§ 














Fig. 1 


Fig. 1 shows a possible failure mode. The corresponding energy 
balance is obtained as follows. As the annulus r., <r < R is 
bent into a cone, mechanical energy is dissipated at the rate 


R 
D, = an f Ndr dr.. 
The\ 
With Ar = —-w’ = 1 and N equal to the fully plastic bending 
moment in each annulus, Equation [6] yields 


D, = 2x[(ry — rea)Mon + (reer — 7 )Moans +... 


+ (R — ra-i)Mon) 
The rate D, at which mechanical energy is dissipated along the 
hinge circle r = ry-, is obtained by considering this hinge circle as 


the limiting case of a narrow annulus across which w’ changes 


§ This argument is due to Cox and Srnith (6). 
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rapidly but in a continuous manner. When D, is evaluated as the 
limit of the integral 


f 2x(Mx + NA)r dr 


extended over this annulus, the following result is obtained 
D, = QareiM oe. —- [8] 


Finally, the rate of work of the uniformly distributed load p is 
found to be 


R 

» Tp, 

= 2rp [ wrdr = — (RF r*,_,) [9] 
/0 3 


The energy balance is therefore expressed by 


ry) Morvi +... +(R Ta-1)Mo, 


r.Mou + (Te * 
p 

i" (R8 r*y_,) 
) 


Equations of this form can be written for k = 1, 2,.. 
For k = n, the energy balance is expressed by 


R Mo. = = (R*—r,4) (11) 
6 


When the critical load intensity and the radii r;,...,r, = R are 
given, Equation [11] yields Mf), and hence the thickness 2h, of 
the outermost annulus. Equation [10] written for k = n — 1 
then yields Mo,-, and hence h,-;, and so on. 

The preceding analysis is based on assumed failure modes. Be- 
fore these can be accepted it must be shown that they are asso- 
ciated with statically correct bending momente that satisfy the 
yield condition. The equilibrium of the plate requires that the 
radial bending moment is continuous across any hinge circle. In 
the annulus rm, <r < r, the radial bending moment M, there- 
fore varies according to Equation [4] so as to assume the values 
Moz and M og; for rg-; and ry, respectively. When c, is eliminated 
from the equations satisfying these boundary conditions, the 
following relation is obtained 

Pp 
rMa—r1Mon = 6 (r,° — r*s-1) [12] 
If the corresponding equations for k + 1, .. , n are added to Equa- 
tion [12], then Equation [10] is obtained. The failure modes con- 
sidered are therefore associated with statically correct bending- 
moment distributions. 

For a plate with constant thickness, n = 1 and, of course, rm) = 
0. Equation [11] then furnishes My, = pR*/6 in agreement with 
the results found in an earlier paper (10). The weight of this plate 
of constant thickness is 


Te 


2p V/s 
G, = 2ym RN = 2yeR™{Moi/oo)'* = yrR* | - [13] 
Cc 


where + is the specific weight of the plate material. For an arbi- 


trary plate, the weight will be written in the form 


9 vs 
G = ayr R? (2*) 
30% 


and the coefficient a will be called the weight factor; it compares 
the weight of the considered plate to that of a plate of uniform 
thickness capable of carrying the same load p. 

For a plate with a single step, Fig. 2 shows the variation of h,/h, 
with r,/R, and Fig. 3 shows the variation of the weight factor a with 
r/R. It is seen that the lightest plate of this type is obtained 


[14] 
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when r,/R is about 0.8 and that the weight of this plate is about 
7 per cent less than that of an equally strong plate of constant 
thickness. 

For regularly stepped plates (r, = kR/n), Table 1 shows the 
weight factors a as well as thickness factors 8, defined by 


h, = 8,R(p/600)'/* 


As the number of steps increases indefinitely, the weight factor is 
found to tend toward 0.816. 


WEIGHT AND THICKNESS FACTORS FOR REGULARLY 
STEPPED PLATES 


a Bi Bs Bs 
1.000 1 oe 06 ate Tr 
0.967 1.061 
0.938 1.097 
0.917 1.120 
0.901 1.135 


TABLE 1 


0.760 
0.924 


0.699 


PLATE OF CONTINUOUSLY VARYING THICKNESS 


The plate of continuously varying thickness can be treated as 
the limiting case of a regularly stepped plate when the number of 
steps increases indefinitely. It follows from this point of view 
that the minimum weight plate of continuously varying thickness 
must be capable of developing a hinge circle anywhere. This 
means that for any value of r between 0 and R, the bending mo- 
ments M and N must equal the fully plastic bending moment 
M,(r) corresponding to the plate thickness 2h(r) at this radius. 
When 


M(r) = N(r) = Mor) = ooh*(r) 


is substituted into the equation of equilibrium [1], integration 
under the boundary condition M(R) = 0 yields 


R? 2 
M(r) = N(r) = — (: ~— 
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Since the present analysis considers only the bending strength 
of the plate, the relation h(R) = 0 is a necessary consequence of 
the edge condition M(R) = 0. Actually, the value of A( 2) is de- 
termined not by a required bending strength but by the shear 
strength necessary to transmit the shear force pR/2 per unit 
length of the circumference of the plate. 

The weight factor of the plate designed according to Equation 
[18] is found to be (2/3)'/2 ~ 0.816. This value should be con- 
sidered as a lower bound which cannot be attained in actual de- 
sign because, for the reason just given, the thickness 2h(r) cannot 
be allowed to go to zero as r tends to R. 
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The Permanent Deflection of a Plastic 


Plate Under Blast Loading 


By A. J. WANG,* CHICAGO, ILL. 


This paper is concerned with a simply supported circular 
plastic plate that is exposed toa strong blast. Equations of 
deformation are developed. 


lem, it is assumed that the blast imparts instantaneously the 

transverse velocity up to the entire plate and that thereafter 
the plate is free from transverse loads. The plate is supposed 
to have uniform thickness and to consist of a perfectly plastic- 
rigid material that obeys Tresca’s yield condition and the asso- 
ciated flow rule [see, for instance, Prager (1)*]. A general theory 
of circular plastic plates under static or dynamic loading has been 
given by Hopkins and Prager (2, 3) but the present problem has 
not been discussed by these authors. The same problem with 
built-in support is solved in a separate paper by Hopkins and the 
author (4). 


ie DETERMINING the deflection of the plate in this prob- 


EQUATION OF Dynamic EQUILIBRIUM 


Yield Condition and Flow Rule. Let r, ¢, z be cylindrical co- 
ordinates, the origin being at the center of the undeformed middle 
surface of the plate, and the z-axis pointing vertically downward. 
Because of rotational symmetry, the shearing stresses 7,, and 
Ty, Vanish identically. Furthermore, if the plate thickness 2h is 
small compered to the plate radius R, then the normal stress ¢, 
and shearing stress T,, may be regarded as small when compared 
to the bending stresses o, and @y. 

The transverse deflection w, the radial bending moment M, 
and the circumferential bending moment N depend only on the 
radius r and the time ¢ on account of the rotational symmetry of 
the motion of the plate. If the mass per unit area of the middle 
surface is denoted by yu, the equation of motion is 


© pemy B2 [" in [1] 
Tl = ] rar . > a6 
or - 0 B ol? 


In the theory of Hopkins and Prager (2) the plate is treated as 
rigid if both |M| and |N| remain below the critical value My = 
doh?, where o> is the yield stress in simple tension or compression 
and 2h denotes the thickness of the plate. Moreover, when VN = 
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M, while 0 < M < M), the rate of radial curvature 
Kk = —0O*w/Ordt.... 
vanishes and the rate of circumferential curvature 
A = —(1/r)d*%w/drdt. 


cannot be negative. When M = N = Mp, on the other hand, the 
only restriction on x and X is that these rates of curvature cannot 
be negative. 

Solution. For the present problem, the plate cannot deform 
without becoming plastic at the center. By rotational symmetry, 
we thus have M = N = M, at the center. At the simply sup- 
ported edge r = R we must have M = 0. 

Let us consider the following velocity field 


dw/dt = up forO <r < p(t) 


a eee a 
wr } P 
R—pt AP srs 


= Uu 
| 
where p(t) is a function of time. The central circular region 
0 < r < p(t) moves with the uniform velocity up and the rates of 
curvature in this region vanish. For the surrounding annulus 
p(t) <r < R, the rate of radial curvature x vanishes, while the 
rate of circumferential curvature is positive. Thus the assumed 
velocity distribution is compatible with the assumption that 
M = N = M, in the central circular region, while N = Mb, 
0 < M < Mp in the surrounding annulus. Moreover, M = N = 
M, and Ow/dt = up satisfy the equation of motion, Equation [1]. 
There remains then the question whether p(t) can be made to 
vary with time in such a manner that substitution of N = M, and 
the acceleration obtained from [4] into [1] results in a differential 
equation for M(r, t) that has a solution satisfying the following 
conditions for t > 0 


M(p, t) = Mo, M(R, t) = 0 
0 < M(r, t) < My for0 < p(t) <r<R 


Elementary though somewhat lengthy analysis leads to the 
following cubic for p(t) 


p \* ( p \’* p 12M, ‘ ' aie 

- — -—- = 0} 

R R R Muok? 

Here, the initial condition p(0) = R has been used in accordance 
with the assumption that the entire plate is to have the velocity 


Up att = 0. 
Equation [6] shows that p = 0 at the instant 


[uokt? 

12M, 
Let us determine the deflection at this instant. From Equa- 
tion [6] we readily find the instant t(r) at which p equals a given r. 
The velocity of a particle at a fixed radius r is given by the first 
line of Equation [4] for ¢ < t(r) and by the second line for ¢ > 
tr). Thus integration yields the deflection 
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One finds 
w(r, t) t;} 1 (z) ( 
r = — — — - 
J ae 2\R 2\R 


For ¢ > 4, the preceding analysis is no longer valid. Let us as- 
sume that 


r 


w(r, t) = W(t) (: ~+) + w(r, i) fort > t.... 110) 


Since the rate of radial curvature x computed from Equation [10] 
vanishes while the rate of circumferential curvature A is positive, 
the motion Equation [10] is compatible with the assumption that 
N = M, while0 < M < My, for0<p< R. Substituting NV = 
M, and the acceleration obtained from Equation [10] into the 
equation of motion, Equation[1], we find that the resulting dif- 
ferential equation for M has a solution satisfying the boundary 
conditions M(0, t) = My, M(R, t) = 0 if 
aw Uo 


—<—s G3 came oo 


dt? t, 


This differential equation must be integrated under the initial 
conditions 


25 50 75 
r/R — 


DimensIONnLess Ratio w*(r) /w*(0) as Function or r/R 


t=: 0OW/dt =m, W 


For t > & we therefore have 


3 
w(r, t) = wr, tt) — (1 poe x) | “¢ (* — Quet + 5 wt [13] 


We see from this equation that the entire plate comes to rest at 
t = 2t,. The permanent deflection w* of the plate at this instant 


is given by 
Mue*R? 3 st of ~(z)-(4)] [14] 
4 ee R \R ae 


Fig. 1 shows the dimensionless ratio w*(r)/w*(0) as function of 
r/R. 
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The Extended Theory of the Viscous 


Vibration Damper 


By F. M. LEWIS,' CAMBRIDGE, MASS. 


The paper extends the theory of the Viscous Vibration 
Damper either tuned or untuned to multimass systems 
and shows how an optimum damper can be designed for 
any installation. Special formulas are derived for the two 
mass plus damper systems. 


INTRODUCTION 


4 YHE THEORY of the viscous vibration damper, tuned or 
untuned, has so far been developed only in application to 
a single-degree-of-freedom system. The majority of engine 
applications are of many degrees of freedom, and some of these 
depart so far, even in approximation, from a single-degree-of- 
freedom system, that the theory gives but little clue to the opti- 
mum damper characteristics. 

A common type of installation, for example, consists of a 
multicrank engine, a flywheel, and a driven generator. In 
many cases, the important mode of vibration will ap- 
proximate to the vibration of a two-mass system, engine plus 
flywheel constituting one mass, and the generator the other. It 
may be advantageous to fit a damper to the generator end of such 
an arrangement. The solution of this case is obviously remote 


from that for the single-degree-of-freedom-plus-damper system, 
and a damper designed to reduce the amplitude of the criticals in 


the engine shaft would be entirely inadequate to reduce the 
criticals between flywheel and generator. 

The extended-damper theory is based on a general theorem 
which we will call the “Fixed-Point Theorem,” which is proved in 
Appendix 1. It may be stated as follows: 

Let there be a linear multimass system of inertia constants m,, 
WS 053 Sh etec.? 

On some of these masses there act exciting forces (or torques) 
F,, F:, ete., and these forces are phased either zero or 180 deg. 

One of the springs is paralleled by a dashpot of constant b, and 
there is no other damping in the system. 

Then, if the resonance curve for the force in any spring, or the 
displacement of any mass, is plotted, there exists a series of points* 
where the amplitude of this force or displacement is independent 

1 Professor of Marine Engineering, Massachusetts Institute of 
Technology. Mem. ASME. 

2m = w/g for linear motions lb, sec? /in. 

= J/g for torsional motions Ib in., sec’. 
Each mass is connected to a rigid frame by a spring of constant ki, ke, 
ete. (k may be zero), and they are interconnected by springs ki2, kis, 
kas, ete. 

* Note reference of Carter (1), Neugebauer (2), Hahnkamm (3), 
Den Hartog (4). This property was also observed by O’Connor (5) in 
the case of a particular multimass engine system. 

¢ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Presented at the National Conference of the Applied Me- 
chanics Division, Troy, N. Y., June 16-18, 1955, of Tae American 
Soctety or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1955, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, March 26, 1954. Paper No. 55—APM-3. 


of the damping constant b. These points are called the “fixed 
points.”’ 

This theorem has long been known in application to a single- 
degree-of-freedom system, plus damper. The fixed points are at 
the intersections of the resonance curves for the system with b = 
0, i.e., the damper free; and b = o, i.e., the damper locked; the 
amplitude being plotted only positive. 

In application to the damping of torsional vibration in engines 
two cases are to be considered. These are the untuned or Lan- 
chester type damper, with only viscous damping connecting the 
damper flywheel to the system, and the tuned type where the 
viscous damping is paralleled by a spring. But it should be 
noted that other arrangements are possible—for example, a 
damper flywheel connected to a case by viscous damping, with the 
case connected to the engine by a spring. Also, in a general sense, 
any elastic element in the drive, such as an elastic coupling, 
which is paralleled by dashpot action, constitutes a damper. 

The constructive details of dampers may take many forms and 
are outside the scope of this paper. We note that the original form 
of the Lanchester damper which utilized Coulomb friction with 
the slippage of dry surfaces has been largely superseded by the 
viscous-friction types using either engine oil or silicone fluids 


as the viscous medium. 
Tue Untrunep Damper 


We first consider the untuned damper. An engine system, of n 
masses (damper excluded), which is free to rotate in space, Le., 
the springs ky, ke, etc., are zero, will have n — 1 natural frequen 
cies. The resonance curves of the locked and the unlocked damper 
will have 2n — 2 intersections, all of which are fixed points with 
respect to the damping constant b. The general nature of these 
curves for a system of 4 masses, plus damper, is shown in Fig. 1. 
The six fixed points are encircled. 

In an engine application one of these fixed points will be of pre- 
dominant importance, say it is 4. Then for the chosen damper 
size, the amplitude at fixed point 4 is the smallest which can be ob- 
tained. The optimum damping constant is that which will pase 
the resonance curve through point 4 with a zero slope. 

The procedure for calculating damper characteristics is as 
follows: 

Choose a tentative damper size. The torque in a particular 
shaft section is of predominant interest. Plot the resonance curve 
of this torque in the vicinity of the resonant peak of primary in- 
terest for the conditions of damper locked and damper free. The 
intersection gives the minimum amplitude which can be obtained 
and the position of the resonance peak with damper. If this am- 
plitude is too large it is necessary to use a larger damper or make 
other changes. The damper size being fixed, the optimum 
damper constant can be found as follows: 

Take a value of w* slightly lower than that of the fixed point 
and with 6 as an algebraic unknown calculate the amplitude. 
Equating this amplitude to that at the fixed point, b can be 
solved for. 

Another such calculation is made with a value of w* equidistant 
to the right of the fixed point. The mean of the two values of b 
thus obtained will be very close to the optimum value, as close, in 
fact, as is necessary for any practical application. 
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The calculation is made according to the well-known “se- 
quence”’ or Holzer method of calculation with complex algebra. In 
this an inertia reaction is mw@,, a spring torque is —k(@, — 0,-1) 
and a damping torque is —jbw@,. A spring paralleled by a 
dashpot is equivalent to a spring of constant k + jbw. The com- 
putation for a free or locked damper or for a finite damping con- 
stant is identical up to the point of attachment of the damper 
mass. Therefore it is advantageous to start the computation at 
the end of the system remote from the damper, and to plot 
curves of torque and amplitude versus w at the point of attach- 
ment of the damper. With @ the unknown amplitude at the start- 
ing end, the torque and amplitude at the point of attachment of 
the damper are of the form 


6, = ¢ +- co 
Q, =a +8 


and curves are needed for c, Ce, ¢s, c. Starting with these 
curves the effect of various damper sizes and damping constants 
can be investigated readily, without the necessity of repeating the 
full calculation for each change. 

Restrictions in the fixed-point theorem would appear to make 
this procedure invalid if there is any damping in the system other 
than that in the damper, and for minor criticals in which the 
exciting torques are out of phase. These points offer no great 
difficulties. In general, damping in the system will be small com- 
pared to that in the damper and its effect will be to reduce the 
amplitude below that computed for the damper alone. For 
minor criticals a close approximation to an optimum damper can 
be obtained by placing at No. 1 crank an exciting torque Q,2 
where 28 is the vector sum of the relative amplitudes of vibration 
of the cranks in the particular mode under consideration, made 
in accordance with the usual procedure for amplitude calcula- 
tions. This same approximation can be made also for major 
criticals, where the exciting torques are in phase, with but little 
loss of accuracy, and the calculations are considerably shortened 
thereby. 


Tue TUNED or Sprinc-ConnecTep DaMPER 


For the damper with a spring-connected damper mass applied 
to an engine system of n masses there are 2n — 2 fixed points. 


RESONANCE CURVES FOR UNTUNED 


ZW 1.3 14 Ls 
System or Four Masses Pius DamMpEeR 


These lie at the intersections of the resonance curves with the 
damper damping constant zero and infinity (locked damper). 
Fig. 2 illustrates the general nature of these curves for a 4-mass 
system, plus damper, with the excitation applied to mass 4 and 
the relative amplitude 6,, plotted. Both the damping constant b 
and the spring constant k are subject to adjustment, and the 
endeavor will be to so adjust them that the amplitude in the 
vicinity of the resonant peak which is of predominant interest is 
minimized. This is a matter of trial for which no fixed rules can be 
given. The position of and amplitude at the fixed points are 
altered by adjusting the spring constant k. An optimum value 
of k is that which will minimize the amplitude at the fixed points 
of interest and this may be, as in the case of the single-degree- 
of-freedom system, when two adjacent fixed points have equal 
amplitudes. 

In the system of Fig. 2, note that & is optimum as regards points 
5 and 6 but not as regards 3 and 4. To equalize 3 and 4 would 
have required a slightly lower k but then the amplitude at 5, 6, 
would have been larger. With k suitably adjusted, b can be found 
by the method previously outlined so as to hold the amplitude 
to the approximate value at the fixed points. In the example 
shown in Fig. 2, b was determined so as to give zero slope at fixed 
point 3. 

It will be noted that this damper is quite ineffective for the 
lowest peak. To reduce this would require a much smaller spring 
constant in the damper. 

Some engine arrangements can be approximated by a system of 
two spring-connected masses. In Appendix 2 formulas are de- 
vised for four special cases of this arrangement for the tuned and 
untuned (Lanchester) damper and for the excitation applied at 
the same end and on the remote end to the damper. These 
derivations are lengthy and only the salient steps are given. The 
previously known solutions for a single-degree-of-freedom system 
plus damper are special cases of these more general solutions. 
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284. Solving for x, by determinants, there is obtained 


z, = D,/D.. 


Appendix | where 


41HE Frixep-Point THEOREM 


A system of masses m, me, etc., are connected to a rigid frame 
by springs k;, ke, etc., and interconnected by springs kis, kis, etc. 
Fig. 3 represents such a system for three masses. In the ordinary 
torsional system only the springs ki2, kes, ku, etc., are present. 
Simple harmonic forces F;, F; etc., act on the masses. Consider- 
ing all forces and motions as rotating vectors whose horizontal 
projection is equal to the actual motion, the force equations for 


F, 


RR = 








mw? 


kis =_ @ 





Fie. 3 System ror THREE Masses 
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Consider any k in the determinants, either of single or double 
subscript, and call it kz. Then if the determinants are all ex- 
panded z;, will be of the form 


ar + Cy ka 


Ce + cy ka 


yi = 


for the k,? terms in the determinants all cancel. 
Now, let the spring k, be paralleled by a dashpot. 
equivalent to replacing k, by a complex number 


This is 


Then z; is of the form 


Ce + Ok + jhwe, 
Co + cyk + jbwe, 


i= 





The amplitude’ of z; is 
te (co + ck)? + bYw'e,? 
(cy + ek)? + bw? 





|x| will be independent of b if 


Cotchk  .% 
c, + csk 
The roots of this equation in w*, necessarily all real, are fixed 


points for |z,|. 
For z, there can be written 


and for the relative motion 
1-3 = (D, — D:)/D 


2, — 22 is of the same form as Equation [7] and therefore has fixed 
points with amplitude independent of 6. 

Since z, and z: can represent any two masses the theorem is 
true for all masses or all relative motions. 

If the F-forces are not in phase or if there is other than a single 
spring paralleled by damping, an equation of the form of Equation 
[7] cannot be written, and fixed points do not exist. The proce- 
dure in such cases has been discussed earlier in the text. 

In the derivative F has been assumed constant, but obviously 
the proof holds if the F-forces are proportional to w* or are any 
other function of w, provided only that they are in zero or 180-deg 
phase. 


Appendix 2 


CASE 1 
Consider a 2-mass system plus tuned damper, excitation ap- 
plied to the damper end, Fig. 4. 


*, 
mM, 


i 


Fie. 4 Two-Mass System Pius Tunep Damper: 











Case 1 


By Appendix | the motion determinants are 


| (Mw? — K) K 0 
D = | K (Musx*—K—kg) keg |... (12) 
0 ka (mw? — ky) 


‘ Amplitude: here defined as length of the rotating vector. 


JOURNAL OF APPLIED MECHANICS 


SEPTEMBER, 1955 


0 K 0 
D; —F (Maw? — K — ky) kg 
0 ka (mo? — ky) | 


(Mw* — K) 0 0 
K —F ka 
0 0 (mw* — ky) 


(M,w? — K) K 0 
Ds = | K (Mat—K —&,¥" | aa 
| 0 ka 0 


.. [18] 


| [14] 





re 


With the substitution of 
eS Se ee: [16] 
there is obtained from these 
|p|? = w*{ [MiMemw'* — w%Km(M, + Mz) + kM,(M, + m)) 
+ Kk(M, + Mz + m)]}? + b%w"[w*M)(M,z + m) 
— K(M, + Mz + m)j?} 
[D, — Dz]? = |F|%e*{ (Mime? — kM,)* + b%w*M,?} . . [18] 
|D, — D,|? = |F}*w{ Mma? — Km)? .... [19] 
Since 
ID, —- D,|? Cy + Cob? 


lz, — z,|* = —— 


IDI? ate 


G& + cab? 


The relative motion |(z, — z2)| is independent of b 
if 


Equation [21] reduces to the equation of the fixed points 


w*[2M,Mam + M,m?*] 
—w?[2kM,M, + 2kMym + 2KMim + 2K Mem + Km? 
+ 2Kk[M, + M, +m] =0........[23] 


and Equation [22] gives 


Jz — 22| _ M, 


food = —EE 
|F| w*, ,Mi(M: + m) — K(M, + Mz +m 





7 ae 


Taking + for w,? and — for w,* and equating the amplitudes, 
there results 


(w? + w,2)Mi(Ms + m) — 2K(M, + Mz + m) = 0... [25] 


But w,? + w,? is equal to the coefficiert in brackets of the w* term 
of Equation [23] divided by the coefficient of the w‘ term. Sub- 
stituting this in Equation [25] and simplifying, there is obtained 
the condition of optimum tuning 


A = m(2M.M; +3Meam + 2M;* + m*) 


= _.. 126 
K 2M\(M; + m)? [26] 





Substituting this value of k/K in Equation [23], there is obtained 
the equation of the fixed points 


Mim(M,; + Mz + m) 
j + ~ 
M,(M,z + m) 








.. [27] 


was = K 
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With these values of w* substituted in Equation [24] the relative 
amplitude of M,, M; at the fixed points is obtained 


M,(2M2 + m) 


” K*n(M, + M; +m)" *’ 


[ni — 2 
FI? 


[28] 


If M, and m are locked together the system vibrates as a 2-mass 
system with a frequency w, designated the locked frequency, 
which lies between w, and w, 
, K(M, + Mz + m) 

~ MM, + m) 


Wy 
At this frequency Equation [22] reduces to 
M;? 
Ms, + m)? 
(Mz + m)*M,b* 


a” ee _— 
(M, + Mz. + m)m‘K* 


lr, — 2/2 


lr?] 0 KM, 4 


[30] 


The optimum value of b will be determined by making the ampli- 
tude at the locked point equal to that at the fixed points. Equat- 
ing [28] and [30] and solving for b? there is obtained the optimum 
damping constant 


, Km(2M,M2 + 3Mam + 2M;? + m?) 


b? wai 


(M, ++ m)*M, + M, + m) 


With optimum k from Equation [26] and optimum b from Equa- 
tion [31] substituted in the relation 

ID, Ds 

— ae [32] 

\D 
there is obtained the relative damper amplitude at the locked 
point 
|F\M.(M; + m) 


le, —— al an ———————. ....... [33 
2 — 1 Kel, + Me + m) (33) 


Numerical calculations show that for the ordinary proportions 
of damper mass to main masses the maximum relative amplitude 
of M, and M; and the relative damper amplitude will exceed the 
amplitudes at the fixed point, given by Equations [28] and [33], 
respectively, by only a few per cent. For a precise calculation of 
the maximum Equations [30] and [32] can be plotted: 


CASE l(a) 

The formulas for the single mass plus damper system are ob- 
tained from the foregoing by writing M; = ©, M, = M. Wenote 
the results. 

The optimum tuning is given by 


k mM 


K ~ (m + M)? 


With this value of & the fixed points are located at 


K m 
"45 = _~| 1+ — 
M+m V/ m + 2Mm 


and the amplitude at these points is 


F| _|/m + 2M 
jzy| =! rt a 
K m 


For equal amplitudes at the locked point and the fixed points 
there is obtained 


DAMPER 


| 2m3MK 
~ (M + m)* 


a value of 6 slightly larger than given by the criterion of Brock 
(6). With optimum k and } the damper relative amplitude is 


\F\(M + m) 
lz — 2, oe 
km 


At the locked frequency the energy absorbed per cycle wil! be 
m\F |? [2M 
K m 


W = 


CASE 2 


The formulas for the two-mass system plus untuned (Lan- 
chester) damper are derived from the foregoing by setting k = 0. 
At the fixed point 


. K(2M, + 2M, + m) 
FM 2M; + m) 
and the relative amplitude at this point is 


\F\(2M. + m) 
Km 


r| = 


The optimum damping constant is determined from the condition 
d |\D, D, 2 
d(w*) |D}? 
which leads to 


he KMywn*(2M, + 2M, 
* ™ “MM, + mX2M, + m 


tT m) 


CasE 2(a) 


Single degree of freedom plus untuned damper. With M, = o, 


M. = M in Case 2, the formulas reduce to 


F(2M + m) 
Km 


2Mm'*K 
™ (M +m)2M + m) 


b? 


a result derived independently by Carter, Neugebauer, and 


Brock (1, 2, 6) 


Fic. 5 Two-Mass System Pivs Toneo Damper; Case 3 


Fig. 5, two-mass system plus tuned damper—excitation applied 
at the end remote from the damper. 

The derivation is similar to that for Case 1, and we merely note 
the results. 

The fixed points are located at 
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2M,MAM, + m) 





K /2M:Mam(M, + M, + m) 


K(M, + My + m) 
M,\(M; + m) 


Was = 


at which the relative amplitude is 
Ay “oMiM, tm 
en 2K YM, + Mz + m) 
The optimum tuning is given by ‘ 
k m(2MM, + 2M,? + 2Mm — Mim) 


K 2M\(M: + m)? 
and the optimum damping 


b? = K(8MiM; + 8M,? + 8M ym -= Mim)m 


4(M; ~ m)%M, + M, + m) 

At, the locked point the damper relative amplitude is 
\F\(M, +m)? 

Km(M, + Mz + m) 


i223 — Z3| = 


| 


CASE 4 


Fig. 5, untuned damper, exciting force at the end removed from 
the damper. 
The fixed point is given by 
P K(2M,M, + 2M;? + 2Mam + Mim) 


i 2M.MAM; +m) 
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and the amplitude at this is 


2\F\MM: +m) 


Zi — 2, SS - 


KMym 
The optimum damping is given by 


b KM.m*(2M.\M, + 2M,? + 2Mymn + M.m] 


b? 
2M,(M; + m) : 


For the untuned damper, in the preceding derivation, as well as 
in the more general case, the “optimum’’ damping has been de- 
fined as that which passes the resonance curve through the fixed 
point of interest with a zero slope. 

For the tuned damper the optimum tuning has been defined 
as that which gives equal amplitudes at the fixed points, and the 
optimum damping as that which gives equal amplitudes at the 
locked point and the fixed points. This definition of optimum 
damping ha: been adopted because of the relative simplicity of the 
analysis. It gives a damping constant and a maximum amplitude 
differing slithtly from that of Brock (6), who defines it as the 
mean of the values which give a zero slope at each of the fixed 
points. 

None of these definitions produces a true minimum for the 
amplitude. The determination of this has so far proved pro- 
hibitively difficult. The amplitudes produced by the foregoing 
optimum values are so close to the true minimum values that 
the discrepancy is of no importance, 





An Approximate Nonuniform Bending 


Theory and Its Application to the 
Swept-Plate Problem 


By H. J. PLASS, JR.,? AUSTIN, TEXAS 


Differential equations and boundary conditions are de- 
rived, by means of the calculus of variations, for cylindrical 
bars in nonuniform bending. The resulting equations are 
used, together with similar nonuniform torsion equations, 
to obtain deflections and stresses in swept cantilever plates 
of uniform rectangular cross section. Comparisons are 
made with experimental results for plates with four differ- 
ent sweep angles. The theory predicts deflections quite 
close to those found experimentally. Stresses computed 
from the equations, however, are not in as close agreement. 
It is also noticed that the theory is less accurate for large 
sweep angles than for small ones. 


1 INTRODUCTION 


ECAUSE of certain aerodynamic advantages, modern 
high-speed aircraft have been equipped with swept-back 
wings. Analysis of the deformation of such structures 

under given loads is very difficult unless certain simplifying 
assumptions are made. Recent studies on this problem have been 
carried out at the California Institute of Technology? in which the 
swept wing is idealized as a flat homogeneous isotropic plate 
having the same plan form as the wing. In this study, both 
theoretical and experimental values were obtained for the deflec- 
tion under various kinds of static loading. The theoretical phase 
of the study is based on plate theory and predicts values of de- 
flection which are consistently too large. 

In this paper the assumption is made that the wing can be 
idealized as a homogeneous isotropic prismatic bar having the 
same cross section as the wing. The advantage of treating 
the problem in this fashion is that cross sections other than 
rectangular can be handled with ease. As parameters which de- 
scribe the deformation of the idealized wing, we select the slope of 
he axis, the angle of twist, and the chordwise curvature of sections 
perpendicular to the axis of the bar. The conditions assumed for 
the end corresponding to the root of the wing are those which most 
Details about these boundary 
Now we mention only that 


closely approximate a fixed end. 
conditions occur later in the paper. 


1 The results of this paper were obtained in the course of research 
sponsored by the Navy Bureau of Ordnance under Contract NOrd- 
9195 with The University of Texas. 

2 Associate Professor of Engineering Mechanics and Research En- 
gineer, Defense Research Laboratory, The University of Texas. 

3Series of reports entitled: ‘‘Theoretical and Experimental 
Effect of Sweep Upon the Stress and Deflection Distribution in Air- 
craft Wings of High Solidity,”” AF Technical Report No. 5761; ex- 
perimental results referred to are given in Part 3 of the series. 

Presented at the National Conference of the Applied Mechanics 
Division, Troy, N. Y., June 16-18, 1955, of THe American Socrety 
or MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1955, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, March 2, 1954. Paper No. 55—APM-6. 


they are conditions on the rate of twist, the axial curvature, and 
chordwise curvature at the origin. 
torsion and bending of the bar to be nonuniform. 

A suitable approximate theory of nonuniform torsion has been 
developed by Goodier.‘ Certain this 
theory will be presented in Section 2 of this paper. What re- 
mains to be developed is an approximate theory of nonuniform 


Such conditions cause the 


important results of 


bending, in which the change in shape of the cross section due to 
The details of nonuniform bending 
In Section 4 the results of the two 


Poisson’s ratio is considered. 
are presented in Section 3. 

theories are combined in the analysis of a skew cantilever cylinder 
of rectangular cross section. An approximation of a similar na- 
ture has been given by Reissner and Stein;s however, theirs 
uses plate theory as a basis. Computations are made for one 
particular model of a skew cylinder subjected to a twisting torque 
at its end. 
results obtained by the group at California Institute of Tech- 


Comparisons are then made with the experimental 
nology for this model. In some instances, good agreement is ob- 
tained, and in others, especially for the cases of high sweep angles, 
the agreement is poor (see Figs. 5 and 6). 


2 NoNnuUNIFORM TORSION 


The classical Saint-Venant solution for the problem of uniform 
torsion of prismatic bars demands that the cross sections, origi- 
nally plane, become warped after the application of the twisting 
torque. Each cross section suffers the same amount of warping 
In the co-ordinate system of Fig. 1 the displacements in the z, y 
and 2-directions are respectively 


= ayz 
= azz 


w = adg(z, y) 


where @ is the warping function, which is dependent upon the 
shape of the cross section. It satisfies Laplace’s equation 
o*p op 
ox? oy? 


[2a} 


= Oink 


and on the boundary L, the normal derivative satisfies the con- 


dition 


dod 


2) 
dn , 


where n, and n, are the z and y-components of the unit outward 


normal. 


‘“‘The Buckling of Compressed Bars by Torsion and Flexure,”’ by 
J. N. Goodier, Cornell University Engineering Experiment Station, 
Bulletin No. 27, December, 1941. Goodier’s work is a generalization 
of Timoshenko’s nonuniform torsion equation for I-beams. See 
“Collected Papers,” by 8. P. Timoshenko, McGraw-Hill Book Com- 
pany, Inc., New York, N. Y., 1954. 

‘Torsion and Transverse Bending of Cantilever Plates,"’ by E. 
Reissner and M. L. Stein, NACA TN 2369, 1951. 
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If the conditions of the Saint-Venant problem are altered by 
requiring that one end, say, z = 0, be fastened to a rigid bace so 
that it cannot warp, then the twist rate is no longer a constant. 
This is most readily demonstrated by means of the theorem of 


Displacement 
Directions 


5s. Me 


>< 


Fie. 1 Twistep CYLINDER 


minimum potential energy. Goodier* has published the details 
of the method, and hence only the important features are re- 
peated here for the benefit of future reference. It is assumed that 
the displacements are given by the following equations 


u = —Qy ) 
v = Or 
w = 2’¢(z, y) | 


where Q is the angle of twist of the cross section in radians, and is 
considered to be a function of z only. The prime indicates dif- 
ferentiation with respect to z. The potential energy of the 
twisted bar acted on by a torque M;, is given by 


1 i 

GC ET 

V; = f (Q’)*dz + — f (2")%dz — M,Q(1). . . [4] 
2 0 2 0 


= shear modulus 
= elastic modulus 


torsion constant = SS, ( +y+2 = —y 9) 


dr dy 


r torsion-bending constant = SS (d(x, y)]? dx dy 
/R 


In this expression, the first term represents the strain energy of 
torsional shear strains, and the second term represents the strain 
energy of axial strains caused by restraint of warping of the cross 
sections. The theorem of minimum potential energy states that 
of all possible sets of displacement functions which might be used 
to describe the shape of the twisted bar, the true set is the one 
which minimizes the potential energy. Our assumed displace- 
ments, as given in Equations [3], certainly are not of general 
enough form to include all possibilities. We can at best get only 
an approximation by choosing 2 such that Vz is minimized. This 
approximation is sufficiently good for most engineering applica- 
tions. When the calculus of variations is applied to Equation 
[4] we obtain the following differential equation and houndary 
condition for Q 


Gcn' — ETQ’" = M, 
n*(1) = 0 
It is assumed that at z = 0 we satisfy the geometric conditions 


(0) = 0 
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The solution to Equation [5] subject to the Boundary Conditions 
[6] and [7b] is 


4 


0’ = y {1 + tanh gi sinh gz — cosh qz}.. . [8] 


G 


where ¢ = V(GC)/(ET). For very long cylinders, we can con- 
sider tanh gl = 1, and Q’ can be written 


Mr 


i GC 


os 8 a 


It is seen from Equation [9] that as z gets larger, the value of ’ 
approaches the constant value M,/(GC), the value for uniform 
Saint-Venant torsion. 


3 NONUNIFORM BENDING 


When a prismatic bar is loaded by pure bending couples in a 
principal plane of its cross section, the centroidal axis of the bar is 
bent into a circular arc, and the shape of the cross section is 
changed due to the effect of Poisson’s ratio. The section change 
is such that straight lines in the section perpendicular to the plane 
of the bending are curved in the opposite sense to the axial curva- 
ture. This phenomenon is known as anticlastic curvature. 

In the event that this anticlastic curvature is prevented, say, at 
one end, it is reasonable to assume that the axial curvature will 
not be constant near that end. It is the purpose of this section of 
the paper to construct an approximate theory for this type of 
bending. 

For cylinders in uniform torsion, the angle of twist is a linear 
function of the axial co-ordinate. The approximate nonuniform 
torsion theory is an extension of the uniform torsion theory with 
the added assumption that strain energy over and above that due 
to torsional stresses arises from variation of warping along the 
axis. As a parallel to the development for torsion, we start here 
with a bending problem, whose exact solution is known, in which 
the axial curvature A’, as shown in Fig. 2, is a linear function of 
the axial co-ordinate z. This problem is the terminal load flexure 
problem. The complete solution in the form used in this paper can 
be found in Sokolnikoff’s book.* The solution for this problem 
predicts a warping of cross sections proportional to the rate of 
change with respect to z of the axial curvature. The correspond- 
ing relation in the uniform torsion theory is the proportionality 
between warping and twist per unit length, as given by the ex- 
pression for w in Equation [3]. From the solution in Sokol- 
nikoff’s book, we have the displacements in the z, y, z-directions, 
respectively, given by 

v 3 


bt Oi — 9) — — 4 
az - zx? — y?) — — - 
4 RIL2 ee 


Ft W (] 
azr 4 FI v( 


-z)xry 


y 


a » ate 
ad(x, y EI 


| a, y) + ry? 


Ww terminal load 

I moment of inertia of section about y-axis 
Poisson’s ratio 
flexure warping function 


v= 
P(z,y) = 


***Mathematical Theory of Elasticity,” by I. S. Sokolnikoff, 
McGraw-Hill Book Company, Ine., New York, N. Y., 1946, p. 122. 
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It is assumed in deriving Equations [10] that the z and y-axes 
are principal axes through the centroid of the section. The terms 
containing @ are torsional displacements which vary in size as the 
position of application of W is changed. If W is applied at the 
shear center, then a@ will be zero. For sections symmetric about 


Fic..2 Cy.inper in Termtnat Loap FLexure 

the z-axis, the position of W for no torsion will be along the z-axis. 
Now, making use of the fact that the bending moment at any sec- 
tion is given by Mz, = W(l — z), and that M,/EI = A’, we re- 
write Equations [10] as follows 


z 
Qy + Adz 
J0 


Qzr + vAry 
| 


w = {)'’d(x, y) — Az + A" [P(z, y) + zy?) } 


To simplify the discussion, we now assume W so applied that 
the torsional displacements vanish. Then we get 


z 
u= [ Adz + 
0 


) 
| 
| 
| 


v , ” 
A'(2? 
? 


v = vA'ry 


Ar + A" [®(z, y) + zy?) | 
/ 


w= 


The first term in the expression for w in Equations [12] is the axial 
displacement which we get from elementary beam theory, in which 
plane sections are assumed to remain plane. The second term 
represents the out-of-plane warping associated with varying 
curvature. 

One of the conclusions to be drawn from Equations [12] is that 
the transverse curvature, equal to 0°u/dy*, is equal to —vA’, A’ 
being the axial curvature. It is not reasonable to assume that 
this relation holds in the case of nonuniform bending. It is more 
probable that the axial and transverse curvatures have no simple 
relationship connecting them. To take account of this possibility 
we modify Equations [12] so that.a new variable K, the transverse 
curvature, appears together with A. Consider the displacement u 
orz = 0. From Equations [12] we have 


z y? 
{nae our 2 
0 2 


We shall replace vA’ in the second term of Equation [13] by K. 
The actual manner in which K varies with z will be found later by 
means of the theorem of minimum potential energy. The as- 
sumption is now made that in those terms representing variations 
of displacement in the transverse direction, vA’ is always replaced 
by K. With this assumption, we can easily modify the first two 
displacement relations of Equations [12]. We obtain for u and » 


the following 
z 
f Adz —_ K . 
0 


Kzy 


(ujeuQ = 


Before we can modify, in like manner, the deflection w, the struc- 
ture of the flexure warping function ®(z, y) must be examined. 
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Since the paper is primarily concerned with applications to wing- 
like structures, we limit our attention to the approximate form of 
(zx, y) for sections whose width in the y-direction greatly exceeds 
the thickness in the z-direction. The function ®(z, y) must be a 
harmonic function subject to the boundary condition on C 


d® vy 
(eee. 


ig 2. 


(footnote 6, page 229). For our case, that is, the very thin section, 
d?/dn is approximately equal to d@/dz, except near the ends 
of the section. Then 0@/dz on the boundary is approximately 


of Pte 4 OF re 
i Gite oz + - yy>jonLl.. (15) 


Consider the harmonic function 


® = 


viryn, 


A(z3 Sry”) + Br.. 
On differentiating, we obtain 

ob 

Oz 


ta, the upper and lower surfaces 


om 
Or 


Thus, atz = 
3A(a*?— y*) + B 18) 


Then, on comparing Equation [15] with Equation [18], we obtain 


3Aa’ 


Thus we have approximately 


1 v 
(1— Jo 
3\ 2 


Then from Equations [12] and [19] we have for w the following 


v v 1 we 
w = —Az + A’ ; zy* + 3 _ 3) a at | . [20] 


On using our assumed modification, that of replacing vA’ by K 
whenever variations with y occur, we have for all three deforma- 


= - 3ry*) - 19] 


tions (see Equation [14]}) 


Kry 


y — 
Az + 5 K’ xy? + A [3 (1-5 


The last terms in the expressions for u and w in Equations [21] 
represent the shear deformation due to the transverse shear load 
W. These deformations will be ignored in what is to follow, as is 
done in elementary beam theory. When we drop these terms, we 


have 
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1 } 
w= —Azr+-—- K'zy? | 
2 ) 


It will be assumed now that the deflections of all thin cylinders are 
given by Equations [22]. The method of finding the values of A 
and X at various cross sections is discussed below. 

Consider the strain energy of a bent cylinder, whose deflections 
are those of Equations [22]. We use the usual relations connect- 
ing strains with displacements, and Hooke’s law for a homogene- 
ous isotropic material and cbtain the stresses 


2 * Tq = Tz = 0 


1— py? 


6.7 (vk: — As + - K's) 


1— yp? 


1 
K —vA'x + 2 K'2y') 


o 
E 
E 





= 2GK'ry 


The strain energy is given by 


1 
U,; = off loye, + O.€, + TeyVey) dx dy dz 


On substitution of stresses and strains into this expression, we 
obtain 


= A [K? — 2vKA’ + (A’)*]dz 


l 
[VKK” — A’K” + 2(1 — v)(K")*]dz 
0 


EH, 
+ oq K dz. . [24] 


The constant I’ has been defined following Equation [4]. An 
examination of the structure of the warping function @(z, y) 
shows that for thin sections $(z, y) = zy + small additional cor- 
rections. ThusIT’ = SSpxty? dz dy in the foregoing. The con- 


stant Hz is defined as 
ff x*y* dx dy 
R 


The potential energy of the strained bar together with its loads 
is as follows 


; [ y 
ie vs ff dM, } A(l) — K“(l) © 
.- t 2 


where U is given by Equation [24] and dM, is the portion of the 
bending moment acting over an element of length dy. The 
bracketed expression is simply the angle of rotation of this ele- 
ment about the y-axis. 

Assuming 


H,; = 


2 x, and w(l) = — [A(l) — $ K(l)y'] x 


o,,=—— 


I 


we get 
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r 
Vg = Ug — MgA(l) + Mg or K'(1) [26 ] 


For equilibrium, the variation of Vg must be zero. Treat- 


ing A’ and K as independent, we have 
: EI oo : : 
6Vz = i a 2 [K6K — v( K6A’ + A’6K) + A’6A’] d 
0 
SO 
ya (Vi K6K" + K"6K) — (A’6K” + K’6A’) 
0 


+ 4(1 — v)K’6K’] dz 


EH t 
- 4. f K"6K" dz 
i 
0 
l r l 
— M, | f 6A’ dz —- f aK ae | = 
0 21 0 


Upon integration by parts in the foregoing, we obtain 


l GT 
f r= > (7K + A’) — K* — Me | 6A’ dz 
0 l - l1—vp 


l( ET GT 
+f {es BE mah) +: (4 + 6v)K” — A’) 
~- , 


ahs » Fae 
i | C 


GT 2GH, M,l 
——— (vK — A’ K" 5K’ > 
+o hs . a | f 


+ 4] sorx’— 


The integrands both vanish identically because of the arbitrari- 
ness of 6A’ and 6K. Thus we obtain a pair of simultaneous linear 
differential equations in A’ and K, which can be reduced to the 
following 


2GH, 
l1—vp 


: : G a ) 

EIK — 4GIK’ + —— (2114— ) K* = yM; | 

l—vp 2] 
.. 28] 

; M,(1 — yp?) 4 ery. 

A’ = ET +vK + oI K | 
The boundary conditions are of two types, the geometric and the 
natural. The geometric conditions are those specified for u, A, 
A’, K, and K’. The actual specification of the values of these 
quantities will be given later. In our problem they can be speci- 
fied only at z = 0, and having been once selected, it is assumed 
that their variations are zero in the variational theorem. The 
natural boundary conditions are those resulting from setting equa! 
to zero the last two bracketed expressions in Equation [27] for 


z =U. The results are 
K"(l) =0 


2GH 


GT 
4GT K'(l) — = (vK’(l) — A"(l)] — 2 K''(1) = 0.. [29] 
— —— py 


We must then solve for K from the first of Equations [28] with 
two geometric boundary conditions at z = 0 and the two natural 
boundary conditions, Equations [29]. The terms involving 


derivatives of A can be related to K through the second of 
Equations [28]. 
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It is known that when a cylinder whose cross section is thin 
compared to its width is subject to bending, the anticlastic curva- 
ture is considerably different from the simple parabolic shape 
which is predicted by linear elasticity theory. To discuss this 
effect in detail we require a nonlinear theory, that is, one which 
takes account of the fact that changes in shape of the body are 
significant in determining the stresses. Such a theory is given by 
Ashwell.’ For very wide cylinders, the section shape is not 
curved uniformly, but is quite flat except near the ends. Because 
of the flatness, transverse stresses are present, and the moment- 
axial curvature relation is 
Vv EI 
a 
instead of EIA’. 

To include this effect in our theory, we shall change J to 7/(1 — 
v?) in Equations [28]. No change occurs in the boundary con- 
ditions. We then have 


Elk —4GQK’ Ot ee EU = Oe tae 
1 — y' ‘ee i—pi * 2] _ he 
— p?)2 
+ypwK + 
El 2! 


M,(1 
A’ = — 


In the calculations of deflection for the specimens considered in 
this paper, Equations [30] are used instead of Equations [28]. 


4 NoNnuNIFORM TORSION AND BENDING oF SKEW CYLINDERS 

As an application of the foregoing theory, we consider a skew 
cylinder, Fig. 3, of slant length /, and swept angle 8. One end of 
the cylinder is assumed to be clamped, the other subject to bend- 
ing and twisting moments M, and M,. From statics, we can 
show that the bending and twisting moments on section R, i.e. z = 
constant, are given by 


M, = M,sin 8B + Mz cos Bl 
VU, Mr cos 8 — Mz sin Bf 


We shall assume that the differential equations governing the de- 
flection are Equations [5] and [30]. Some remarks must be made 
concerning the boundary conditions at the two ends of the skew 
cylinder. At the fixed end we shall assume that the deflection of 
the origin is zero, that the angle of twist © is zero at the origin. 
Next, we assume that the deflection of the point P in Fig. 3 is zero 
also. In addition to these conditions, we also assume that the 
curvature in the direction of OP, and the twist rate at the origin 
If we let wp be the symbol for the deflection of the mid- 
dle plane of the cylinder in the x-direction, the conditions on de- 
flection and twist are 


are zero. 


uo —b, b tan 8) = 0) 


[32] 
0) = 0 f 
The conditions on curvature and rate of twist are 


K(0) cos? 8 
2’(0)(cos? B 


- 2)’(0) sin B cos 8B — A’(0) sin? B 0} 


ae Pits +. >. [33 
[A’(0) + K(0)]sin B cos 8 = Of 


sin? 8) + 
The manner in which the conditions for the loaded end are 


7™*The Anticlastic Curvature of Rectangular Beams and Plates,” 
by D. G. Ashwell, Journal of the Royal Aeronautical Society, vol. 54, 
1950, p. 708. 
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specified will now be discussed. The assumption is made here 
that the deformations of the cylinder are the same, whether the 
moments are applied as shown in Fig. 3, or are applied on a sec- 


tion z = / perpendicular to the axis, as long as the resultant 


. 


XY Section & 


Fie. 3 
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CANTILEVER SKEW CYLIN 
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RENDING 


osytpyics tates ee 
™ ® 


x 


moment is the same; that is, the resultant moment, and not the 
surface on which it is applied, is considered of primary impor- 


tance. Thus the conditions at z = / are the same as in an 


unswept cylinder, and we have the boundary conditions 


Q"(1) = 0 
K"(l) = 0 


] l y? 
1 v 8/ 2r 


5 Comparison Wits ExperRIMENT 


The theory of Section 4, together with the stress formulas of 
Equation [23], was applied to a series of specific cases for which 
experimental data are available.* Only the results of computa- 
tions are shown in this paper. Fig. 4 shows the model for which 
comparisons are made. Figs. 5(a, 6, c, d) show the comparison 
between theory and experiment for lines of equal deflection; and 
Figs. 6(a, b, c, d) show the comparison for stresses. A glance at 
these figures tell: us immediately that the largest discrepancies in 
both deflection aud stress occur in the vicinity of the fixed end 
This is not surprising since the theory is not flexible enough to fit 
the conditions of a truly fixed end. The results are quite satis 
factory for points not close to the fixed end. 

It should be mentioned that agreement between the theory 
presented in this paper and the experimental results selected 
constitutes primarily a check on the nonuniform bending theory, 
since the torsion-bending constant I is very small for narrow 


rectangular sections. 


Mope.t Usep 1n Ex- 
PERIMENTS 


Fia. 4 
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(Leaded at tip with torsional moment vector of 45,000 in-lb perpendicular to 
tip; B = 0 deg.) 


Theoretical 
~++--+--~ Experimental 


Fic. 5(c) Deritection PatTrerRN 


(Loaded at tip with torsional fer yes vector of 45,000 in-lb perpendicular to 
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(Loaded at tip with torsional moment vector of 45,000 in-lb perpendicular to 
tip; 6 = 20 deg 





— Theoretico 


~~ Experimenta 


Fic. 5(d) Deritection PATTERN 


(Loaded at tip with torsional moment vector of 45,000 in-lb perpendicular to 
tip; 8 = 60 deg.) 
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Simplified Formulas for Boundary-Value 


Problems of the Thin-Walled 


Circular Cylinder 


By FREDERICK V. POHLE? anp S. V. NARDO,* BROOKLYN, N. Y. 


N. J. Hoff has presented formulas which can be used in 
the solution of boundary-value problems of circular 
cylinders. The purpose of this note is to express these re- 
sults in exact simplified form; a more detailed investiga- 
tion appears elsewhere. The notation will be that of 
Hoff,‘ unless otherwise stated. 


HE quantities o,, 7», Teg, Mz, Mo, Meg, Q2, Qo, Qo eft, Vz eff 
are known in terms of the displacements and their deriva- 
tives, by [8-12]. The displacements are 
given by Equations [13 a, b, c]‘ and the complex constants B and C 
are known in terms of the real constant A by Equations [14],[15].‘ 
The essential property of these coefficients B, C, is that the 
numerstors are polynomials in p and the denominators are solely 
of the form (p? — n?*)?. 
Let 


Equations 


~P = —a + i181; pro = —ae + if. 


to distinguish the p-values in Equations [30], [40], respectively, by 
Hoff‘; p; and pe are the distinct roots of Equation [17a]‘; that is 


pit + prt = 2n? + 2K? 


and 


Also, one has 


p;? —n? = —(1 + i)Kp; } 


p2* nt = (1 + i)Kp. 
Equations [4] follow from Equations [39}], [17b],‘ respectively. 
If the two sides of the equations in Equations [4] are subtracted, 


1 This work was performed under a consulting contract with the 
Knolls Atomic Power Laboratory, Schenectady, N. Y., operated by 
the General Electric Company for the United States Atomic Energy 
Commission. The authors are indebted to the company, to the AEC, 
to Dr. John Zickel, and to Mr. Daniel R. Miller, the project super- 
visor, for their permission to publish this paper. 

? Assistant Professor of Applied Mechanics, Polytechnic Institute 
of Brooklyn. 

* Associate Professor of Aeronautical Engineering, Polytechnic 
Institute of Brooklyn. 

‘**Boundary-Value Problems of the Thin-Walled Circular Cylin- 
der,” by N. J. Hoff, Journat or Apptiep Mecuanics, Trans. ASME, 
vol. 76, 1954, pp. 343-350. 

“Stresses in Cylinders With Elastic Edge Support. Part III, 
Simplification of Equations,’’ by F. V. Pohle and 8S. V. Nardo. To 
appear as a KAPL report. 

Presented at the National Conference of the Applied Me- 
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Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, September 14, 1954. Paper No. 55—APM-9. 


respectively, then p,; and 7» are linearly related as follows 
~i — PD: —(1 + i)K... et . [5] 


Squaring both sides of Equation [5] and comparing the result 
with Equation [2] one gets 


Pipe = n® — [6] 


Equations [4] show that any positive integral power of p(= pn, 
p2) can be expressed as a linear function of p. The only form of 
any denominator containing p is (p* — n*)? and this expression 


can always be replaced by 2i:K*p? by Equation [17a].‘ 


pi? = n‘/p,*, ps? = n‘*/p,* by Equation [3], the expression 1/(p,* 
n*)?, say, can be written as p,?/2iK*; thus the denominator ex- 
pression in p; has been transferred into a numerator expression 
in po. Since the remaining numerator terms also may be written 
solely in terms of p: by Equation [5], the resulting expression is 
again a polynomial in p2, which can be reduced to a linear ex- 
pression in p; (or pz). The result is that all coefficients in the 
Hoff formulas‘ can be written in terms of linear combinations of 
Qi, Qe, Bi, Bs, alone. 


Since 


APPLICATION OF PROCEDURE 


The systematic application of the procedure just outlined leads 
to the results listed in Tables 1 and 2. The constants H,... Hs 
have been used in place of A;, ... Ag of Hoff. The relations be- 
tween them are 

a 


To indicate the use of the tables, a typical term of, say, M,/{(D/a) 

cos ng] in Table 1 will be listed. The coefficient of H, is 

(1 — v)n* — K(a + B:)) 
+ sinh (a,x) sin (6,2) | 


A, = (—1)**(1/2)(H, + Hass); (n = 1,... 4) 
A, = (—1)**%1/2)(Hw— A,); (n = 5,... 8) 


cosh (a;x) cos (§;2z)| 
(a + B,)K] 


The coefficients of H,... Hs are determined in a similar manner. 
If the cylinder extends from z = 0 toz = ©, then 


a, = Baus} (nan @ th, ... 8)... 


and all results can be simplified. If w is an even function of z 


nw cig et Cis ah .. [9] 
and if w is an odd function of z 


N,,...H,=0 " [10] 


In certain cases, such as that corresponding to simply supported 
edges, the simultaneous equations can be solved explicitly in 
general terms. 

The solutions for n = 0 were omitted in the earlier paper.‘ For 
completeness, the results will be listed here. To avoid confusion 
with the cases n > 1, the constants will be denoted by G, . . . Gs. 
The results are 
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TABLE 1 RESULTS FOR FINITE CYLINDER; n 2 1 

Column 1 Column 2 Column 3 Celumn 4 Column 5 
w/cos ng 1 0 1 
2nK%v/sin ne (—a: + 62)K (1 + »)n* + K(a2 + 82) (aa — Bi) K 
2K*e,/En* cos ng 0 —1 0 
2K*ey/E cos ng (—am + B)K n? + K(a + fi) (a2 — f2)K 
M,/{((D/a) cos ng) —(1 — v)n*— K(ai + B:) (—a + 6i)K —(1 — v)n? + Klar + 82) 
M ¢/{((D/a) cos ng) (1 — v)n* — rK(an + 1) —vK(ai — Bi) (1 — v)n? + vK(az + Bo) 
Q¢/((D/a) Kn sin ng] a+ fi ai— pi —az —B: 
Qe ett/[(D/a*)n sin ng) (1— v)n? + (2— v) K(a: + 81) (2 — rv) K(ai — §:) (1 — v)n* — (2 — v) K(az + B2) 
cosh a2 cos fz Ay —H: 
sinh a2 sin 6,2 He A, 
cosh a,x cos Byx 
sinh az sin A,r 
cosh az sin A,r 
sinh az cos 8,2 
cosh a x sin 8,7 
sinh az cos f,z 


Aa 
Ns 


—Hs 
— Hy 


TABLE 2 RESULTS FOR FINITE CYLINDER; n 2 1 


w,z/cos ne wae. Bi —az 
2K*%u/cos ne (1 + v)§2— vK (1 + vlan + ¥K (1 + »)Bi + »K 
—B2 


aa 


2K*rz¢/En sin ng —pi —ae 
Mzg/[(1— »)(D/a)n sin ng) a —pi 
Q:/[(D/a")K cos n¢) n? + 2K: n? + 2Ka: —n*? + 2Kp: —n'? + 2Kas 
Qs ett /{(D/a*) cos nd] Kn* — (1 — »)n*a: + 2K% Kn? + 2K%a: + (1 — »)n%8i1 —Kn*— (1—v)n*a: + 2K%%2 —Kn? + 2K%a: + (1l—v)n%f: 
—H, 

Ae 


cosh a,x sin 6,2 —H: 

sinh az cos 8,2 —A 

cosh agr sin Bz 

sinh asx cos fyz 

cosh az cos B,r 

sinh az sin A,z re 
HA 
Hs 


cosh a z cos Br 


sinh az sin 8,2 


w = G, cosh (Kz) cos (Kz) + G, sinh (Kz) sin (Kz) Tey = [E/2(1 + v)]G4. 


1 — v2 inh (K K 
HEPAT HID +E aah (hs) e(Es} M, = —(D/a*\2K*)[—) sinh (Kz) sin (Kz) 


h (Kz) sin (K: 
Vee een + G2 cosh (Kz) cos (Kz) 


w,, = [(Gs + Gs)K] cosh (Kz) cos (Kz) — G; cosh (Kz) sin (Kz) 
+ [(—G; + G,)K) sinh (Kz) sin (Kz) +. Gs sinh (Kz) cos (Kz)] 
+ [(G, + G:)K] sinh (Kz) cos (Kz) 
+ [(—G, + G:)K] cosh (Kz) sin (Kz) M, = »M,. 
u = (v/2K) (Gs — Gs) cosh (Kz) cos (Kz) M., = 0.... 
Ret Sip arena = (D/a*\(2K*)|(Gs + Gs) sinh (Kz) sin (Kz) 
+ (v/2K) (G, — G2) sinh (Kz) cos (Kz) + [(v/2K) : 
a $ + (G; — Gs) cosh (Kz) cos (Kz) 
(G, + G2) cosh (Kz) sin (Kz)] te ‘ 
+ G& + 1G/(1 — v9) ; + (Gi + G2) cosh (Kz) sin (Kz) 
mot = ia ! + (G; — Gs) sinh (Kz) cos (Kz)] 


v= Gy o Gyr 
o, = [E/(1 — v*)|G, 


ey ae 


oy = —E|G; cosh (Kz) cos (Kz) + G: sinh (Kz) sin (Kz) eer 


+ G; sinh (Kz) cos (Kz) + Gs cosh (Kz) sin (Kz)]}... . [16] Qoen = 0.. 





Forced Vibrations of a Body on an 


Infinite Elastic Solid 


By R. N. ARNOLD,! G. N. BYCROFT,? ano G. B. WARBURTON? 


The paper considers the forced vibration of a rigid body 
resting on a homogeneous elastic medium of infinite sur- 
face area and constant depth which may be finite or in- 
finite. Four modes of vibration for a body with a circular 
base are investigated; (a) vertical translation, (6) torsion, 
(c) horizontal translation, (d) rocking. Fora semi-infinite 
medium the amplitude response can be obtained for any 
mass in terms of known constants of the system and two 
fundamental functions f, and f., whicl depend only on the 
exciting frequency and the properties of the medium. 
Close approximations to these functions have been eval- 
uated for each mode. Experiments on an elastic model 
are described, the results of which are in good agreement 
with theoretical prediction. The behavior of a stratum of 
infinite area is more complex since functions f; and f; also 
depend on stratum depth. These functions have been 
evaluated for the torsional mode only,”experimental re- 
sults being given for the other modes. 


NOMENCLATURE 


The following nomenclature is used in the paper: 
a = kr 
ay = kro frequency factor 
A amplitude of vibration 
B, C, F functions of s, n, and 6 


™mo 


b= — 


mass ratio (translational modes 


inertia ratio (rotational modes) 


Young’s modulus 
functions of ap and v 
hres Sip limits of hi 
Seas Sep limits of fe 


p /3 
h ( P 
A + Qu 


To relevant moment of inertia of mass ms 


1 ‘s 
k ( p ) p 
bu 


mo = mass resting on surface of medium 
M amplitude of exciting couple 
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integer 

circular frequency of force (or couple) applied to 
plate 

amplitude of exciting force 

radial distance from center of plate 

radius of plate 


) 


ro 

dimensionless variable used for integration 

time 

displacements of plate in radial, tangential, and 
vertical directions 

vertical distance from surface of medium 

(k%s2 — h?)'/* 

(k%s2 — k2)'/* 

dilatation 

depth of stratum 

constant 


(5)" = [ay 
N+ Qu ~ L201 — pv) 


angular co-ordinate 
Ev 

(1 + v\(1l — 27) 

modulus of rigidity 

Poisson’s ratio 

density of medium 

normal stress parallel to Z-axis 

shear stresses in plane perpendicular to Z-axis and 
in radial and tangential directions, respectively 

angular displacement about horizontal axis 

angular displacement about vertical axis 

components of rotation 


= Lamé’s elastic constant 


We, W,, W, 
INTRODUCTION 
The paper considers the forced vibrations of a mass with a rigid 


circular base resting on (a) a semi-infinite homogeneous elastic 
medium, (b) a homogeneous elastic stratum of infinite area and 


Fie. 1 Mass on An Invinire Exvastic Stratum 

constant depth 6 supported by an infinite rigid foundation, Fig. 1. 
The response of the mass to harmonic forces or couples is obtained 
for four modes of vibration. The applied forces and couples are 
P, sin pt, M; sin pt, P, sin pt, and M, sin pt and the corresponding 
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Fig. 2. Mopes or Visration or Mass on Semi-Inrinire Exvastic 
MEpIUM 


displacements of the mass w, ¥, u, and ¢, Fig. 2. These modes 
are referred to as (a) vertical translation, (b) torsion, (c) horizontal 
translation, and (d) rocking. In (c) and (d) the motion is con- 
strained to be translation along OX and rotation about OY, 
respectively, although owing to the position of the center of 
gravity of the mass both motions normally exist together. 

Vibrations of a machine foundation resting on the ground may 
be excited in any of these modes by unbalanced forces. How- 
ever, this practical problem has added complexity, since the 
ground cannot be considered as an elastic medium and the base 
of a foundation will not, in general, be circular. Nevertheless, the 
problem investigated here is an essential preliminary to a com- 
plete solution of the effects of ground vibration. 

For a semi-infinite elastic medium the modes, vertical transla- 
tion and torsion, have been investigated analytically by previous 
workers, but experimental work seems to have been confined to 
nonlinear media, such as ground. Lamb (1)‘ studied the propaga- 
tion of waves in elastic solids and derived the solution for the dy- 
namic displacement caused by a vertical harmonic force applied at 
a point on the surface of a semi-infinite medium. Reissner (2) 
considered the vertical motion of a rigid mass of circular base 
resting on a semi-infinite medium, when subjected to a periodic 
vertical force, and obtained an approximate solution by assuming 
uniform pressure distribution between the mass and the medium. 
He also gave an approximate solution (3) for the torsional mode 
and with Sagoci (4) derived the exact solution for this mode by 
using a system of oblate spheroidal co-ordinates. 

For a stratum Marguerre (5) derived displacements resulting 
from a vertical harmonic force applied at a point on the surface, 
and Reissner (3) investigated similar conditions for the torsional 
mode. However, neither author considered the influence of a 
mass resting on the stratum. 

Sezawa (6) derived general solutions for the wave equations to 
include variation of displacement with the angular co-ordinate 6; 
these have been used to investigate the unsymmetrical modes (c) 
and (d) of Fig. 2. 


MATHEMATICAL THEORY 


If u, v, and w are the displacements in the radial, tangential, and 
vertical directions, the equations of motion of an elastic body in 
cylindrical co-ordinates are 

OA 2dw 
4+ 2) —-—-—-—-~— 
i or r 06 


+ 2, C8 pO 
Yd: on 


4 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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104, | dw, dv 
(A + Qu) — Se — Qu 5 + Qu = p12] 


2u Ow, _ — O%w 


Pan: [3} 


— (rv) — 
Or 


and A and yp are Lamé’s elastic constants. 

Particular solutions of Equations [1] to [3] have been derived 
(6) as 

U=U twtr, VEntnety, w= w, + w,..[4] 

where 

_ e 
" h? Or 
nk 


" hh? 


Uy ~B (J,(krs)] e~ tt cos nf 


l 
- J,(krs) e~@**? sin nO 
> 


ak 
B, — J,(krs) e~@ + cos nO 


hh? 
Bo 
k? Or 
c, Bn 
k2 


—C,, [J,(krs)] e~ 9 +** cos nO 


J ,(krs) e~ 82 +*Pt sin nO 


C,8? J, (krs) e~ 52+ 'Pt cos nO 


PF 


1 sg 
_ Ps J,(krs) e~ 82+ %pt 58 sin (nO + e) 


¥, .2 ; 
— —" — [J,(krs)] ¢~ 9+? sin (nO + €) 
ks? O [J 6 ] ( 
2 2 
- _ p32 = < and 
A+ 2u Mh 
The normal stress in the Z-direction and the components of 
shear stress in planes perpendicular to the Z-axis are given in 
terms of displacement by 


h? = a? + h? = 62 + kt = k's 


Ow 
=)\A+2 _ 
o, 7 ’ 


( Ou 1 Ow ) 
34 Oz Or 
( 1 Ow + >) 
ee hg 00 dz] | 
In the problem to be considered a mass with a mgid circular 
base rests on the surface of the medium, Fig. 1. A periodic dis- 


turbing force or couple is applied to the mass and is distributed 
in some manner over this circular area. Thus the boundary con- 
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ditions are (a) zero stress at the free surface for r > ro, (b) con- 
stant amplitude of linear or angular displacement of surface (de- 
pending on mode) for r < ro, (c) no reflection of elustic waves from 
boundaries situated at infinity. These conditions are difficult to 
satisfy, as the stress distribution under the mass during vibration 
isunknown. In the following analysis this distribution is assumed 
to be the same as that produced by the corresponding static force 
or couple. By applying this distribution to the vibrating surface 
of the medium, it is found that the surface does not remain plane 
for r < ro and thus condition (b) is violated. However, two 
limiting displacements corresponding tor = 0 andr = remay be 
obtained. Moreover, analysis reveals that it is possible to obtain a 
weighted average displacement by integrating over the circular 
area and that the true displacement lies between this average 
value and that obtained for r = ro. This method will now be ap- 
plied to the four modes of vibration. 


VERTICAL TRANSLATION FOR SEMI-INFINITE MEpIuM 


For this mode the relevant expressions for symmetrical dis- 
placement are obtained from Equation [4], ifn = Oand F, = 0 
For forced vibration the solution is generalized by integrating 
with respect to s from 0 to ~; the normal displacement and stress 
components at any point on the surface of the medium (z = 0) 
are, in terms of the nondimensiona! quantities s, 7 (=h/k), and 
a (=kr) 


oo ee | en { F (s* - 
/ O { 
—e 


- 2Cs*%s? — yt Jas) | wer Ci 


aT Oe(¢2 — n?)"/2 
Te = Re | met J _B s(s* — n° ar 
7 V { 7”? 


+ Cs(1 — 24) Jas) | 


where Re signifies that the real part of the complex expression is 
taken. 

The shear stress T,, is equated to zero over the whole surface of 
the medium, giving a relation between B and C. This assumes 
that there is no friction between the base and the medium. The 
distribution of direct stress is taken to be that of the analogous 
static case given by Timoshenko (7); thus for a periodic disturb- 
ing force Pc’ the direct stress 

Pei?! 


gpl oom 
*  Qardro? — 12)" 


= 0 for r > ro 


Expanding Equation [9] by the Fourier-Bessel integral and 
equating the result to Equation [7] gives an integral for the dis- 
placement w at radius r. If this integral is analyzed by contour 
integration, it is found that an additional term must be added if 
the complete solution is to contain only diverging waves and 
satisfy the boundary condition at infinity. (This term cor- 
responds to free waves in the medium.) The complete expression 
for the displacement is 


EK = (3? — n)'/* sin aos Jo(as)ds 
w= Re ri i Y/ 
Sutre Jo G(s) 





__ PePti(s;* — 9%)'/* sin aos: Joss) 
SurvG’(s,) 
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where the Cauchy principal value of the integral is understood 
1 \? , 
G(s) — gt > — s%3? — 1)' : (s? me n?)‘/* 


8, is the real root of G(s) = 0, the condition for the existence 


of free waves 
dG(s) 
G's) = I o] 
ds S$; 


and the nondimensional frequency factor ay = prio(u/p)' 

The corresponding expression of Reissner (2), who assumed a 
uniform stress between the circular base and the medium, is ob- 
tained by substituting J:(aos) and J,(aos,) for sin (aos) and sin 
(ao8:), respectively, in Equation [10]. In Reissner’s equation for 
w the sign of the free-wave term is given as positive; this error 
affects his computed values of amplitude. 

The weighted average value of the dynamic displacement (de- 
noted by subscript a throughout the paper) is given by 


” wr dr 
Ww, = —_————; 
0 rol To? — r?)'/* 


It is a mean displacement over the circular area, the displacement 
at any radius r being weighted by a factor proportional to the 
assumed stress at that radius. 

After substituting from Equation [10], this average displace- 
ment becomes 


R Pet! © (3? — n*)'/* sin? ays ds 
w, = Re] - ———_———_ . 
Surry 0 a8 G(s) 


P e*P*i( 8,2 — n?)'/* sin? avs, 
Sur pos; G’(8;) 


; 
2 


[11] 


[12] 


and can be expressed in the form 


P tpt 
vu. = Re rR 
Mro 


Functions fi, and fo. are real functions of the frequency factor ao 
and Poisson’s ratio vy and correspond to the real and imaginary 
parts of the integral and free-wave term of Equation [12]. If 
the corresponding unknown functions giving the true displace- 
ment of the rigid base are f; and f; and if the functions giving the 
peripheral displacement (obtained by substituting r = 1 or 
a = a, in Equation [10]) are fi, and fey, then 


{ fiat do, V) + tfee (ao, ni] 


fie > fi > fip and fos > fr > fa, 


Taking the real parts, the true displacement 


2 


(fi cos pt — fe sin pl) 


w= : 
0 


pea 


and the amplitude 


Py, 2 2)'/s 
(fi? + fe*) “*... 
Mro 
Corresponding expressions with subscripts a and p give the limit- 
ing values of amplitude, A, and A,. Equation [14] gives the 
amplitude of a rigid massless base of radius ro due to a periodic 
disturbing force of magnitude P,. When a mass mp is added to 
this base, the actual force transmitted to the medium is modified 
by the inertia force mo(d*w)/(dt*). In terms of a disturbing force 
of magnitude P, applied to the system, Fig. 2(a), the amplitude 
of the mass is given by Reissner (2) as 


ne | fit + fi? r 
bro L(1 + ba*fi)? + (bao*fe)? we 


where b = mo/pr.. 
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Fie. 3 Functions fi AND f: ror A Semi-Inrinire Mepium 


It is found that fis, fip, and fea, fey give close limits for the true 
values of the functions fi, fo for the frequency factor a» in the range 
0 to 1.5. In Fig. 3(a) values of fi, and fee are plotted against ap for 
three values of Poisson’s ratio. The broken lines show the 
values of f; and fz obtained by Reissner (2) for vy = 0. (The error 
previously mentioned only affects his values for f, and these have 
been corrected.) Response curves for this mode with v = 0 for 
various values of b are given in Fig. 4(a); they are plotted non- 
dimensionally as amplitude factor Aury/P, against frequency fac- 
tor a. The experimental results plotted in this diagram will be 
discussed later. A curve obtained from Reissner’s results has 
been added for comparison. 


Mopes or Semi-InFrinire Meptum AaNp STRATUM 


For the translational modes the linear displacement is shown to 


be the real part of 
P. ipt 
Pea + 09] 
Bro 


and similarly for the rotational modes the angular displacement is 


the real part of 
Me’?! 
| ae i + i | 
Mro 


The functions f; and fz have a different form for each mode. For 
the semi-infinite medium they are functions of ao and v (except in 
the torsional mode when they are independent of v); for the 
stratum f; and fz are also functions of the depth factor R = 
6/ro. 

For all modes limiting values of the functions f; and f2 can be 
found, but, in general, only the average values fig and fog have been 
evaluated. Equation [15] can be used to find the amplitude of 
the plate with the addition of mass mp for all the translational 
modes; the corresponding expression for the amplitude of a rota- 
tional mode (W or @), when a disturbing torque Me'” is applied 
to a mass having a relevant moment of inertia Jp, is 


M | fi? + fr? 


wat y . [16] 
0 


V/s 
(1 + b’ao?f:)? + (b’ao*fe)? 
where b’ = I[/(pro°). 
The method of obtaining f; and f: is similar for all modes and 
only the basic equations required to derive these functions will be 
given for the remainder. 


TorsIoNAL Mope For Semi-INnFINITE Mepium 


The only component of displacement is »v obtained from Equa- 
tions [4] by putting B = C = 0, € = —1/2, and n = 0, which 
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satisfies the condition of symmetry. For forced vibration the 
tangential displacement at any point on the surface is 


: wie 
v = Re | -- am f . J(as)s | 
0 & 


The shear-stress distribution due to a periodic disturbing torque 
M,e'"* is assumed to be 


[17] 


3M er 
* genre — ye rr Ss 


= 0 


T.0 . [18] 


for r > ro 


With this assumption the average dynamic rotation is 


Me" . 
¥.= Re} { fia(do) + tfsa(ao)} 


9M," (°° {sin aos — aos cos aos) 
“4 f b pwned nl i 
Surr® Jo 1 aox(s?— 1)'727_—f 


SiN dos — os COs aos | 
' — — [19] 


(aos )? f 


as]... 


The corresponding expression for W, is obtained by substituting 


« 


2 isin aos — do$ COS aos 
J (aes) for < ——_—_ - 
3 (aos)? 


in Equation [19]. 
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AMPLITUDE AND FREQUENCY RESPONSE FOR A SEMI-INFINITE MepIuM 


The functions fie, fea, fip, and fey have been plotted against fre- 
quency factor a in Fig. 3(6). The broken line on the diagram 
shows the exact values of f; found by Reissner and Sagoci (4); 
those of fz are coincident with fo, found from Equation [19]. The 
agreement between values obtained by exact theory and by the 
averaging procedure suggested that it was only necessary to com- 
pute fic and fe, for the other modes. Using Equation [16] re- 
sponse curves have been plotted for three values of b’ in Fig. 
4(b). 


HorizontTaL TRANSLATION FOR SEeMI-INFinITE Meprum 

The relevant expressions for the components of stress and dis- 
placement at any point on the surface are obtained by putting 
n = 1, € = 0, and z = 0 in Equations [4] and integrating with 
respect tosfrom0to . In order to obtain an approximate solu- 

tion it is assumed that w is zero over the whole surface, that 
2B(s? — ?)'/? : (8? — 
we + C(2s8* — 1) = — _ . (20) 
i 3? 
and that the shear-stress distribution due to a horizontal disturb- 

ing force, P,e*?* is 
P_e'?* cos 0 


= 7,forr <r, Ty, = Oforr 
2rrol ro" - Py" 


> To.. (21] 


Pe" sin 8 


2Qaro( ro? — r?) 


y,forr Sm, To = 0 for r > ro... [22] 
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With these assumptions the components of displacement u, v of a 
point on the surface of the medium (r, @, 0) are 


Pe" cos 0 ** s (s? — un 
= Rew Oeun J, hece— s 


1 Ji(as) 
<e— 1)” ~| in a ds 


Re Pi" sin 0 (°” Ei s ~~ re vet J,(as) 
2rure e (s* — n?)'/2 8 a 


1 
+ a(s* — 1)'* da 


T he average displacement of the plate u, in the direction of P, is 
obtained from 


2 r(u cos 0 + v sin 0) 
oe 13g f 2rro( ro? —_ r2)'/a Paes. ee 


Hence the displacement is 


uu, = Re ie - { fie(ao, v) + tfea(@o, ni | 


- E co {" — (s* — n?)'/(s? eek 1)'/2 
- 4arure . (s?— n?)'/?2 
sin? aos 


I > 
+ acai yr Ge... 2: [26] 





ra) 
30 2 a8) + 





> (as) sin aos ds 





[25] 





Values of fi, and fog are plotted against frequency factor a» for 
three values of Poisson’s ratio in Fig. 3(c) and response curves are 
given in Fig. 4(c) for some values of b with v = 0. 


Rocxine Mop ror Semi-INFINITrEe Mepium 


For forced vibration the components of displacement and stress 
are found from Equations [4] and [5] by putting n = 1 and F, = 
0 and generalizing the expressions by integrating with respect to 
sfrom0to «. The shear stresses are equated to zero over the 
whole surface and the following expression is assumed for the 
direc’ stress at (r, 0,0) due to a disturbing torque M ,e'” 


3M yet r cos 0 
®: 2aro%( ro? — r2)'/2 





= Oforr >t 


Hence the average angular displacement of the mass is 


¢, = Re [ { fra(ao, Vv) + tfea(ao, »| 
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additional solutions are required; for 1%, v;, and w, terms propor- 
tional to e** + *” are addedso that the components of displacement 
are proportional to hyperbolic functions dependent on z. 

The general method of solution for a stratum is similar to that 
for the semi-infinite medium. To avoid difficulty, the static 
stress distributions used for the modes of the semi-infinite me- 
dium have also been used for the corresponding modes of the 
stratum. The error due to this assumption will increase as the 
depth of the stratum decreases. 

The main results will now be given for the various modes. 

(a) Vertical Translation for Stratum. Assuming that the 
stratum lies on a rigid infinite foundation and that no friction 
exists between stratum and foundation, the average displacement 
of the mass is 


w= Re | Pe { fia(ao, Vy, R) + ifeg( ao, Y; n)} | 


mr 

R | Ee © (3? — 9)? sin? aos ds 

= e _———— ——— 
Smpuro 0 aysl(s) 


ipt,; si s — ws\/ 
__ Palit J sin? slong 
Suro ays,’ (s,) 


where 8, are the real roots of I(s) = 





1\2 
ls) = (« =e 3) coth ad — s*%(s* — n?)' t/s 


1l(s) 
(s? — 1)'/* coth 86 and I(s,) = I | 
&*an 


ds 


This integral has not been evaluated but by considering its be- 
havior in the range 0 < s < &, where €; is a small quantity, the 
integral can be shown to diverge at certain frequencies given by 


Gee te| E(1 — v) i/s <P 
4 26 Te sr LT | alee iae 


Thus infinite amplitudes exist for a rigid plate of negligible mass 
at the natural frequencies of longitudinal vibration of a rod of 
length 6, free at the top, fixed at the base, and laterally con- 
strained. 

If it is assumed that the stratum is fastened to the rigid founda- 
tion, it is found that the frequencies at which these infinite ampli- 
tudes occur are unchanged. 

(b) Torsional Mode for Stratum. For forced vibration the 
tangential displacement at any point can be written in the form 


.- (30) 





__ 9M yePti(s;? — 2)” “(sin QoS — A081 COB AoS;)? 





4 Re | oats = f- (s? — n*)'/*(sin aos — ays cos aos)? ds 


16rpro® (aos) * G(s) 


The functions f,, and fo, are plotted against frequency factor ao 
for y = O in Fig. 3(d) and response curves are given for some 
values of b in Fig. 4(d). 


Srratum or InFIntre AREA ON A Rigip BasE 


The Solutions [4] to the wave equations apply only to a semi- 
infinite medium. For the various modes of a mass on a stratum 


16uro8 (aos)? G’(s1) 


= Re dm f- [B cos {kz(1 — s*)'/*} 


+ C sin {kel — s*)'/*} }Ji(as)ds. . . [31] 


Assuming that the stratum is fixed to the rigid foundation (i.e., 
v = 0 at z = 6) and that the shear stress on the surface is given 
by Equation [18], the average dynamic rotation of the plate due 
to a disturbing torque Me™ is 
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M,e™ 
Re} - , { fia(ao, R) + ifee(ao, | 
bro? 


=R ae i 
(aos )*(1 — 8?) /* 


= 
Srpur,' 


where s,, is one of the real roots of 


,_ Qa—1)s*7]* 
= ; . 7 
asta ” 4R? x 


The lower limit for the rotation is 


 . ee 


M tpt 


| f . 
Vv, = Re | Me ; { fip(@o, R) + tf2y( ao, n} | 


= Re - 
ays( 1 — s?)'/2 


4rur,? 


Inspection by contour integration of Equations [32] and [33] 
shows that in each case the integral gives f; and the terms in the 
summation give fe. Thus fe will be zero up to a critical value of 
frequency given by dg = 1/2R, as there is no real root s, below 
this value; this frequency can be expressed as 


ore m ‘/2 
>" 3 p 


which is the fundamental frequency of torsional vibration of a rod 
of the material of the stratum, of length 6, free at one end and 
fixed at the other. 

As the integrals of Equations [32] and [33] do not diverge, 
infinite amplitudes do not exist for this mode when the plate has 
negligible mass. In Fig. 5 the functions f; and f, have been 
plotted against frequency factor for three values of R. 

os. 


4 





&, function f, 

















Fie. 5 Functions fi anp f2 For AN Inrintre STrRatum 
(c) Horizontal Translation for Stratum. For forced vibration 
the expression for the dynamic displacement at a point on the 


surface of the stratum contains terms of the form 


f * sin aos tanh [kd(s* — 1)'/*]J,(as) d 
0 as (s* — 1)'/? ; 


Is 


9M ¥ | aa — Go COS aos )* tan { aoR(1 —_ s*)'/*} 
0 


i 

| 
s 

9M,e*"*i(sin aos, — @o8, COS aos, )? 
Suro* (aos, )4 


3M cP {i E QoS — QoS COS aos)Ji(aos) tan {aoR(1 — s*)' +] ; 
ee = _ x - —— - as 
0 


n=N ., ys 
3M ,c*?'i (sin aos, — G08, COS ao8,, J (a8, ) 


/ 4uro*R( aos, )* 


This integral diverges at frequencies given by 


- ir (#)" a 
o- 26 p a 


1, 2, 3, etc...... [35] 
These are the natural frequencies of a rod of the medium of length 
5, free at the top, fixed at the base, when vibrating horizontally 
in shear. 

(d) Rocking Mode for Stratum. 
namic displacement is similar in form to Equation 


The integral giving the dy- 
29] with 
[(1/aes) sin aps — cos aos}? replacing sin* aps, but it can be shown 
that it is not divergent for any value of stratum depth. Thus in- 
finite amplitudes do not occur for this mode when the plate has 
negligible mass. 


EXPERIMENTAL INVESTIGATIONS 


(a) Elastic Medium. In geometrically similar systems with the 
same density ratios of mass to medium, b remains constant, and 
for the terms within the square root (Equation [15]) to be identi- 
cal, functions f; and f, must be the same for both systems. Since 
these are functions of ap and v, two systems of different materials 
having the same Poisson’s ratio will behave in a similar manner, 
when the disturbing frequencies have the relation 


P~i Tos (eu) 

P2 Tor \Pibe " 
Provided a medium can be obtained with the required value of v 
it is thus possible to find f, and f, by experiment. 

Theoretically the elastic model should have an infinite area, but 

a finite model can be used provided reflections from the edges are 
eliminated. Twelve sheets of foam rubber, 3 ft square and each 
approximately 1 in. thick, were sufficient to represent the semi- 
infinite medium, as the damping in the rubber eliminated random 
reflections but was small enough to allow the experimental re- 
sults to be compared with those for the theoretical undamped 
Disks of base radius 0.375 to 2.25 in. were attached to 
Two varieties of foam rubber were 


medium. 
the surface of the rubber. 
used, one for the stratum and the other for the semi-infinite case. 


The physical constants of these are given in Table 1. 


TABLE 1 PHYSICAL CONSTANTS FOR FOAM RUBBER 


p.pet 


0.00505 
0.00520 


», pet ’ 


4.98 
8.65 


BE, pei 
9.96 


17.3 


Stratum case 
Semi-infinite case. 
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F, Cable to pickup plate 

G, Slots to minimize eddy cur- 
rents 

H, Earthed pickup plate 

J, Exciting coil 

K, Foam rubber 


A, Steel magnetie circuit 
B, Direct-current field coil 


C, Bakelite insulating washer 
D, Copper pickup plate 
E, Direct-current field 


Fie. 6 Deratts or Excirine anp Pickup ASSEMBLY 


(b) Measuring Equipment. Applied force, frequency of excita- 
The 


tion, and vibration amplitude of the mass were measured. 
force was produced by the interaction of a d-c electromagnet A, 
Fig. 6, and a small coil J, which formed part of the mass and 


through which an alternating; current was passed. Displace- 
ments were measured by change of capacitance; in order to record 
force and amplitude at the same location, the magnetic exciter 
and capacity pickup (D, H) were located in the same head. Pro- 
vided the gap between the plates D and H was large compared 
with the movement, the response was linear. 

Fig. 7 illustrates the methods adopted to insure the correct dis- 
placement of the mass in the four modes of vibration, the same 
magnetic and pickup head being used for all modes. Thus in Fig. 
7(a) the mass mp consists of a small bakelite disk 2, which was 
sufficiently thick to be considered rigid, the thin brass disk C and 
the exciting coil B. In the other modes the required force or 
couple was obtained by means of knife-edges G, Figs. 7 (6), (c), 
and (d), 


CoMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS 


(a) Semi-Infinite Medium. The experimental points, Fig. 4, 
have been added to the theoretical amplitude-frequency curves 
for the four modes. For the translational modes (a) and (c) 
there is close agreement between the theoretical and experimental 
results, but for the rotational modes the experimental points lie 
below the theoretical curves, especially at frequencies close to 
resonance. From Equation [15] and the form of functions f,; and 
fo, Fig. 3, it can be seen that the amplitude has a maximum close 
to the value of a> that makes (1 + bao?/,) equal to zero. Moreover, 
this maximum amplitude is approximately proportional to 1/f2. 
The function fy is a measure of the rate at which’ energy is dissi- 
pated and for the theoretical undamped medium all energy 
is propagated outward. However, in the experimental system 
additional energy is lost because of damping within the medium. 
Now it can be shown that the predominant effect of introducing 
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E, Base of radius ro 
F, Fiber structure 
G, Knife-edge 

H, Foam rubber 


A, Field and pickup plate 
B, Exciting coil 

C, Additional mass 

D, Additional inertia 


EXPERIMENTAL ARRANGEMENTS FOR EXCITING THE Mopes 
or VIBRATiON 


Fia. 7 


damping into the analysis is to provide a small increase in /2; 
thus the experimental damping will affect the rotational modes 
more than the translational modes, because smaller values of f: 
are, in general, associated with the former. 

Comparison of Equation [15] with Fig. 3 also shows that as b 
(or b’) increases the resonant amplitudes increase and occur at 
decreasing values of ao, as shown for each mode in Fig. 4. The 
theoretical response curves for b = 0 (corresponding to a rigid 
plate of negligible mass) show a drooping characteristic for all 
modes. 

(b) Stratum on a Rigid Base. Theoretical curves for the tor- 
sional mode have been plotted, Fig. 8(6), from Equations [15] 
and [32] for two values of depth factor R together with the ex- 
perimental results. In all cases very large amplitudes were re- 
corded experimentally. This may be explained by considering 
the expression (1 + b’aof,) which, since f; is negative, can become 
zero. It is possible for this to occur at values of ap at which f2 
is finite or zero, Fig. 5, depending on the value of b’, and thus 
from Equation [16] the resonant amplitudes may be either finite 
or infinite. To illustrate the lower amplitudes a light structure 
was made to give a low value of 6’. The theoretical and experi- 
mental response curves are given in Fig. 9 in which agreement is 
similar to that obtained for the semi-infinite medium, Fig. 4(d). 

Unlike the foregoing, theory indicates that the translational 
modes have infinite amplitudes when b = 0 at frequencies given 
by Equations [30] and [35]. For a mass mp, (b > 0) resting on the 
stratum, infinite amplitudes apparently exist for certain frequen- 
cies, but they have not been investigated rigorously. Large 
amplitudes were obtained experimentally and the frequencies at 
which they occurred ar. plotted against mass ratio b in Figs. 8 (a 
and c). In both diagrams the experimental curves appear to 
converge to a specific frequency when 6 = 0. In (a) this fre- 
quency is approximately 220 cycles per sec (cps). Theoretically 
the fundamental frequency for b = 0 and 6 = 1.05 in. is 207 eps 
from Equation [30]. In (c) the corresponding experimental fre- 
quency is approximately 155 eps which may be compared with 
the theoretical value of 146 cps obtained from Equation [35]. 

In Fig. 8(d) experimental response curves are given for 
three values of b’ for the rocking mode. Analytically this mode 
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Frequency factor 2, 
AMPLITUDE-FREQUENCY RESPONSE FOR AN INFINITE 
STRATUM 


Fic. 9 
behaves in a manner similar to that of torsion. This is shown by 
the decrease in maximum amplitude as b’ decreases. 


RELATION TO SimpLeE Sprinc-Mass System 


When a vertical static load is applied through a rigid base of 
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CoMPARISON OF FREQUENCY OF Mass on A Reat Mepium 


Wirs Tat on A WeicutT_ess Mepium 


Fie. 10 


to a semi-infinite medium, the static * 


tiffiesy of the 


f the mass of the me:ii ir neg- 


radius 7 
system is (2r/)/(1 — v?*). 
lected, the natural frequency of the resulting simple s:; 


‘ ’ 1/ 
l 2rnoE ° 
2m L(1 — v?)m 


ing-Mass 


system is 
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The natural frequency of the real system, taken to be that at 
maximum amplitude under forced vibration, can be found from 
Equation [15] and Fig. 3(a). In Fig. 10 the ratio of the fre- 
quency of the real system to that given by Equation [37] is 
plotted against b for values of Poisson’s ratio of 0 and 0.5. At 
low values of 6 the curves cease to have significance as the re- 
sponse is so flat that the position of maximum amplitude is inde- 


terminate. If v is known, the true natural frequency of the sys- 


tem can be computed from Fig. 10 and Equation [37]. 
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Thermal Stresses in Rectangular Strips—IT 


By J. S. BORN? anp G. HORVAY,* SCHENECTADY, N. Y. 


Stresses and deformations in rectangular strips due to 
various longitudinal temperature distributions are pre- 
sented in formulas, tables, and graphs. The results are 
important for slabs, plate assemblies, rectangular ducts, 
tube-sheet ligaments; they apply, in a more qualitative 
fashion, also to cylindrical bodies. 


1 Discussion 


HE purpose of the paper is to extend the theory,‘ developed 
"Lice the (vertical) step-function temperature distribution, il- 
lustrated in Fig. 1(a), to the practically more often recurring 

cases of a break in the temperature gradient (briefly, temperature 
break) as in Fig. 1(b), an inclined step of arbitrary length L as in 
Fig. 1(c) (idealized by the dashed line), behavior near the end of a 
strip as in Figs. 1(dande). Other cases may be handled by super- 
positions of the basic cases illustrated in Figs. 1(a, b, c, d, e). 

In Figs. 2(a, b, c, d, e) are shown, pictorially, the stresses o,, o,, 
T and displacements, u, » produced in a thin rectangular strip of 
width 2b when a temperature break 7’ deg/in. is imposed at a 
cross section far from the ends, as in Fig. 1(b). The calculations, 
carried out in Sections 2 and 3, were performed by three methods: 
(a) the Fourier integral method, (b) the biharmonic eigenfunc- 
tion-expansion method, and (c) the self-equilibrating function- 
expansion method. The results are recorded in Table l(a, b, c, d, 
e). Methods (a) and (6) are precise methods; (c) is an approxi- 
mate method. The self-equilibrating function expansion uses as 
starting point the precise &,(y) distribution as obtained from a 
numerically evaluated Fourier integral, Equation [9a], and then 
solves the problem as an end problem.5 

In Section 4 we superimpose the foregoing results (where 
available, the precise values were used) to treat the problem 
of the inclined-step, Fig. l(c), for various lengths, L, of the step. 
For instance, if subscript b refers to the Fig. 1(b) temperature 
distribution, subscript c to the Fig. l(c) distribution (with 
T/L = T"), then 


O,A2, y) = 0,,(2, y) _ O,(2 + L, y). *- 


Fig. 3(a) plots, versus L/b, the curves of &,(0), oz mx = 


1 The Knolls Atomic Power Laboratory is operated by the General 
Electric Company for the Atomic Energy Commission. The work 
reported here was carried out under Contract No. W-31-109 Eng.-52. 

* Engineering Assistant, Knolls Atomic Power Laboratory, Gen- 
eral Electric Company. 

3 Engineer, Knolls Atomic Power Laboratory, General Electric 
Company. Mem. ASME. 

4**Thermal Stresses in Rectangular Strips, I,"" by G. Horvay, Proc. 
2nd National Congress of Applied Mechanics, ASME, 1954. 

5 As in reference 4, we use bars to indicate values at z = 0, and the 
circumflex to indicate values for the extreme fiber, y = b. Thus 
t2(y) = o-(0, y), o (x) = o,(z, b). 

Presented at the National Conference of the Applied Me- 
chanics Division, Troy, N. Y., June 16-18, 1955, of Tae American 
Society or MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, May 7, 1954. Paper No. 55—APM-4. 
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TEMPERATURE DisconTINUITIES IN RECTANGULAR STRIP 


G(b), ymax = &,(0). The maximum shear stress 7max as well 
as its location z,, y, are plotted in Fig. 3(b). 

In Section 5 we treat the case of Fig. 1(d), where a tem- 
perature break occurs at L = 0.4b distance away from an end of 
the strip. (The distance L = 0.4b was chosen as a judicious 
average of L = » and L =0.) Thestress results, except for sign, 
are identical for Cases d, e; using subscripts d, e, we may write 

O2z,(2, y) =. Oz.a2, y) ) 
Oy.(2, y) = —o, Az, y) Bt. [2a] 

t(z,y) =—rTdz,y) | 


The displacements for Cases d, e, differ only by very simple ex- 
pressions 


3y? — b? 


u(z,y) = [1 — (x4 — L)aT’]? — uz, y) 


6b » .. [2B] 


v(z,y) = —y(z — L)aT’ — vz, y) } 


The problem of Case d was solved by taking the stress values 
a,(0.4b, y), 7(0.4b, y) for the case of Fig. 1(b) from Table 1 (in the 
self-equilibrating approximation) and fitting to these values, by 
least squares, the polynomials listed in Equations [18]. The Airy 
functions ¢., ¢- corresponding to the values —o,(0.4b, y), — 
7(0.4b, y) are next expanded into self-equilibrating functions in 
Equations [20]. Superposition of the effect of the compensating 
edge stresses o,,,, Or.2y on the Fig. 1(b) stress condition elimi- 
nates the unwanted stresses along edge z = L and leads to Fig 
4. (The arc above ¢ is used to refer to the boundary values at 
the right edge.) One finds that the largest stress for Case d, 


L/b = 0A, is 
Cs mx = 7,(—0.03b, b) = —0.2348 [3a] 


S = EaT’b.. (3b ] 
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Srresses AND DisPLACEMENTS IN RecTANGULAR Strip Causep BY BREAK IN, TEMPERATURE 
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TABLE 1 


«T’ 
(as) @ Jé b 

ok m.) 2 95 1.0 
-062ie 0086" ~ =slb708 
06868 -00LS# 016378 
+0638 0068 ~016k9 


=. 3065 > “. Wie 
23k 8 = =. 32088 
+2291 03213 


~. 28020 
=+2958 


22375" 
-+2561 
~.1661e 
-. 16609 


-- 1864 
21320 


20617 01632 ~.2197 


00572 =-15k3 =01999 


012228 
21237 


eOLS1P 
OLS 


20334 


~- Lal 
-+1533 
--1108 


0665 # -.072M 
-.0765 20903 


-20912 


20217 ~.05978 


20232 
0154 


20097 


-20593 
0372 


20505 
--0318 
-.0221 


= 00698 
-.0123 


--0061 
--0026 


~.0189 


~.007# 
=.0105 


0052 
-.0022 


as compared with 


Oz mx = 0,(0, b) = —0.328S.... [3c] 
for Case b. It is somewhat surprising to see that the nearness of 
the temperature break to the free edge does not effect a greater 
than 30 per cent reduction in the maximum stress. When L/b— 
0 al! stresses become zero. 

The foregoing results apply to the conditions of plane stress (the 
strip is very thin; its thickness H <b). For the case of plane 
strain (H >>», subscript IT) the stress values are obtained in terms 


STRESSES AND DEFORMATIONS DUE TO A TEMPERATURE BREAK 


(4) ae / b*0 ia 
ok 6 

eg 

--0h19 

00376 

=.0285 

=.0203 

-0137 

~.0088 


-.009k 
-.0066 


-200U4 0043 


=.0025 -.0028 --0028 0027 


Note: Star denotes value obtained by numerical evaluation of Fourier 
integral; sign # denotes value obtained by four-term biharmonic eigenfune 
tion expansion; unmarked values refer to results obtained by four-term self 
equilibrating function expansion 


of the former ones (subscript I) by the formulas 


i.e., simply by multiplying the results of Tables 1(a, b, c) by 


> 


k = 1f(1 — p) (for up = 0.3 
The conversion of the displacements is somewhat more compli- 
cated. As well known, the displacements ui, should first be 


recalculated for an effective Poisson ratio of 


M 
Ll— 4p 


= 0.43 


and then must be multiplied by 1 + uw to give un, on. If we ig- 
nore the slight change that arises in the displacements ui, v1 
through a change of the Poisson ratio from 0.3 to 0.43 (compare in 
this respect Figs. 5 and 6 of footnote 6 which deals with a some- 
what similar situation’), then we may use the simpler, though not 
quite accurate, formulas 

+ pyri. . [4b 


un = (1 + ww, on = (1 


*‘*Transient Thermal Stresses in Circular Disks and Cylinders," 
by G. Horvay, Trans. ASME, vol. 76, 1954, pp. 127~—135. 
7 Note the misprint in Equation [39] of footnote 6 

(k + 33) write (k + 3). 


Instead of 
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Fic. 3 Stresses In RecTaneuiarR Strip Due tro Incirnep Tem- 
PERATURE STEP 


The paper is concluded by an Appendix which provides con- 
venient formulas for least-square approximation of even and odd 
functions. 


2 Tse Fourrer InTeEGRAL ExprREssIONS or STRESSES AND 
DEFORMATIONS CORRESPONDING TO A TEMPERATURE BREAK 


The stresses and deformations for a step-function temperature 
distribution were given for < > 6 in [I.5].8 We now apply the 

* We use “I” to refer to equations in footnote 4. In the present and 
the next section we shall assume, for simplicity of writing, that the 
semiwidth b of the strip is unity. 


o,(z, y)/EaT’ = 


o,(z, y)/EaT’ = 


af 
TJ 0 


2 2 
1(z, y)/EaT’ = =] [((A + B) sinh Ay + BdAy cosh Ay] 
0 


3y? — 1 2 ” Mm 
u(x, y)/aT”’ +— f —— 
/ 12 wr Jo | 2 


2 wo 
“2, y)/aT’ = 2f gE {(1 + u)A — (1 — w)B} sinh Ay —(1 + w)BAy cosh wv | x aN 
0 


2 


1 . 
E —A cosh Ay — Bdy sinh wv | 3 dX 


+ {(1 + w)A + 2B} cosh Ay + (1 + w)BAy sinh | — 1 
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Fie. 4 Srresses tn RecTranevtar Strip WHen TEMPERATURE 
Break Occurs Near Free Env 


superposition principle: If the effect of the temperature step 
T = —1, applied at z = 0, is F(z) at location z, then the effect 
of the gradient —T” deg per in. (terminating at z = 0) is 


G(z) = r f- F(x)dz 


By integrating the Expressions [I.5] in the foregoing fashion we 
arrive at the results for the temperature break 7” 


cos Ax 


2 a 
f [((A + 2B) cosh Ay + Bry sinh Ay] ———— dA 
r Jo \? 


cos Ax 
sin Ar 
dX 


sin Ar 
¢ 


cos Ar 
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_ —sinh A 
~ 2\ + sinh 2\°°** 


AX cosh A + sinh A 


A= P “ _ 
2X + sinh 2A 


where [7] 
In the displacement expressions we have chosen the point ( @, 
0) as fixed point and the z-axis as fixed axis. The stresses and 
displacements for negative x are obtained from Equations [6] in 
the following form: 
Forz = —X <0 


o,(z, y) = o{X, y) 
oz, y) = 0,(X, y) 
r(z, y) = —7(X, y) 


3y? 
u(z, y) = 


— 1] 
r es (1—aaT’)*aT’ — u(X,1 


v(z, y) = —yzaT”’ + of X, y) 


One verifies, as in footnote 4, that Equations [6] and [8] satisfy al] 
boundary conditions of the problem. 

For the z = 0 cross section, Equations [6] lead to the particu- 
larly important results 


t.(y)/EaT’ & 0.09665 — 0.12722y? — 0.64847y* 
+ 1.13632y* — 0.78332y*. . [9a] 


7(y)/EaT’ = 0.. [9b] 


3y? — 1 


=: [9¢] 


a(y)/aT’ = 


i(y)/aT’ ~0.10844y + 0.00241y* — 0.05258y° 


+ 0.03859y7 — 0.00083,?*. . [9d] 

The Expressions [9a], [9d] of &,, i were obtained by fitting, by 
least squares, 8th and 9th-degree polynomials, respectively, to the 
values derived from Formulas [6] for z = 0, by numerical integra- 
tion at the ordinates y = 0, 0.2, 0.4, 0.6, 0.8, 0.9, 0.95, 1.0. (The 
pertinent formulas for least-square fitting are listed in the 
Appendix.*) As expected, the temperature break of Fig. 1(b) gives 
rise at z = 0 to a precisely parabolic displacement ay) which is 
independent of u, and which has a curvature one half of that de- 
veloped at z = —o, 

When the strip width is 2b rather than 2, then all the foregoing 


results apply provided one makes the replacements 
T’ —bT’, u-~u/b, v—~v/b..{[10] 


z—~z/b, yo y/b, 


3 EVALUATION OF STRESSES AND DISPLACEMENTS 


(a) Numerical Integration 
This is performed in the same manner as in footnote 4. The 
values obtained in this fashion are indicated in Table 1 by a star. 


(b) Biharmonic Eigenfunction Expansion 

A few values of o,(z, y), noted by # in Table 1, were obtained by 
expanding the Airy function of the problem (we denote it by S2) 
into biharmonic eigenfunctions 


ones sin? z, ®,(z, y) 
Gz, y) = EaT’RE : . (x > 0) 
cos*z, 2, 1 
atl .. [11] 
> (cos z,y — y cot z, sin Zny) 


“nn 


€ 
#,(z, y) = 


* Equations [9] and [18] were determined by direct solution of the 
relevant equation systems prior to establishment of the general Equa- 
tions [24]. Because of the different rounding errors involved in the 
two approaches, Equations [22a], [24a] reproduce @, of Equation 
[9a] only to 0.0003 accuracy. Similar discrepancies exist also between 
the other equations. 


and taking 

¢, = Ge vy [12] 
(In the numerical calculations we retained four terms of the 
series. ) 
roots 


In Formula [11] the summation is carried out over the 


[13a] 
of 


sin 2z + 2z = 0 [135 


which have positive real and imaginary parts. (§R = real part.) 
The function G: is obtained from Equation [I.23a] by taking 


Giz, y) = (7'/T) J KE, yt (x >0)..... [14] 
z 


{With future applications in mind we replaced the genera! symbol 
(z, y) of Equation [1.23a] by the specific symbol 3, as represent- 
ing the stress function of the temperature step of Fig. 1(a).] 
(c) Self-Equilibrating Function Expansion 

By double integration of the z = 0 boundary values [9a] of o, 
we find that the boundary value of the Airy function is 


G:(y)/EaT’ = flan f? 5,(n)dn/EaT’ {15} 


- 0.010601y* — 0.021616, 
+ 0.020291y* — 0.008704y" 


 — 0.027695 + 0.048324y? 


and therefore the expansion of G:(z, y) into self-equilibrating 


functions is 


G(x, y)/EaT’ ~Z < G:/EaT’, fe > foe 
=~ — 0.025544f2g2 — 0.000751 figs — 0.000068 fap 


— 0,000030fsgs [16] 


>. 
= Ce Side 


Stresses and deformations have now the approximate expressions 


+ = ) 
G22z.T = Ge.zy 

( \ T’ ef." 5 f *\ mac 
u zt, y Qa ~—Crle Gk My eJe } 17) 
v(x, y)/aT’ = Delf ge” — ufe'g) | 


and their numerical values are listed in Table 1 without markings. 
(The values of the functions f,"(y), . . 
footnote 10.) 


. (2) are tabulated in 


4 INcLINED Srep-TEMPERATURE DISTRIBUTION 
The stress maxima and the z, y location of the maximum shear 
stress are shown in Figs. 3(a, b). 
5 Temperature Break NEAR ENp or A Srrip 


If the re 
were no free end then the stresses 7, and r developed at x = 0 4b 


Let the break occur a distance L = 0.46 from the end 


would have the values (7 = y/b) 


a,(0.4b, y)/EaT’b = 0.07869 — 0.19715? — 0.06684n* 
+ 0.01646n° 0.017597 
7(0.4b, y)/EaT’b = 0.08589 — 0.04614n* — 0.01283n' 
— 0.02701? + 0.000107? 


(18 
/ 


These are (Sth and 9th degree) least-square fits to the ‘‘self- 


values listed in Table 1. 


equilibrating function’ 
We eliminate the Stresses [18] by applying compensating trac- 


tions 


%**Tables of Self-Equilibrating Functions,” by G. Horvay and 
J. 8. Born, Journal of Mathematics and Physics, in press. 
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Foy 7 Po,yy(9, y) = —a,(0.4b, y) \ 
—Pr2 = — Pr,24(9, y) = —7(0.4b, y) ) 


at the edge of the strip. The corresponding stress functions are 
found to be 


¢¢/EaT’b = —0.01892f2g2 — 0.00023f:g4 — 0.00000fgs ) 


y,/EaT'b = 0.02414fhy + 0.00104f,4. +.0.00006f, f° (72! 


By superposing the stresses derived from Equations [20] on those 
listed in Table 1, we obtain the stress distribution in the strip, as 
shown in Figs. 4(a, }, c). 


Appendix 


LEAST-SQUARE POLYNOMIAL APPROXIMATION TO A FUNCTION 


Because of the frequent need in probiems of the present type 
for least-square approximation of functions f(y), whose values are 
given at y; > 0(i = 1, 2,..., 1), (a) by an even polynomial 


0.734606 
—9.919031 
35 .685346 
—47 . 121862 
20 . 668231 


303 . 341831 
—1349. 166211 
1964. 616102 
—911.652436 


—400.51456 
4540 .63376 
—14646 . 12026 
17989 . 56980 
—7493 . 48673 


42 . 20873 
—400.51456 
1183 .07299 
—1379 .16051 
554 . 96930 


685346 
. 166211 
.404490 

819026 


057527 


—9.919031 35 
—1349 
6543 
—9990 
4779 


1183 .07299 
. 12026 
49769 . 03887 
—63221 .20028 
26959 .05179 


—14646 
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F(y) = ao + azy* + ay* +... +4," 
or (b) by an odd polynomial 
Fly) = ay + ay? + ay +... 


we list the results when y; = 0, 0.2, 0.4, 0.6, 0.8, 0.9, 0.95, 1.0. 
One can show that 


+ ay"... 


{ ao, G2, G4, M6, as} == Q; { wo, We, Wa, We, ws} , 


22a, b] 
{ a, 3, As, Ay, ay} = Qy { wy, W3, Ws, Wr, ws} ) 


where { } stands for a column matrix 


l 
uw, = o y*f(y).. 
t=1 


and?! 

11 The matrices @s,@_ were determined on a CPC using an eight- 
digit floating decimal system. In Equations [24] we show the results 
(with one exception) to seven digits. 


20 . 668231 
-911. 652436 
4779 .057527 

—7652 .649474 
3785. 428061 


—47 . 121862 
1964 .616102 
—9990 . 819026 
15690 .624313 
—7652 .649474 


[24a] 


554 .. 96930 
—7493 . 48673 
26959 05179 

—35598 . 94620 
15614. 13765 


—1379. 16051 
17989 . 56980 
—6§3221 .20028 
82140. 47596 
—35598 . 94520 





On the Kinematic Path of Semi-Trailers 


By G. A. G. FAZEKAS,' BROOKLYN, N. Y. 


A trailer having a rigid axle does not quite follow the 
path of its tractor. The author describes the basic ge- 
ometry and kinematics involved. The subject matter is 
arranged under headings (a) transient trailer path in turn, 
(b) design criterion, and (c) transient trailer path when 
straightening out. 


INTRODUCTION 


T is well known that a trailer having a rigid axle does not 
quite follow the path of its tractor. Difference in tracking 
between the two is usually measured by making the tractor 

execute a sudden turn of constant radius Ryo, whereupon the 
trailer follows some such path as sketched in Fig. 1. For design 
purposes the trailer path has been characterized hitherto by two 
parameters; (1) the “cut-in” co, and (2) the “transition angle”’ 
oo, the meaning of which will be self-evident from Fig. 1. 

Of these two parameters the value of co can be found readily 
from geometry alone, and with the nomenclature as in Fig. 1, we 
have 


@ = RA1 — 


a] Ro ni R,? i? : 


¢ on the other hand, seems to have been determined experi- 
mentally so far.? 

Some reflection will show of course that in a sharp turn (just 
when the cut-in has to be watched) the transition angle may 
amount to several hundred degrees. In a much more usual 90-deg 
turn therefore, the corresponding cut-in c* is not as bad as ¢. In 
the circumstances it may be of some interest to elucidate the 
relevant kinematics with a view to obtaining some design charts 
for @) as well asc*. This is the primary reason for and purpose of 
these notes. 

An examination of Equation [1] suggests that (ce = 0) if 
(a = L), which circumstance seems to have induced the belief 
that trailers so designed have perfect tracking, that is (¢@ = 0). 
It will be shown also that this view is quite fallacious. Whereas 
such a design is undoubtedly beneficial in some ways, neither c, 
nor c* vanishes, but merely appears on the side opposite to the 
one shown in Fig. 1. 

Apart from the behavior of a trailer when proceeding in a turn, 
its characteristic on straightening out is of considerable import 
too, particularly for considering criteria of dynamic stability. A 
brief discussion of the relevant kinematics will be also included. 

These notes are thus confined to basic geometry from which one 


sec @ sin 0) 


1 Associate Professor of Mechanical Engineering, Polytechnic In- 
stitute of Brooklyn. 

?*Trailers and Semi-Trailers,”” by A. Marenbon, Proceedings of 
The Institution of Mechanical Engineers, Automotive Division, part 
4, 1951-1952, pp. 158-167. 

Presented at the National Conference of the Applied Me- 
chanics Division, Troy, N. Y., June 16-18, 1955, of Tue American 
Society or MEcHANICAL ENGINEERS, 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1955, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, July 6, 1954. Paper No. 55—APM-11. 
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should expect some—though very little—deviation on account of 
tire elasticity and slip, camber of the road, and so on. That such 
secondary effects induce very little error will be demonstrated by 
comparing calculated and experimentally found values of @p. 

The following subject matter is arranged under three main 
headings; namely (a) transient trailer path in a turn, (6) design 
criteria, and (c) transient trailer path when straightening out. 
For (a) and (b) it will be assumed—as is the convention—that the 
tractor executes a sudden circular turn after having proceeded 
previously in a straight line. For (c) it will be supposed that the 
tractor travels in a straight line. 




















L-eftective trailer length 
a-overhang of tow-pin 
A-Lt+a 


Fie, 1 


TRAILER Pato In A TURN 


Whatever the overhang a, fundamentally, our case can be re- 
duced to a fixed crank-arm R towing the trailer around. Ac- 
cordingly, consider the trailer in a position as sketched in Fig. 2, 
with its tow pin 7’ rotating around 0 from 7” to 7’, during an in- 
finitesimally small time. The trailer itself is then bound to turn 
around centro J’, which moves to J” after a turn dd. (Any 
trailer path can be reconstructed graphically in this manner. 

From the geometry of the layout and, in particular, from 


APST’ it follows that 


dy + 4 —_ (r dd 4 d@) = fF or dy d§ = dh [2] 


A second relationship is obtained from observing rotation 
about J’, whence 


Rd = L sec 6 dy 


A combination of Equations [2] and [3], viz. 


I 
d@ = (2 cos 6 — 1) de... 
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is then the equation of the path in a quasi-polar form. On inte- 
grating it, with (R/L = sec @), which follows from Fig. 1 


dé 
s+e- f — 2 


where C is a constant of integration. The foregoing integral can 
be transformed readily to 





6 





o+C=2 "nha 
(sec 6) — 1) — (sec & + 1) tan* 5 


which is of standard form. After some manipulations we obtain 
thus ultimately 
1 


1 
tan 5 9 + tan 5 





@+ C = cot & In 


tan - 6 ane 
2 2 


We obtain C from the boundary condition that (@ = @,) for 
(@ = 0). Tosimplify matters, we may write further 


1 1 1 
¢ = tan 5 8; Y= tan 5 4s; and ¢” = tan 5 


and then the complete solution is 


t+’ t’—t’ 
@ = cot &- In (4 “) (“= i 


Fia, 2 


To obtain the cut-in c for ¢, with reference to Fig. 2 we have 





c = Ry — VR? + L?— 2RL cos 0 


With (L/R = cos 6), Equation [10] may be put into a more 
convenient form 





c/Ro = 1 — sec V1 + cos* 0) — 2 cos % cos 8... . [11] 


Equations [9] and [11] define thus the transient trailer path, but 
only if the tractor executes a truly circular turn. For other trac- 
tor paths the problem can be readily solved graphically, as inti- 
mated before with reference to Fig. 2. 


Design Data 
An examination of Equation [9] shows at once that for (@ = 4), 
i.e., for (¢ = t”), we have (@ = ), so that the trailer path is of 
asymptotic character. Its convergence is governed by two 
parameters, 6; and @, which in turn depend on (L/Ro) and (a/L), 
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respectively. Since in most current designs (a/L = 0), we will 
confine our investigation to this case. We have then (t’ = 1) and 
(R = Ry). 

Next we may inquire what is the transition angle or its equiva- 
lent; to what extent is cut-in really effective; and what improve- 
ment does accrue from an (a = L) design? 

Transition Angle. Since the trailer path is asymptotic, strictly, 
there is no such thing as a “transition angle.” On the other hand, 
at or beyond some value of ¢ the trailer path will be a circle for all 
practical purposes, and this value of ¢ may well be termed as the 
transition angle, but one should add to what degree of con- 
vergence. Marenbon’s experimentally obtained values of dp» 
should be interpreted in this light which, partially at least, ex- 
plains their scatter. 

In the circumstances, perhaps it may be justified to define ¢» 
as that value of ¢, when (co — c)/Ry = e does not exceed a certain 
small quantity, say, 5 per cent. This predicates therefore that 


e+ V/1 = cos? 6, = V1 4 cos? A — 2 cos cos 6. . 12) 
On squaring this expression, and neglecting e*, one obtains 
cos 6 ~ ces & —e tan % 


To obtain ¢ corresponding to 0, the evaluation may be easier 
if it be supposed that 6 differs from @ only by some small angle 6, 
i.e., (0 = 6 + 5). On account of 6 being small, we may then 
write 

cos 8 ~ cos 6 — 6 sin % 


On comparing Equations [13] and [14] we find that 
6 ~ e sec % 


so that 
ly - 6, 6 4 ; + t”2)§ i] 
tan 5 = tan 5 (&% + )=t +4 (1 ¢”2)0.... [16] 


which one obtains on writing 6 ~ tan 6, and through subsequent 
expansion of the binomial (1 — ¢”6/2)~' to the first order of small 
quantities. A substitution of it into Equation [9] results there- 
fore with (¢’ = 1) in 


4"/b \ (1 —e . 
ty = oot tal (1 + i ra) (: —*))... [17] 


This expression is plotted in Fig. 3 for e = '/: per cent and for 
e = 5 per cent, together with Marenbon’s experimental data. In 
Marenbon’s experiments it was probably the distance (R — c), 
which is equivalent to (co — c), that served as the primary meas- 
urement; measuring accuracy was perhaps substantially con- 
stant. As a result of it, e was less and ¢ more for a sharp turn, 
and vice versa, which would explain some of the scatter. Con- 
sidering this factor, agreement with the '/, per cent curve is close 
enough to accept both theory and accuracy of measurements as 
mutually proved. 

Next, we may pose the question whether ¢» could or should 
serve as a yardstick for désign. A glance at Fig. 3 shows that ina 
sharp turn—just when ¢ is of paramount importance—it will be 
reached only after several hundred degrees turn, even on the 5 
per cent curve. Although such turns are by no means impossible, 
to say the least, they are rather infrequent. It would seem there- 
fore that for practical purposes one cannot glean a great deal of 
information from ¢» alone, which after all merely indicates when, 
say, 95 per cent of cy is reached, but does not indicate directly how 
much c is in the far more frequent 90-deg turn. 

Effective Cut-In. The trailer path being asymptotic, the 
maximum cut-in ¢ is never quite reached. Considering further 
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that very few roads have a sharp turn exceeding 90 deg, the 
amount of cut-in for a 90-deg turn, c*, seems to the author an 
apposite direct scale to judge maneuverability. 

To obtain c*, in Equation [9] we set (6 = 2/2), and solve for 
the corresponding value of (0 = 6*) 


1 2 
tan- 0* = 2" —_——_—__—— +1 


2 1+¢ l 
exp wrtan@&})—1 
1—?’ 2 


which on substitution into Equation [11] yields c*. It is plotted 
in Fig. 4 against the “relative turning radius” (R/L), together 
with co, for the case of zero overhang (a = 0). As may be seen, 
for (R/L < 2) the difference between c) and c* is appreciable in- 
deed and may easily be in the order of 2:1. 

Thea = L Design. This rather simple construction has the lure 
that (c. = 0) which induced some engineers to base on it the steer- 


[18] 


ing mechanism of some semi and many full trailers, for which 
“perfect tracking’”’ is then claimed.? To disprove this statement 
it suffices to remember that @ must needs change from 6, to @, and 
that the change being gradual, the transition path is ipso facto no 
circle! 

The explanation of this somewhat mysterious zero cut-in (@ = 
0) lies in the fact that our imaginary crank arm # is no longer 
equal to, but is appreciably longer than, Ro, to wit 

R = VR? + a? = VR? + L*.......... [19] 
from Fig. 1. In the circumstances, and with respect to /?, we 
have similar cut-in as before, the difference being that here 
(6; > 2/2) which increases ¢! With respect to Ro, however, we 
no longer have a cut-in, but a “‘cut-out.” 

To make a fair assessment of the (a = L) design, let it be sup- 
posed that the distance A between truck and trailer axle is to re- 
main fixed, and we wish to study the effect of tow-pin location 
when (a = 0) and when (a = A/2 = L). Let us further suppose 
that in both instances the tractor makes the same turn, defined on 
the (a = 0) basis by (/)/A). 

If now the tow pin is to be moved rearward, the relative sharp- 
ness of the selfsame turn will be 

l 2 > 2 
pare VEES 


i.e., for the present case 
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from Fig. 1. It also follows that 


6; -3rta = 58 + sin-“a/Ro).. [21] 

Equation [20] shows clearly that as a is increased, the relative 
curvature (R/L) increases too, and hence the diminished trend to 
deviate. The adverse effect of increased 0, fails to offset the bene- 
fit gained. 

To illustrate matters, Figs. 5(a) and 5(b) show an (R,/A = 
4/3) turn for (a = 0) and for (a = L). As may be seen, the 
latter tracks better, but tends to bulge out on the wrong side, 
where part of the trailer may stick out and cause just as much or 
more obstruction than its poorer tracking relative. The true field 
of the (a = L) design seems to be thus confined to full trailers, 
where no such obstruction is liable to occur, Fig. 6. 


Full Trailer with Symmetri- 
cally Steered Rear Axle. 


Fia. 6 


TRAILER PATH ON STRAIGHTENING OuT 


The straightening-out path of a trailer is of importance in two 
cases: (1) It is obviously useful to know what path a trailer 
follows after its tractor (suddenly) straightened out of a turn. 
(2) In considering the dynamic stability of a trailer (or a castered 
wheel) it is equally important to know the kinematic trailer path 
consequent upon a slight displacement of the wheels.* 

This case is illustrated diagrammatically in Fig. 7 where the 
tow pin moves in a straight line, from 7’ to T” during an in- 
finitesimally small time. The trailer itself turns then about 
centro J initially. From the geometry of the layout it follows 
that 

3 ‘*T he Mathematical Theory of Snaking of Two-Wheeled Trailers,”’ 


by D. Williams, Proceedings of The Institution of Mechanical Engi- 
neers, Automotive Division, 1952, pp. 175-187. 
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a \ 
NI 
Fie. 7 
ds = L sec 6 dy 


Also from APT'T” we have 


w+ (o+ «) 4 (7 —9—a) =f 


dy = d0 = —dc... . [23] 
which leads to the differential equation of movement 
ds = L sec 0d0 = —L cosec ado.. . [24] 


From any table of integrals the solution of Equation [24] is 


. [25] 


l 
s = —LIn (100 “) -. CO .. 
2 


where C’ is a constant of integration, and follows from the initial 


condition that for (¢ = 0) we have (o = o»). For example, if the 
tractor suddenly straightens out from a prior turn, ¢ may be 
found from the end value of @ in the turn. The complete solution 
is therefore 


ta . t: : /L) 
-o = tan 2x p(— 
n 2 a F o exp(—s 


which is again of asymptotic character. 





Combined Tension-Torsion Tests With 
Fixed Principal Directions 


By E. A. DAVIS, EAST PITTSBURGH, PA. 


A series of combined tension-torsion-internal pressure 
tests, each with a different amount of torsion present, are 
discussed. The specimens were tested in such a manner 
that the principal directions of the increments of natural 
plastic strain were kept constant. These increments can 
be summed in various ways, the simplest of which would 
yield finite strains with fixed principal directions. The oc- 
tahedral shearing-stress versus octahedral shearing-strain 
diagrams for the four specimens tested coincide quite 
closely. The principal directions of stress were measured 
at each increment of strain and found to agree well with 
those of the increments of strain. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= co-ordinates in the undeformed body 
displacements in the z, y, and z-directions 
conventional normal and shearing stress 
true normal and shearing stress 
natural normal and shearing strains 


z, y; z 
u, v, W 
0,T 
o,7 
é, 7 
_ We “esas ore - 
Tot = , V (G1 — G2)* + (G2 — Gs)? + (5, — G1)? 
2 
3 
The prime superscript (’) denotes co-ordinates in the deformed 


body. 


~/ (di: — dé)* + (d& — dés)* + (d& — da)? 


dF oct -_ 


; 


e=2t+uy’ =~yrtov2z’ =z+w 
The changes in co-ordinates during an increment of strain are 


dz’ = du, dy’ = dv, dz’ = dw 

The superscript (°) on a co-ordinate or a displacement denotes 
axes rotated through an angle 6’ with respect to the z, y-axes. 

The subscripts, 1, 2, 3, denote principal directions. 

The z, y, z-directions are chosen to coincide with the principal 
directions. 


INTRODUCTION 


Any finite plastic strain is made up of a summation of incre- 
ments of strain, and since plastic deformation is an irreversible 
process the path over which the summation is made will be im- 
portant. Previous tests, including some by the author* have indi- 


1 Advisory Engineer, Westinghouse Research Laboratories. Mem. 
ASME, 

2 ‘Yielding and Fracture of Medium Carbon Steel Under Com- 
bined Stress,”’ by E. A. Davis, JournaLt or APPLIED MEcHANICS, 
Trans. ASME, vol. 67, 1945, p. A-13. 

Presented at the National Conference of the Applied Me- 
chanics Division, Troy, N. Y., June 16-18, 1955, of Tae American 
Society or MEcHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be ac- 
cepted until October 10, 1955, for publication at a later date. Dis- 
cussion received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, July 9, 1954. Paper No. 55—APM-8. 


cated that when tubular specimens are deformed by combined 
axial tension and internal pressure the octahedral shearing-stress 
versus octahedral shearing-strain curves coincide for tests where 
the ratios of the principal stresses remain constant. In those 
tests the principal directions of both stress and strain remain 
fixed in space and fixed in the material. 

In the present series of tests an attempt was made to deform 
the specimens in such a manner that the principal directions of the 
increments of strain would be fixed in space. Since the tests con- 
tain a component of torsion the fibers of material once in the 
principal directions will rotate out of these directions during the 
next increment of strain. If the increments associated with a 
fixed direction are integrated the resulting finite strains can be 
considered as having fixed principal directions. The principal 
strains described in this paper have been integrated in this 
manner. 


MATERIAL AND SPECIMENS 


The material used in this investigation was a 1020 steel with a 
composition quite similar to the material used in the tests de- 
scribed elsewhere.? The test blanks were cut from a cold-drawn 
rod and were heated to 930 C and allowed to cool in a small fur- 


nace, 


— . 
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Test Specimen 


The specimen is shown in Fig. 1. The inside diameter is 1 in. 
and the wall thickness '/;,in. The length of the cylindrical section 
is 6 in. The extensometer is attached to the shoulders of the 
specimen to allow for large strains. The inside surfaces of 
the tubes were honed and the external surfaces were polished. 

The wall thickness was measured at 20 positions and the 
average of these readings was taken as the original thickness. 
The wall thickness was not as uniform as might have been de- 
sired. Differences in wall-thickness readings as great as 3 mils 
were observed. The gage length was taken as 6 in., the length of 
the cylindrical portion of the tube. 


Test EQuiPpMENT 


The combined tension-torsion-internal pressure machine is 
shown in Fig. 2. The tension and torsion loads are measured by 
spring members at the base of the machine. The driving mecha- 
nism at the upper part of the machine is characterized by the in- 
sertion of a variable-speed transmission in both the tension and 
the torsion drive. These transmissions permit independent and 
continuous control of the axial and torsional strain rates. An in- 
ternal pressure can be applied to the specimen through the lower 
grip by means of a separate high-pressure pump. The measuring 
devices for the tension and the torsion components of the load are 
not quite independent. The torque readings must be corrected 
according to the amount of axial load on the specimen. 














Fic. 2 (above) Com- 

BINED TENsION-ToR- 

SION-INTERNAL PRES- 
SURE MACHINE 


Fig. 3 (left) ExTen- 
SOMETER FOR MEasuUR- 
ING AxtaAL EXTENSION 

AND ANGLE oF Twist 


The axial extension and the angle of twist are measured inde- 
pendently by the extensometer shown in Fig. 3. 


Test PROGRAM AND PROCEDURE 

In order to understand the tests used in this investigation it is 
necessary to describe the increments of finite strain and the 
manner in which the increments are to be integrated. A state of 
homogeneous natural strain, which is the condition desired in a 
test specimen, will be obtained if the increments in the displace- 
ments are linear functions of the co-ordinates of the strained 
body.* For the two-dimensional case these can be written 


du = dayz' + day’ 
dv = danzx’' + dany’ 


The increments of finite natural strain then have definitions quite 
similar in form to those for infinitesimal strain 


O(du) , (dv) 
zy dy’ dz’ 
These increments of strain can be represented by a Mohr circle 
diagram and the increments of strain in any direction can be ob- 
tained from the following equations 
_ dit+da da — 
€ = 

2 


dy = dan + dan 








dy 
2 


These equations are similar to those for infinitesimal strain except 
that the angle @’ is measured in the deformed body. This angle 
will be a function of the original angle @ and the strain up to the 
instant the increment is taken 

In the present series of tests the specimen is a thin-walled tube. 
The stretching and twisting of such a tube can be visualized as 
the stretching and shearing of a thin plate. If the tube is sub- 
jected to the correct amount of internal pressure the mean diame- 
ter of the tube will not decrease as the specimen is stretched in the 
axial direction. The deformation of such a tube can be visualized 
as the stretching and shearing of a plate which reduces in thick- 
ness but not in width. If z° is the axial direction, y° the tangen- 
tial direction, and z° the radial direction in the tube, the incre- 
ments of deformation for combined tension and torsion with no 
reduction in mean diameter are 


du® = dAyzx°’ 
dvy° = dAnzx°’ 
dw° = dA-2°’ 

*For a complete description of finite strains, the reader is re- 
ferred to the following: 

“Theory of Flow and Fracture of Solids,” by A. Nadai, McGraw- 
Hill Book Company, Inc., New York, N. Y., second edition, vol. 1, 
1950, 

“The Mathematical Theory of Plasticity,” by R. Hill, Clarendon 
Press, Oxford, England, 1950. 

“Theory of Perfectly Plastic Solids,” by W. Prager and P. G. 
Hodge, John Wiley & Sons, Inc., New York, N. Y., 1950. 

“Finite Deformation of an Elastic Solid,” by F. D. Murnaghan, 
John Wiley & Sons, Inc., New York, N. Y., 1951. 

Survey accounts of the problem of plastic stress-strain relations can 
be found in the following: 

“Stress-Strain Relations in the Plastic Range—A Survey of Theory 
and Experiment,” by D. C. Drucker, ONR Report A1151, Graduate 
Division of Applied Mathematics, Brown University, Providence, 
R. I., 1950. 

“Plastic Behavior of Engineering Materials,” Part 3, by M. C. 
Steele, C. K. Liu, and J. O. Smith, University of Illinois, Wright Air 
Development Center TR 52-89, June, 1953. 
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This rectangular system of co-ordinates is used to avoid the com- 
plexity of polar co-ordinates which would be necessary if the speci- 
men were a solid cylinder or a heavy-walled tube. 

For incompressible material the increments of strain in three 
orthogonal directions must be zero 


dAy + dAzn + dAy = 0.. 
In the present series the strain in the tangential direction is zero 


O(dv°) 


= dAn = 0 
oy’ 2 


so that the increment of strain in the radial direction 


O(dw°) 
di,. = \ =, 6= dAaw 
Oz 
must be the negative equivalent of the increment of strain in the 
axial direction 


O(du° 
di. = — = dAy 
The coefficient dAy is a measure of the amount of twisting or 
shearing of the specimen, and the relative size of it will be instru- 
mental in determining the principal directions. If the z, y, and z- 
directions are taken as the principal directions, and if the princi 
pal directions of the increments of strain are defined as those direc- 
tions where the increment of shearing strain is zero, then for the 
present tests the z° and the z-direction will coincide and the z, y 
axes will be located at an angle 0’ to the z°y°-axes. The incre- 
ments in the displacements in the principal directions will be 
given by Equations [1] with the condition that the increment in 
shearing strain be zero 


day: + day = 0 


The standard equations for rotation of axes can be used to 
establish relationships between the known dA’s of Equations [5] 
and the unknown da’s of Equation [1]. Equation [7] can then be 
used to show that for the present series of tests the principal 
direction of the increments of strain will be given by 


tan 20’ = —— 


It will be noted that the principal directions of the increments of 
strain will remain fixed if the ratio on the right side of Equation 
[8] is a constant Ky 


dAy = KudAu 


In this paper only tests in which Equation [9] holds are discussed. 
Tension-torsion tests in which the principal directions do not re- 
main constant could be run and analyzed by making dAz a con- 
trolled function of dAy. The integration of the increments ob- 
tained in such a manner, however, would have to be defined care- 
fully and possibly a new interpretation of principal directions of 
finite strain would be necessary. 

In this investigation the summation of the increments has been 
made by keeping the angle 6’ constant. The differentials of Equa- 
tions [3] and [4] can then be integrated directly. This type of 
summation can be illustrated by considering the maximum shear- 
ing-strain increments ina thin strip in puretension. In theplane of 
the strip the increment of shearing strain would be a maximum at 
45 deg to the pulling direction, 6’ = 45 deg. The maximum 
shearing strain obtained by summing these maximum increments 
would be a finite strain which would truly be related to the 


maximum shearing stress. Every increment of strain would have 


been colinear with the maximum shearing stress. Such a strain, 
however, does not follow a particular fiber of the material. At 
each increment new and different fibers rotate into the direction 
under consideration. 

With increments of strain defined as in Equations [1] and [2] it 
is not difficult to describe the strains, but it may not always be 
possible to integrate the displacements. For the increments as 
indicated in Equations [5], however, the displacements can be de- 
termined readily. Since du° = dz°’, ete., the displacements in 
the axial, tangential, and radial directions will be 

ue = 2°"(1 — en41!) mm 2°%(e41! — 1) | 
1) 


v° zo Kuz°'(1 — e411) = Kyz?(e4™ fee 


we = 2°"(1 — e4"!) = 2%(e-41! — }) 


[10] 


These equations show that the displacement in the y°-direction is 
proportional to that in the z°-direction and hence the strain or 
displacement pattern for any desired value of Ky; can be laid out 
as a straight-line plot of axial extensometer readings versus angle- 
of-twist indicator readings. Paths for 6’ equal to 20, 30, and 35 
deg are shown as solid lines in Fig. 4. The pattern for running the 
tests then is to follow as closely as possible these straight lines. 
The points plotted in Fig. 4 indicate the actual extensometer read- 
ings and show how well the desired paths were followed. 
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Fic. 4 Destrep Patus or STRAINING 


The test for 0’ = 0 was a combined tension-interna) pressure 
test with the pressure adjusted so that there would be no reduc- 
tion in the mean diameter of the tube. For an isotropic material 
the strain in the circumferential direction should be zero if the 
tangential stress is one half of the axial stress. For the test at 
6’ = 0 the ratio of the conventional stresses 0,0./0,0 = '/: was 
maintained, and the mean diameter remained essentially con- 
stant. For the tests where there was some twisting present it was 
found that this ratio 7,./7,0 had to be maintained a little below 
0.5 in order not to have an increase in mean diameter. This is 
due to the fact that the tangential stress increases more rapidly 
than the axial stress if the mean diameter does not increase while 
the wall thickness decreases. 

The Mohr circles for the desired increments of strain for the 
four tests, 0’ = 0, 20, 30, and 35 deg are shown in Fig. 5. In so far 
as the distribution of increments of strain is concerned the test at 
6’ = 0 corresponds to a state of pure shear. The test at 0’ = 35 
deg corresponds very nearly to a state of simple tension. 

In the process of running the tests the machine was stopped at 
the end of each increment of strain so that readings of load, 
torque, pressure, axial extension, and angle of twist could be made. 
The outside diameter of the tube was measured periodically and 
the relative magnitude of the pressure was adjusted so that the 
mean diameter would not vary. 
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Fie.5 Desrrep Mour’s Crrcies ror INCREMENTS OF STRAIN 


The usual assumption of constancy of volume wa: used in 
calculating the mean diameter and the wall thickness from which 
the tangential and radial strains and the true normal and shearing 
stresses were determined. For the purpose of calculating the 
octahedral shearing stress the radial stress was taken as one half 
the internal pressure. 

The octahedral shearing strain plotted in Figs. 6 and 7 was 
calculated from the principal strains which in turn were obtained 
from the following expressions 


1 2 
4 = &e (172 + Wi Ae 


Vv 1+ Be) 


& = é,0 (12 5 ae 


& = —(4+ &) 


d ° 
r = faa = f  ceauation [5]) 
x 





dx*’ a..t 
2°’ lo ] n lo 


These expressions assume that the strain in the tangential direc- 
tion was zero and that the straight-line paths of Fig. 4 were fol- 
lowed. Actually, both of these conditions were very nearly ful- 
filled and the octahedral strain computed by this means is proba- 
bly a better measure of the actual working of the material than a 
summation of the increments of octahedral strain would produce. 


Discussion or Test REsvuuts 


The octahedral shearing-stress versus octahedral shearing- 
strain diagrams are shown in Fig. 6. The curve is drawn to fit the 
results of the test at 0’ = 0. The diagrams are plotted only to 
y = 0.21. The reason for this is that one of the tests was discon- 
tinued at this strain. To save the extensometer from damage the 
tests were not run to fracture. One specimen, however, failed 
prematurely in the fillet after a gage length strain of Yot = 0.268. 
Those specimens tested beyond Yet = 0.21 agreed about as well 
at the larger strains as in the region shown in Fig. 6. The stress- 
strain curves in Fig. 6 agree quite well with each other, and if 
Fig. 6 is compared with Fig. 21 of the previous reference? it will be 
seen that the agreement among the present tests is as good as it 
was in the series of tests where no torsion was present. 

It may be argued that the present tests are not different from 
the former tests since they have been described as tests with fixed 
principal directions. However, it must be remembered that the 
present tests will or will not have fixed principal directions de- 
pending upon the manner in which the increments are defined and 
integrated. The curves in Fig. 6 do not give a picture of the 
amount of torsion that was applied to the specimen. To empha- 
size the difference in loading and straining in the present series the 
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Fie. 7 Principat Directions or Stress AND INCREMENTS OF 
STRAIN 


stresses and strains for the last points plotted in Fig. 6 are given in 
Table 1. 

Although there seems to be good agreement among the curves 
in Fig. 6, and although it appears from Fig. 4 that the desired 
path of straining was followed quite closely, the agreement does not 
appear to be so good when the increments themselves are studied. 
The principal directions of stress and of the increments of strain 
are plotted against the octahedral shearing strain in Fig. 7. The 
dashed lines indicate the principal directions of the stress at the 
end of the increment. The solid lines indicate the principal direc- 
tions of the increments of strain. 

The roughness of the curves in Fig. 7 gives some measure of the 


CALCULATED DATA FOR LAST POINTS PLOTTED IN 
FIG. 6 


Principal direction 6 o° 20° 30° 35° 

Azial stress.........-. 100500 89500 74500 59500 
Tangential stress... .. M 50640 46900 37300 29000 
Radial stress, —p/2. — 2700 — 2520 — 2050 — 1670 
Torsional stress....... 21000 34000 41090 


TABLE 1 


94700 87800 
17100 600 
— 2050 — 1670 


98150 
38250 
— 2520 


Principal stresses 


Octahedral shearing 
41600 
0.0661 
0.0029 
—0.0690 
0.829 
0.1755 


41700 
0.0941 
0.0061 

—0.1002 

0.294 

0.1570 


41300 
0.1164 
0.0068 

—0.1232 

0.171 

0.0915 


Unit angle of twist... . 

Torsional strain 

Octahedral shearing. . . 
strain 0.2080 


0.2055 0.2082 
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difficulty of straining a specimen according to a definite strain 
pattern. Trying to follow the strain paths of Fig. 4 is somewhat 
like trying to roll a sphere along a ridge. A small correction in 
the axial strain rate, made necessary by a lagging of the strain in 
that direction, would cause a large increase in the axial load and 
a corresponding decrease in the torque. This apparently unstable 
equilibrium was mostly responsible for the violent fluctuations of 
the curves in Fig. 7. It should be noted in Fig. 7, however, that 
the principal direction of the stress is usually a little nearer to the 
desired direction than that of the increments of strain. If the 
strain increments could have been directed exactly as planned it 
appears safe to conclude that the principal directions of stress 
would have coincided. This, then, is experimental evidence of 
the much-used assumption that the principal directions of the 
stress and of the increments of strain coincide. 

The large fluctuations in the principal directions of the incre- 
ments of strain are not so much indications that the principal 
direction of the total amount of strain is in error as they are indi- 
cations of how rapidly corrections were being made to bring the 
actual strain path back to the desired path. Actually, the Az 


curves in Fig. 7 would have been more jagged if the corrections to 
the strain rates had not been made in a gradual manner. 

The diagrams in Fig. 5 show that the present series cover a full 
Tests with larger components of torsion 


range of shear stresses. 
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could be run by using higher ratios of pressure to axial load. In 
such tests, however, the mean diameter would increase and the 
major principal stress direction would be more nearly in the cir 
cumferential direction than in the axial direction as was the 
case in the present tests. The natural anisotropy of the material 
would probably be noted if such tests were to be compared with 
the present tests. 


CONCLUSIONS 


Based on the test results described in this paper the following 
conclusions can be made: 


1 If combined tension-torsion tests are run in such a way that 
the principal directions of the increments of natural strain remain 
fixed, finite strains with fixed principal directions can be obtained 
by summation of the increments associated with a fixed direction 

2 For combined tension-torsion tests with fixed principal! 
directions the octahedral shearing stress is a unique function of the 
octahedral shearing strain. 

3 Ifa specimen is strained so that the principal directions of 
the increments of natural strain are kept constant, the principal 
directions of the stress will coincide with those of the increments 
of strain and also with the principal directions of the summation 
of the increments. 





Experiments Concerning the Yield Surface 
and the Assumption of Linearity in the 
Plastic Stress-Strain Relations 


By P. M. NAGHDI,? J. C. ROWLEY,? anv C. W. BEADLE,‘ ANN ARBOR, MICH. 


Combined tension and torsion experiments for six tubu- 
jar 24S-T4 aluminum-alloy specimens with considerable 
initial anisotropy are reported. In all cases the results 
reveal the existence of corners on the yield loci of the 
material. 


INTRODUCTION—GENERAL BACKGROUND 


tension and torsion of tubular specimens made of aluminum 
alloy which possessed an appreciable initial anisotropy were 
reported. In these tests, the variable loading path was such that 
tension was followed by torsion and permitted the determination 
of the initial shear modulus G; when twist began. The modulus 
G;, for all ratios of the increment of axial stress to the increment 
of shearing stress (doy;/do2,) during loading, was found to be 
considerably less than the elastic shear modulus G), except when 
unloading had actually taken place. Furthermore, it was re- 
peatedly observed that plastic strains were produced for some 
(=) 
aT és : 

These results motivated further experimental investigation 
on the character of the yield loci and possibly the validity of the 
assumption of linearity of the increment of the plastic strains in 
the increment of the stresses (hereafter referred to as the assump- 
tion of linearity). We recall that in the expression for the incre- 
ment of the plastic-strain tensor de,;" in terms of a plastic poten- 
tial f, namely 


I a recent paper, experimental results on combined 


negative values of (do33/da23) or 


the existence of a smooth loading surface (which has a continuous 
turning tangent) is implied and furthermore it is usually assumed 
that de,,” is linear in do;;. 


‘ The results presented in this paper were obtained in the course of 
research sponsored by the Office of Ordnance Research under Contract 
DA-20-018-ORD-12099, with the University of Michigan. 

? Professor of Engineering Mechanics, University of Michigan. 
Assoc. Mem. ASME. 

* Research Assistant, Department cof Engineering Mechanics, Uni- 
versity of Michigan. 

‘ Research Assistant, Department of Engineering Mechanics, Uni- 
versity of Michigan. Assoc. Mem. ASME. 

*“‘An Experimental Study of Biaxial Stress-Strain Relations in 
Plasticity,” by P. M. Naghdi and J. C. Rowley, Journal of the 
Mechanics and Physics of Solids, vol. 3, no. 1, October, 1954, pp. 63-80. 

Presented at the National Conference of the Applied Me- 
chanics Division, Troy, N. Y., June 16-18, 1955, of Taz AMERICAN 
Socinty oF MmecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1955, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced ir papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, April 29, 1954. Paper No. 55—APM-5. 


Let us consider an initially smooth yield locus f; as shown in 
Fig. 1. Since the plastic-strain increment vector is normal to the 
loading surface,* then if the additional stress increments to pro- 
duce f, and subsequently f,; are small, the plastic-strain incre- 
ments should be a smooth function of any of the monotonically 
increasing variables along the stress path. Thus, even if the sub- 
sequent loading surfaces were to distort appreciably, the ex- 








O33 (O77) 


RELATION OF StrrRess AND Ptastic-SrrRain-INCREMENT 
Vectors To SUBSEQUENT SmMootH YIELD Loc! 


Fic. 1 


istence of a smooth sur- 
face would predict that 
the increment of the 


ote 
plastic-strain vector de’ 
would at most rotate 
independently of the 
wide excursions of the 
direction of the in- 
crement of the stress 


‘abs 
vector do. As pointed 
out by Drucker and 
Stokton,®*»* it may be 
emphasized that this is 
independent of the as- 
sumption of linearity. 








Fie. 2 Reiation or STaess AND 

PLasTic-STRAIN-INCREMENT VECTORS TO 

SuBpsequent Yrietp Loct EXHIBITING 
CoRNERS 


¢**4 More Fundamental Approach to Plastic Stress-Strain Rela- 
tions,” by D. C. Drucker, Proceedings of the First U. 8S. National 
Congress of Applied Mechanics, 1951, pp. 487-491; also ‘‘The Theory 
of the Plastic Distortion of a Polycrystalline Aggregate Under 
Combined Stresses,’ and “A Theoretical Derivation of the Plastic 
Properties of a Polycrystalline Face-Centered Metal,” by J. F. W. 
Bishop and R. Hill, Philosophical Magazine, vol. 42, 1951, pp. 414 
and 1298. 

7 “Instrumentation and Fundamental Experiments in Plasticity,” 
by D. C. Drucker and F. D. Stokton, to appear in the Proceedings 
of the Society of Experimental Stress Analysis; also, ONR Technical 
Report No. 68, Brown University, Providence, R. I., 1952. 

8 “Experimental Evidence of Non-Linearity in Plastic Stress-Strain 
Relations,” by F. D. Stokton, ONR Technical Report No. 88, Brown 
University, 1953. 
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If, on the other hand, in producing the subsequent surfaces f; 


a + 
and f;, the direction of de” depends on the direction of do, then 
the existence of a corner or vertex on the loading surface is 
possible. Alternatively, since at a corner a unique normal vector 
is not defined, the direction of the plastic-strain-increment 
vector is restricted only to the directions included between the 
normals to the surface at adjacent points, Fig. 2; thus the 

—s — 
dependence of de” on da is possible. 

This paper contains experimental results on the evidence of the 
existence of corners on the yield loci and the possible invalidity of 
the assumption of linearity of the increment of the plastic strains 
in the increment of the stresses for an aluminum alloy (248-T4) 
which possessed considerable initial anisotropy. Although the 
experiments were performed on 14 tubular specimens, to conserve 
space, the results for only six specime:.s are reported here. (The 
character of the test data for the other eight is essentially the same 
as those described.) In all cases the loading program in com- 
bined tension and torsion was such that small additional “incre- 
ments’’ of stress were applied to an already existing plastic state. 


SPECIMENS AND EQUIPMENT 


The thin-walled specimens were made of 24S-T4 aluminum 
alloy which possessed considerable initial anisotropy.’ All 
specimens used had the nominal dimensions of 0.75 in. ID and 
0.075 in. thickness, some of which were work-hardened pre- 
viously. To indicate the history of each specimen prior to the 
present investigation, it might be helpful to mention that the 
tubular specimens numbered 50 and 52 (Figs. 4 and 5) were em- 
ployed in the previous experiment*; all other specimens, however, 
were virgin. 

The testing machine, the extensometer, the recording instru- 
ments, and the associated equipment used in this experiment, to- 
gether with the accuracies of the resulting measurements, have 
been described in detail elsewhere’ and will not be repeated here. 


EXPERIMENTAL RESULTS 


The experiments conducted were such that the specimens were 
subjected to an initial tension and torsion (well into the plastic 
range), followed by increments of tension and torsion. The ap- 
proximate character of these stress paths is shown in Fig. 3. The 


* See fig. 4 of reference 5. 
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test results for the six tubular specimens are shown in Figs. 4 to 9, 
inclusive. The test data have been arranged into three groups 
designated by E, F, and G, according to the region of the stress 
space, as indicated in Fig. 3. The data for each specimen are 
presented by three curves showing the variations of the axial and 
shearing stress, and one of the plastic strains, all plotted versus 
the other plastic strain (monotonically increasing for that test). 

The approximate strain rates for each test also are indicated in 
Figs. 4 to 9. To emphasize the clarity and convenience of the 
experimental measurements afforded by the continuous recording 
of all variables, a facsimile of one of the oscillograph films is re- 
produced in Fig. 10. 

We shall now discuss some of the important features of the ex- 
perimental results with reference to Figs. 4 to 9. 
that for all specimens, €9,” (or €,.") appears to be uniformly in- 
creasing with time, even for small decreasing increments of the 
This can be seen from 


First, we note 


shearing stress Tg, (or normal stress ¢,,).™ 
Fig. 11 which is a magnified portion of the data of the specimen 
F-3, Fig.7. Furthermore, it is clearly seen that there is a strong 
correlation between the direction of both stress and strain- 
increment vectors for all three groups of specimens. Specifically, 
let us consider the details of this correlation for group E specimens, 


Figs. 4 and 5. The characters of both €,,” and og», versus €¢," 


© ¢,. is computed as component of a tensor, ie., ¢,, = ' 
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being the shearing strain in engineering notation. 











































ei: fe lez = 70 pf sec 
€5, = 30m WB, sec : 


= N 
€, = 00m Hh /SEC 




















. 
'e 
Lod 
5 
— 
% 
? 
| 
| 








TUBE F-3 (NO.33) 
\¢zs|= 70 Ht sec 


é), = 00u sec 


—«;, # «10° —e 





Fia. 7 (left) 


3 
——G,, PSI K 1° —e 


53 
——Tp, PS! K 1S 


ee 
2 3 4 5 
oN 5 
——€, iy * 10° —e 








NAGHDI,-ROWLEY, BEADLE—PLASTIC STRESS-STRAIN RELATIONS 





pr 
s 


TUBE G-3 (NO 53) J 


° = N 
éj, = 130 p sec : 
<é,, = 120u # sec 


}€o2|=120 w Hysec 
|€9,|= 60 pe it / SEC 





—, Psi x 16> —— 














— 


ba 3 
—«;,, Bx —- 





B 
2 
é 


Fie, 9 





s\ 


ZERO REFERENCES 


5 SECOND TIME MARKER 


\ 


\ 





35 40 45 


, 
°o 
e 


VARIABLE LOADING TEST 


THIN WALLED TUBE, SPEC 


LOADING PATH) 


oo. 


Fie. 10 





420 JOURNAL OF APPLIED 


curves are oscillatory in nature and appear to be essentially alike 
A close examination of these curves seem to indicate: (a) ‘The 
plot of €,,” versus €9,” curve appears to be similar to a correspond- 


—. —s 
ing plot of total strains; (b) the directions of de” and do have 
nearly the same sense along the entire loading path; and (c) the 
magnitude of the strain-increment vector is approximately pro- 
portional to the magnitude of the stress-increment vector, i.e., 


_ —_ 
\de”| = mldo]. 

In addition, we note that since the proportionality factor m 
for the initial increment of the stress vector is less than that for 
subsequent increments of stress (where it seems to remain nearly 
constant), the occurrence of negative plastic strains, beyond the 
first increment is possible and, in fact, does occur. In a similar 
manner, corresponding observations also may be made for 
groups F and G specimens, Figs. 6 to 9. For group F, however, 
the variation of €,,” versus €9,” curves, although oscillatory, has a 
definite upward trend. 


CONCLUSION 


From the experimental results it is quite clear that for the ma- 
terial tested the yield loci are not smooth. Furthermore, definite 
evidence of the existence of corners on the yield loci has been 
established. In view of this observed character of the yield loci, 
the validity of the assumption of linearity cannot be ascertained 
from the present or similar experimental results. It might be, 
however, that the assumption of linearity, together with the use 
of a singular yield condition, would correlate these results. 

Finally, it should be mentioned that the present results confirm 
our previous speculation’ with regard to the existence of corners 
on the yield loci of the material tested. 
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The Statistical Theory of Size and 
Shape Effects in Fatigue 


By F. A. McCLINTOCK,? CAMBRIDGE, MASS. 


Fatigue specimens are considered in which the stress 
amplitude is constant with respect to time but falls off 
parabolically along the length of the specimen from the 
point of maximum stress. From assumptions regarding 
the local variability in the strength of the material, equa- 
tions are derived relating the scatter in cycles to failure to 
the scatter in position of failure. The effect of specimen 
size is determined for these two types of scatter, as well as 
for the average life. It is found that the shape of the dis- 
tribution function does not affect seriously the relation 
between scatter in cycles to failure and scatter in position 
of failure. The size effect, however, is markedly influenced 
by the shape of the distribution function. A modification 
is suggested to make the results applicable to tests to de- 
termine the endurance limit, where the stress amplitude 
is a variable, 


NOMENCLATURE 


The following nomenclature is used in the paper: 


= constant relating stress to position, a = (S,, — S)/S,,z2* 
strength of segment defined by b = S + K log N 
circumference of specimen 
exponent in extreme-value distribution of third kind 


negative of slope of plot of stress versus log (cycles) 
number of cycles to failure 
= probability per unit surface area of finding an element of 
strength below b 
= stress at a particular section 
maximum stress on any section 
= distance from section of maximum stress 
standard deviation 
lower limit of strength in extreme-value distribution of 
third kind 
denotes mean value 


INTRODUCTION 


On a microscopic scale the mechanical properties of metals vary 
from one point to another. Grain boundaries, phase boundaries, 
and inclusions cause the apparent strength of the metal to vary. 
This local variation in strength is more pronounced in fatigue 
testing than in plastic deformation, because fatigue failures arise 
from failure of the weakest element, whereas, except in cases of 

1This research was supported by the United States Air Force, 
through the Office of Scientific Research of the Air Research and De- 
velopment Command. 

2 Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology. Assoc. Mem. ASME. 

Presented at the National Conference of the Applied Mechanics 
Division, Troy, N. Y., June 16-18, 1955, of Tas American Society 
or MEcHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1955, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, December 9, 1954. Paper No. 55—APM-25. 
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instability, plastic properties are determined by the average be- 
havior of a large number of elements. The local variations in 
strength manifest themselves in the variation in life of fatigue 
specimens tested at a constant level of repeated stress, in the 
variation of the endurance limit or the rupture stress found 
using the Prot method, in the variation of the position of failure 
relative to the point of maximum stress, and to some extent in the 
size effect. 

In the following analysis it will be at first assumed that the 
variations in strength are due to randomly spaced inclusions 
which reduce the strength of the material by a fixed amount. In 
the limit, as the density of inclusions increases, and when the in- 
clusions cause varying reductions in strength, the strength of the 
material will be considered to vary from one point to another a 
differential distance away as if the strengths of the different 
points were samples from some statistical distribution function. 
These hypotheses regarding the statistical nature of the local 
variations in strength will be developed to find the resulting varia- 
tions in life at a constant level of repeated stress, the variation in 
position of failure relative to the point of maximum stress, and 
that part of the size effect which is due to the variability of the 
material. An approximate interpretation of the results will be 
suggested to make them applicable to the variation in the en- 
durance limit or the rupture stress of the Prot test 


ASSUMPTIONS 


Most fatigue specimens are shaped and loaded in such a way 
that the stress is a maximum at only one cross section of a speci- 
men and falls off on either side. Thus the stress S at a distance 


z from the point of maximum stress S,, may be approximated by 
S = S,(1 — az*) [1 


The quantity a is determined by the shape of the specimen and the 
method of loading. 

The fatigue specimen will be considered to be made up of dif- 
ferential segments of length dz. Since fatigue failures initiate at 
the surface, the area of these elements in which failure may occur 
is C dz, where C is the circumference of the specimen. The circum- 
ference will be assumed independent of z, the distance along the 
specimen. This assumption may be made because the size is 
much less important than the stress in determining the fatigue 
life. For example, Cazaud (1)? has shown that changing the 
diameter by a factor of 4 resulted in a change in strength by a 
factor of only 1.2. 

For moderate ranges of stress it is reasonable to assume that 
there is a semilogarithmic relation between the stress on any 
given segment S and the number of cycles to failure of the segment 
C dz if tested alone, N,,; that is 


S + K log Neg = b [2] 


The parameter K, corresponding to the negative of the slope of a 
plot of S versus log Ney, will be assumed constant, but the 
quantity 6, which is constant for any one segment, will vary from 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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one segment to another as a consequence of their variations in 
strength. 

Finally, the probabilities of failure in the various segments will 
be assumed independent of each other. This is satisfied if failure 
is defined as the production of a crack of size small compared to 
the usual scatter in position of failure. Since the scatter in posi- 
tion of failure is of the order of the specimen thickness, and since 
cracks of even one-tenth the thickness of the specimen will grow 
to failure in a relatively small number of cycles, the following 
analysis should be valid even if the number of cycles to failure is 
considered to be the number of cycles to complete fracture. 


Fiaws Wits Fixep REepvuctTION IN STRENGTH 


Suppose that the strength of a specimen is constant except for 
the presence of randomly distributed flaws which reduce the 
strength by an amount r. Failure will occur at the flaw nearest 
the center of the specimen if that flaw reduces the strength by 
more than the difference in stress between the center and the sec- 
tion containing the flaw. Thus failure can occur at a flaw when- 
ever 


r>S,—S,(1—az*) or z2< Wr/aS,, 


Let the probability of finding a flaw in a segment of area C Az be 
pCAz. Then the probability of not finding a flaw in any of the 
2\z2|/Az segments between —z and +2 is (1 — pCAz)?!#l42, 
In the limit as Az goes to zero this becomes e~??!|__Thus the 
probability of no failure within z and failure between z and z + dz 
is 

f(z)dz = e—?PClalnc dz 


The fraction of specimens which fail at a flaw will be 
V1/aSm py golaw 
f f(z)dz = ]—e 2pCvV r/aSm 
—<Vr/aSm 


The remaining specimens will fail at the center. The life of a 


specimen failing at z is found from 
S,.(1— az*) + K log N =b—r 


The distribution of the logarithm of cycles to failure is found by 
changing the variable from z to K log N 


(K log N) = f(z)dz/dK log N 
e~ 2pC V(b—1r—Sm—K log N)/Sma pCdK log N 
28,,a \/(b — r — S,, — K log N)/S,.a 


The resulting bivariate distribution function is sketched in Fig. 
1. On the right is the marginal distribution of log (cycles). This 
latter distribution has peaks of infinite density at its lower and 
upper limits. Since experimental data (2) indicate a single, finite 
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mode, one cannot consider a specimen to be of constant strength 
except for inclusions of fixed magnitude which are not present in 
all specimens. 


Fiaws Wits VaryinGc Repuctions In STRENGTH 


The strength of a segment is the value of S + K log N at which 
failure occurs. Let the probability of finding a strength of S + K 
log N or less in a segment of area C dz be p(S + K log N) C dz. 
Then the probability that a segment would fail before N-cycles if 
tested alone at a stress S is also 


PC dz would fail before N = P(S + K log N)C dz 


The probability that a segment will fail between the cycles 
corresponding to K log N and K log N + d(K log N if tested 
alone at a stress S is 


p'(S + K log N) C dz dK log N 


The probability that it would not fail before N-cycles if tested 
alone at the stress S is 


P¢ dz would not fail before N = 1 — p(S + K log N)C dz 


Since segments of differential size are being considered, this can 
also be expressed as 


Pc dz would not fail before N = exp [—p(S + K log N)C dz] 


Now the failure of the complete specimen occurs when the first 
segment fails. For this to happen at N cycles one of the segments 
must fail at N cycles and none of the other segments can have 
failed sooner. Assuming independence of the probabilities of 
nonfailure of each of the segments, the probability of nonfailure of 
all of the other segments is the product of the probabilities of the 
nonfailure of each. Since each of the probabilities of nonfailure is 
in exponential form, the product can be expressed as the expon- 
tial of a sum, or in the limit as the exponential of an integral 


Pspecimen does not fail before N = €XP -—f pS + K log N)C dz] 


A similar expression has been obtained by Fowler (3). 

Thus the probability of failure of the specimen in the segment 
C dz between the number of cycles corresponding to K log N and 
K log N + d(K log N) is 


fdzdK log N = exp [f/ — p(S + K log N)C dz] 
p'(S + K log N)C dz dK log N... . [8] 


Introducing Equation [1] to relate the stresses to the positions of 
the segments, one obtains 


fdz dK log N = exp [SJ — piS,,(1 — az’) + K log NJC dz] 
p’\S,,(1 — az*) + K log N} C dz dK log N....[9] 


The choice of the function p(S + K log N) should be based on 
the ease of developing Equation [9] as well as on agreement with 
expected behavior. If there is a limiting strength below which all 
segments will fail, the value of p must become infinite at that 
point in order for the probability of not failing below that 
strength, given by Equation [7], to vanish. In order to simulate a 
material having an upper limit to its strength of b, p was chosen to 
vary as the reciprocal, the logarithm of the reciprocal, the cotan- 
gent, and the cosecant of (b — S— K log N). It was not found 
possible to evaluate the desired means and standard deviations 
explicitly in any of these cases. 

Turning to functions giving no definite upper limit to the 
strength, two which can be integrated to give explicit answers are 
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alSm —_ Smaz? + K log N] 


p = mre 
and 


p = pAS,, — S,,a2? + K log N —w)* 


The first of these applies to all values of S,, — S,,az? + K log N, 
the second only to those greater than w. The substitutions p; = 
e~ and p2 = 1/(v; —w)* put these functions into the form of 
asymptotic extreme-value distributions of the first and third kind 
as given by Gumbel (4). The asymptotic extreme-value distribu- 
tion of the first kind is that which would be obtained if the speci- 
men were considered to be made up of an indefinitely large num- 
ber of segments having strength normally distributed. The 
asymptotic extreme-value distribution of the third kind is that 
which would be obtained if the strengths of the segments followed 
a distribution function having a definite lower limit to the possible 
strengths. It is only necessary to study the distribution of the 
third kind since, as Kendall‘ points out, when the lower limit of 
the strength goes to zero and the exponent k goes to infinity, this 
distribution approaches that of the first kind as a limit. 

It is desired to find the mean logarithm of the eyles to failure 
log N, the standard deviation of the logarithm of cycles to fail- 
ure Glog y, the standard deviation of the position of failure a,, 
and a correlation coefficient r. These are found from the distri- 
bution function f, given by Equation [9], as follows 


f__ Klogw f "fide dK log N. 


K logN = .. [12] 


Ko icg N = \ f (K log N)* jth fdz dK log N — (K log N)? 


[14) 


a Vf —_ 


Judging from the example already worked out, the correlation 
between the logarithm of life and position of failure is likely to be 
quadratic. correlation coefficient will be based on 
the square of the position of failure 


1 . 
r= ———— 
KO i0g NOd,2 _ 


J. (2? — 2*)dz dK log N 


Therefore the 


(K log N — K log NV) 


EXTREME-VALUE DIsTRIBUTION OF THE TurIRD (Limrrep) Kinp 
For convenience define 
SS pe! k(S,, + K log N — w) 
and 
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. 9 ») / . 
¢ = pr m/*al/? z=V BS,az } 
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The integral appearing in Equation [7] is evaluated by a change 
of variable to — = {£?/yv in order to apply Dwight* 

he (v — £2)'C dt Cy t1/2 /\x T(k + 1) 

J ale V BS, V/ B80 ['(k + 3/2) 


The factor p’ is obtained by differentiating Equation [11] 
p’ = Bk(v — £)*-! 


Thus the frequency distribution function of vy and {£, correspond- 
ing to life and position of failure is 


_ Cvktl/2 Ve r(k+1) 
a a Te 
i e V BSma r'(k+3/2) kv ¢2)*—lCdtdy - 
fdtdy = — Ee ——— . .(17] 
V BS,a 
The marginal distribution of v is found by again changing the 
variable ¢ to [#/y = & and obtaining the integral from Dwight*® 


cvk +1/2 v ‘xT(k+1) 
V 8Sma V'(k+3/2) 


v*-1/2 pC Va Tk 


[18] 
V BS,,a T(k + 1/2) 


Note that, if the stress had been constant throughout an element 
of length z, the distribution would have been 


-vkCe..7...k 
e~*CeeCzy*—! 


Thus the variation of stress along the length of the specimen 
changes the shape of the distribution of life by decreasing the 
exponent k by '/2. 

The mean value of the logarithm of life is found by a change of 
variable and with the aid of the gamma function 


2 
Tr < 1 1 > 
ee a ae | Y (2k + 1)§ 
Og = WwW Om 1 ps! k 
E pal/* Sa T(k + 3/2) | 


; [19] 
CVarl(k +1) | 


Similarly, the standard deviation of the logarithm of the life is 


Vp/* 8a T(k + 3/2) r” 1 
KGiog n = * de 1/k 
CVrlk+1) . Ds 


yr( . ic) (1 r = :) 


The standard deviation of position of failure is found by first 
integrating with respect to ¢ and then with respect to v, again ex- 
pressing the results in terms of the gamma function 


(20) 


> /e 


V n/t Sa T(k + 3 
CU9 Mk + 1) 


The correlation coefficient is found after similar, but 


;— 


male 
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4 Reference (5), p. 222. 
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’ Reference (6), 855.1. 
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The scatter in cycles to failure and the scatter in position of failure 
are shown by Equations [20] and [21] to be related as follows 


(+95) 
Ute ey 





Koig wn = 8,00, 2k + 1) 1. . [23] 





(1 + 


2k +1 


For specimens of two different sizes with the same concentration 


of flaws per unit area, p 
2 
r(1 ta) Beiiact a 


VI[1 + 4/(2k + 1)] —T2{1 + 2/(2k + 1)) 


/ 1 —~\ 2/(2k+1 
2/(2k+ ay (x) /(2k+ | 
C2 


(“= 
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— log Nz sg 


T log N1 


fog Ni 








Plog N1 
——— op fa 


CloeN2 LCi*a2 


on \" se 
Cn 7 ai LC1*a2 
In the limit as k — 0, the results obtained approach those found 
from Equations [3] and [6], considering the strength of segments 
without flaws to be infinite so that all specimens fail at inclusions 
with the same strength. As mentioned previously, as k —~ © the 
extreme-value distribution of the first kind is approached. The 
question arises as to how an appropriate value of k may be deter- 
mined from experimental data. 
As the parameter k increases, the lower limit of the distribution 
of lives gets farther and farther below the mean. This relation is 


given by 
2 
ri 
(. * 2k + 2.) 








log N var log Nin < 


0 — ————> onsen 
2 
ey ame re(1 + 


and is plotied in Fig. 2. But this relation is not too useful for 
estimating k, since one is never quite sure he has observed the 
lowest possible life. 

A second means of estimating k might be from the skewness of 
the distribution of log (cycles), defined in terms of the second and 
third moments of the distribution about the mean, pez and py; 


S ; we ihe 
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Fieg.2 Least Vatue or Lirs, Nmio, AS A FUNCTION OF EXPONENT 


A third possible method of evaluating k would be by deducing it 
from the correlation between cycles to failure and position of 
failure. The relation between r and k, given by Equation [22], is 
shown in Fig. 3. For values oi the correlation coefficient of 0.2 or 
less, which are those of primary interest, the standard deviation 
of the ectimate of the correlation coefficient may be very roughly 
approximated by 1/+/n where n is the number of observations.” 
Thus even 100 observations yield an estimate of the correlation 
coefficient which is only good to +0.2 (95 per cent confidence), 
and hence useless for estimating k. 

A final method for evaluating k might be through the de- 
pendence on it of the relation between scatter in cycles to failure 
and scatter in position of failure, Equation [23]. This relation is 
plotted in Fig. 3. There is little dependence on k. Considering 
the width of the confidence intervals obtained in estimating the 
standard deviations, this method is hopeless for deciding what 
value of k corresponds to the data. On the other hand, it appears 
that the ratio Koicg y/S,,a0,? is nearly constant, and may be as- 
sumed to be 2.0 to 2.6 regardless of the shape of the distribution 
function. Further evidence for this is presented by the results 
obtained assuming a finite number of segments with strengths 
normally distributed. In that case the ratio Koicgn/S,,a0,? was 





/ 4 
ie + h 


This function is plotted in Fig. 5. 

In order to know how accurately k may be determined using 
this relation, one must have some idea of vhe variability of the 
estimate of the third moment. From Kendall‘ it follows that the 
standard deviation of the estimate of the skewness is about 
2.5/+/n for k = 3 and increases to 8/\/n as k + @ and to 
200/1/n as k + 0. Thus if a sample of even as large as 100 
were taken and found to have zero skewness, on an approximate 
95 per cent confidence basis, one could only conclude that k lay 
between 1'/: and 10. If the skewness turned out to be —1.0, one 
could say almost nothing at all about the value of k. 


* Reference (5), pp. 50 and 224. 
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2k 


found by numerical integration to be 2.2 (7). 


Tue Size Errscr 


With the shape of the distribution function, as indicated by the 
exponent k, so difficult to determine, one would hope that the 
choice of k would be unimportant. Such is not the case, for 
the effect of size on the statistics is influenced by k. Equations 
[24] to [26] giving mean log (cycles) and standard deviations of log 
(cycles) and position of failure are plotted as functions of k in Figs. 
3 and 4 for geometrically similar specimens with a length ratio 
L,/L, of 10. Perhaps a very carefully planned and executed test 


? Reference (5), pp. 211 and 245. 
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program will enable one to determine the shape of the distribution 
function trom these relations. In the meantime these equations 
and figures can only be counted on to give the order of magnitude 
of that part of the size effect which is due to the variability of the 
material. 


ENDURANCE Limit AND Prot MEetTuop 


In tests designed to determine the endurance limit the stress at 
failure is itself a variable. For an extreme-value distribution of 
the third kind, the joint distribution of stress at failure and posi- 
tion of failure is given by 


fdz dS,, “a e— S Px(Sm—Smazt—«)*C dz kp 8, ener 8,,02" a wn! 


Attempts to find means and standard deviations for this distribu- 
tion function were unsuccessful, since the maximum stress in the 
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specimen, S,,, is now a variable and is combined more closely with 
z than was log N. But a simplification is possible if the quantity 
S,, — S,,a2* is rewritten as 


S,, — S,,az* = S,, — S,,az* — (S,, — S,, )az* 


for the stress difference between the point z and the point of 
maximum stress is small compared to the maximum stress. Also, 
the difference between the maximum stress for one specimen and 
the average of the maximum siresses for all specimens is small 
compared to the maximum stress. Thus the third term in the 
foregoing expression is of smaller order of magnitude than the 
second and may be neglected to a first approximation. With this 
approximation the means and standard deviations can be evalu- 
ated, giving for the mean of the maximum stresses in specimens at 
failure 


9) 
r (i plat. ) 7 
2k +1 V pi!/* Sa T(k + 3/2) 


p2/* CV x T(k + 1) 


Equations [20] and [21] are as before with the substitution of S,, 
for S,, and @g,, for Ox tog w.* 

The accuracy of this approximation can be checked in the 
special case for which w = 0, so that the statistics of the distribu- 
tion function can be evaluated explicitly. The approximation 
should be good only where the ratio og,,/S,, is small, say, less 
than 0.10. It turns out that 


Pay apo 
r?{1 
(+3) 
Correspondingly, k should be greater than about 12.5. The 
a/ 


statistics of primary interest are tabulated for k = 12, L,/L, = 10 
in the following 


Approximate Exact 
ee 0.070 0 
2.438 2.434 
3.181 3.165 
0.702 0.692 
8.38 8.32 


TSm Snacs*. ‘— 
(Smt — Sma) losmi 
o3m2/7Smi- tee 

Oe2 | Ce: . 


In this case, at least, the approximation is as accurate as would be 
expected. 
CONCLUSION 


The size effect in fatigue testing is due to many factors, one of 
which is the inherent variability of the material. The importance 
of this factor depends on the shape of the statistical distribution 
function describing the variability. Since the statistics deter- 
mined from tests on one size of specimen are insensitive to the 
shape of the distribution function, a careful experimental study of 
specimens of different sizes will be required to determine how 
much of the size effect is due to variability in the material and 
how much to other factors. 
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A Criterion for Minimum Scatter 


in Fatigue Testing 


By F. A. McCLINTOCK,? CAMBRIDGE, MASS. 


When a number of fatigue tests are run on specimens with 
a longitudinal radius of curvature, there results a scatter in 
both the number of cycles to failure and the position of 
failure. A previous statistical analysis showed that if the 
variations in life are due solely to local inhomogeneities in 
the specimen, then there is a definite relation between the 
scatter in position of failure and the scatter in the number 
of cycles to failure. If the scatter in life significantly 
exceeds that corresponding to the scatter in position of 
failure, then there is some factor other than local in- 
homogeneities contributing to the scatter in life. Such 
other factors can be eliminated by improving the experi- 
mental technique. The usefulness of this criterion is 
illustrated by its application to crack detection tests on 
polycrystalline ingot iron. 


INTRODUCTION 


HERE is often wide variation in the number of cycles to 
failure of apparently similar specimens subiected to the 
same level of repeated stress (1, 2).4 This variation ob- 
scures the results of many fatigue-testing programs, and makes it 
necessary to run a relatively large number of tests in order to 
obtain the desired information. The careful experimenter tries, 
in so far as he can, to eliminate the possible causes of this variation. 
He tries to make his specimens from the same bar or at least the 
same heat. He heat-treats the specimens in a uniform way. He 
is careful in machining and polishing the specimens to make them 
all alike, not only in dimension and surface finish, but also in 
history, so that one will not have a slightly more cold-worked 
surface than another. 

In spite of all these precautions, the life of one specimen differs 
from that of the next. Is this variation unavoidable or might it 
be reduced by still further care in specimen preparation and 
testing? This paper proposes a means of answering this question. 

Let us first examine the possible sources of the variation in life. 

Microscopic Sources OF VARIATION 

Metals are not truly homogeneous. The boundaries between 
the various crystals are sources of stress concentration arising 
from the dependence of the stiffness of a crystal on its orientation. 
Should these grain boundaries all be favorable in‘a given speci- 

1Completion of this research was, supported by the United States 
Air Force, through the Office of Scientific Research of the Air Re- 
search and Development Command. 

? Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology. Assoc. Mem. ASME, 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Presented at the National Conference of the Applied Mechanics 
Division, Troy, N. Y., June 16-18, 1955, of Toe American Socrery 
or MECHANICAL ENGINEERS, 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., aud will be accepted 
until October 10, 1955, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, December 9, 1954. Paper No. 55—APM-26. 


There 


inclusions 


men, the life at a given nominal stress would be longer 
are crystals of different phases present. There are 
of nonmetallics, which are weak and also are sources of stress 
concentration. 
order of 0.01 in 
to insure that these factors will affect all his specimens in the 


All these factors vary within a tiny region of the 
, and there is little that the experimenter can do 
same way. Another factor that varies within a small region may 
be the surface preparation. A series of fine scratches can produce 
local variations in strength and hence in the life of the specimen 
at a given stress. 


LONG-RANGE Sources OF VARIATION 


There are factors which affect the life of one specimen relative 
to another without necessarily causing a variation in strength 
Any factor connected with specimen prepa- 
It is very difficult to insure 


within one specimen. 
ration may fall in this category. 
that all specimens have been heat-treated alike. If the specimens 
are heat-treated all at the same time, it is difficult to assure that 
temperatures and cooling rates are the same throughout a furnace 
or a tempering bath. If the specimens are heat-treated at differ- 
ent times, they can be placed at the same points in the furnace or 
tempering baths, but then the variations in furnace temperature 
from time to time may cause trouble. In mechanical preparation, 
the sharpness of the tool and the patience of the polisher will wax 
and wane. In testing the specimen in the machine, errors in 
measuring the diameter and setting the load may affect the stress 
of the specimen and hence the life at what was thought to be 
All of these factors affect different specimens differ- 
ently, but they can be brought under control by better and better 


one stress. 


experimental techniques. 

Metallurgical factors are more difficult to control. The long- 
est-range ones can be eliminated by selecting all the specimens 
from one bar. But even between one end and the other of this 
bar, there may be differences due to variations in rolling tempera- 
tures, cooling rate, or nearness of one end to an insufficiently 
cropped end of an ingot. These factors may be detected by 
noting whether specimens from one end or the other tend to fail 


earlier. 
INTERMEDIATE SOURCES OF VARIATION 


It is conceivable that there are some medium-range factors 
which vary over a distance of the order of the specimen length. 
For example, if a specimen is heat-treated after machining, one 
part of the specimen may receive a different heat-treatment from 
another part because of uneven temperatures or differences in 
cooling rates. Occasional scratches will reduce the strength 
wherever they may happen to fall. There may be a tendency 
for the quality of machining to vary along the length of the speci- 
men. 

Another possibility is the presence of stringers of inclusions 
whose length is of the order of magnitude of the length of the 
specimen. Such inclusions have very little effect on the life of 
the specimen when they are parallel to a uniaxial stress. The 
unimportance of these stringers is due to the fact that they oc- 
cupy so little of the area of the specimen and cause less stress 
concentration than a spherical inclusion having the same diame- 


ter as the stringer. Hence we shall ignore any metallurgical 
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factors which are constant within a microscopic region, but vary 
over the length of the specimen. 

The factors affecting the scatter in life of fatigue specimens can 
now be tabulated according to the possibility of eliminating them 
and the size of the region over which they vary (Table 1). 


TABLE 1 FACTORS AFFECTING SCATTER IN LIFE OF 
FATIGUE SPECIMENS 

Constant 

withina Constant 
microscopic within one 
region but specimen 
varies over but varies 
the length from one 

ofa specimen 

specimen to another 


Varies 
within a 
microscopic 
Factor region 
Factors which cannot be eliminated 
Stress concentration at grain boundaries. 
Stress concentration at inclusions 
Strength variations due to grain orienta- 
tions -e 
Strength variations due to various phases. ae —- 


Factors whose influence can be eliminated or 
reduc 
Composition _ 
Heat-treatment: 
Variations within a specimen x 
Variations from one specimen to an- 


Prior mechanical history _ 
Machining and polishing: 
Fine scratches and feedmarks.. _ 
Uneven machining and pos x 
Gradually increasing tool dullness... . . -- 
Loading in fatigue machine — 


Study of the table shows that if the experimenter has achieved 
the goal of eliminating the influence of all those variables whose 
influence can be eliminated, then the only remaining source of 
variation will be in factors which vary within a microscopic re- 
gion. The converse is not quite true. If the only variation re- 
maining is due to factors which vary within a specimen, it still 
may be that the scatter could be yet further reduced by im- 
provement of heat-treatment and machining and polishing tech- 
niques. However, these factors can be detected and controlled. 
Heat-treatment can be uniform if a large furnace and slow cooling 
rates are used. If the machining is done with a sharp-nosed tool 
and a fine uniform feed, and if the polishing is observed to be of 
metallographic quality, these effects are minimized. We there- 
fore conclude that there is practically a one-to-one correspondence 
between the size of the region over which factors vary and the 
possibility of eliminating those factors. This conclusion means 
that if we can estimate in some way what scatter in life is due to 
factors which vary over a microscopic region, then it should be 
possible to eliminate any scatter in life above this amount. 

These local variations manifest themselves in the scatter in 
position of failure in specimens in which the stress varies along the 
length, reaching a maximum at one point only. Local variations 
in strength can cause this variation in position of failure because 
sometimes the point of highest stress in a specimen will come at a 
point of the material which is of higher than average strength. If 
a sufficiently weaker point of the material is nearby, the specimen 
may then fail at the weaker point, even though the stress is slightly 
lower. Furthermore, local variations in strength within a speci- 
men are the only cause of a variation in position of failure, for if 
the material were perfectly uniform, the specimen would always 
fail at the point of highest stress. There would then be no varia- 
tion-in position of failure. 

In a previous paper (3), the statistical theory of the relation be- 
tween the scatter in cycles to failure and the scatter in position of 
failure has been developed to yield the following result. Let the 
variation of the stress S, with distance z, from the point of 
maximum stress be related to the maximum stress by an equation 
of the form 


S = S,(1 — az") 
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The constant a depends on the shape, size, and method of loading 
of the fatigue specimen. Then if K denotes the negative of the 
slope of the plot of stress versus the logarithm of the number of 
cycles to failure, if @iogy denotes the standard deviation of 
logarithm of the number of cycles to failure, and if 7, denotes the 
standard deviation of the position to failure 


Pe eee ee tm f...............18 


The numerical factor 2.3 is not strictly a constant for all shapes of 
frequency-distribution functions, but varies between limits of 2.0 
and 2.56, thus lying within about 10 per cent of 2.3. 


APPLICATION TO DaTA 


In studying a given set of data, it is desired to determine 
whether or not the variation in cycles to failure is small enough to 
conform to Equation [2]. But from a sample of finite size only 
estimates of the standard deviations, and not their exact values, 
are known. If ¢ denotes the estimate of a standard deviation, 


Equation [2] may be rewritten 


ee N “) 
2.38, @6,2/ \cien 6,2) 














4 2 


5 0 
Number in Sample, M 


Upper Limit or Ratio or StanpARD DEviIATION TO AN INDE- 
PENDENT VARIANCE FOR NorMAL DISTRIBUTIONS 


Fra, 1 


Values of the factor a are given in Table 2. Approximate con- 
fidence limits for the denominator are derived in the Appendix 
and are presented in Fig. 1. If the numerator divided by the 
largest reasonable value of the denominator is greater than unity, 
then there is more scatter in the cycles to failure than that due to 
local variations alone. Improved specimen preparation and 
testing technique should be sought. The importance of minimiz- 
ing scatter should not be overlooked. Since the limits for the 
estimate of the mean vary roughly as the standard deviation over 
the square root of the number of specimens tested, halving the 
standard deviation by improved technique will give the same in- 
formation with only one fourth as many specimens. 


EXAMPLE OF APPLICATION OF METHOD 


Tests were run on ingot iron which was being used for tests on 
single crystals which have been described elsewhere (4). Blanks 
were annealed in lots of 25 at 1700 F for '/; hr and then furnace- 
cooled at an initial cooling rate of about 450 deg F per hr, giving aa 
ASTM grain size of 3'/.. The specimens were machined to the 
standard Moore-type test section, 0.3 in. diam with 97/, in. radius 
of curvature in the longitudinal direction. The specimens were 
then polished, the last operation being a longitudinal polish with 
wet 320-grit Aloxite paper. 

The rotary-bending fatigue machine used in these tests has been 
described previously (5). The weights were isolated by soft 
springs and the machine was run at 800 rpm. It was set to stop as 
soon as the bearing deflection had increased by about '/» in. A 
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2 TERM a FOR FATIGUE SPECIMENS OF VARIOUS 
SHAPES 


zm = co-ordinate of maximum stress 
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few tests indicated that only another 2 or 3 per cent of life would 
be required for complete failure. 

The cycles to failure for the specimens described are listed as 
Group 1 in Table 3. For bars V, VI, VIII, and IX, ¢, with known 
z, was 0.044 in. and @iogy» N was 0.142. From Fig. 1, Go.os = 2.4. 
The slope K was found from reference (6) to be 5500 psi/logyo N. 
Hence the ratio of Equation [3] was greater than 2.7 (95 per cent 
confidence), showing much more scatter in life than there should 
have been. 

It was thought that differences in specimen preparation were 
responsible, and so the technique was improved. The final pro- 
cedure adopted was to machine and polish the specimens, reanneal 
them in a hydrogen atmosphere in a tube furnace, cool at 100 deg 
F per hr, and finally repolish. The slower cooling rate markedly 
reduced the cycles to failure, as was shown by other tests with 
various surface preparations as well as by the results listed in 
Table 3 as Group 2. Unfortunately, there were only four speci- 
mens available by the time that this procedure had been worked 
out. But even so, following the method of Hald,‘ one may con- 
clude that the standard deviation of the logarithm of the cycles to 
failure was reduced by a factor of 2 to 55 (98 per cent) to 0.0055 to 
0.054 (98 per cent). This reduction in scatter would not have 
been obtained without the stimulus of the statistical analysis de- 
scribed. Further, the reduction in scatter permitted drawing 
conclusions from a minimum of data, as shown in the following. 


Cyc_es TO CRACK FORMATION 


In the program of which this study was a part it was necessary 
to stop for a microscopic examination. Since stopping the test 
might affect the cycles to failure, the expected life of the speci- 
men must be predicted on the basis of similar specimens run con- 
tinuously to failure. Student’s ¢ test for the difference of the 
means of two samples is modified in the Appendix for the case in 
which one of the samples contains only one item. From the data 
of Group 2, a further specimen given the same treatment would 
fail after 101,000 to 127,000 cycles (98 per cent confidence). Three 
such specimens were run for 60,000, 30,000, and 15,000 cycles, re- 
spectively. On microscopic examination at 400, the first two 
were found to be cracked, but not the third. Even assuming that 
the second specimen would have a relatively short life and the 
third a relatively long one, we may conclude that the specimens 
showed cracks at 400 after 12 to 34 per cent of their lives. 

The presence of fatigue cracks this early is of importance for 
both technical and scientific reasons. Yet more emphasis should 
be placed on methods of crack detection as a means of preventing 
fatigue failures in service. Furthermore, the early formation of 
cracks decreases the hope of any practical form of preventive 
maintenance, such as reheat-treatment, for the process would 
have to be carried out so early and so often as to be prohibitively 
expensive. The scientific implication of the early presence of 
cracks is that any quantitative theory of fatigue will have to con- 
sider two different phenomena, i.e., the formation of cracks of 
the size of a grain or less, and the growth of these cracks to failure 
Neither of these phenomena can be considered of negligible im- 
portance in determining cycles to failure at a given stress. 


CONCLUSION 


A statistical analysis resulted in the method for detecting ex- 
traneous effects in fatigue tests on Moore-type specimens which is 
summarized in Equation [3], Fig. 1, and Table 2. 

When applied to tests on ingot iron, the method stimulated the 


4 Reference (7), p. 381. 
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TABLE 3 ROTARY-BENDING TESTS ON POLYCRYSTALLINE INGOT IRON 


Group Deseription of 
No. preparation 


1 Anneal, furnace 
cool, machine 


—Bar V—~ 
K 


Z 


a neo o 


250 5 
425 9 
385 21 


116 7 


—_— ae 


Machine, anneal 
with slow cooling 


development of an experimental technique which reduced the 
scatter in cycles to failure to a few per cent. 

Using a magnification of 400, cracks were observed after 
30,000 cycles but not after 15,000 cycles, in specimens whose life 
very probably would have been between 101,000 and 127,000 
cycles. 


ACKNOWLEDGMENTS 


This work was part of a PhD thesis carried out in the Dy- 
namics Laboratory of the California Institute of Technology 


2 
log G.-. = — 


c No. 


1 1 
log (X*m.-a/m) + 9 08 (XP nna m) 


-——Kilocycles to failure at +27000 psi—— 
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c No. Ke No. Ke No. 
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389 16 366 15 288 15 
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while the distribution of log N approaches the form exp (—e” 
y), it contributes relatively little to the variability of G. If the 
number of degrees of freedom in the estimate Gicg y is m and that 
in 6, is n, then mG*iog n/O 0g w has an x? distribution with m de- 
grees of freedom and né,*/c,? has an x? distribution with n 
degrees of freedom. The value of x? for m degrees of freedom 
which will be exceeded a of the time will be denoted x*,:-,. 
Now log G is '/2 log (x,,2/m) minus log (x,2/n), and these two 
terms are roughly normal for large m and n. Hence an approxi- 
mation to the value of G which will be exceeded a@ of the time is 


si log (X?n1-a/n) + log (X?,,a/n) 
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Appendix 


DERIVATION OF APPROXIMATE CONFIDENCE LIMITS 


The distributions of log N and z will be assumed normal and 
independent of each other in order to get an approximate upper 
confidence limit for the ratio 


(fs2 [Og ") =G 
63/0, 

The assumptions of independence and normality of z hold as the 

exponent k of Equation [6], reference (3), approaches ~, and 


The resulting values of G are plotted as dashed lines in Fig. 1. 

For small values of m and n the logarithmic normal approxima- 
tion to the x? distribution may not be too satisfactory. The value 
of G,-q is given exactly by 


nxm 
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When this is evaluated by introducing the x? distribution,’ ex- 
panding that of x,? in a series, integrating terra by term over the 
finite interval, and expressing the results of term-by-term integra- 
tion over the infinite interval in terms of gamma functions, there 
results 


(—1)* 


n L 
n hale m n 
/ r + 
V mGi-¢ 2 


This series converges, albeit slowly, for all finite m and n because 
of the ratio I'(m/2 + n/4 + s/2)/s!. Results of calculations are 
shown by crosses in Fig. 1. 


oF SrupEent’s ¢t Test ror PREDICTION OF A 
SINGLE ITEM 


MopIFICATION 


This estimation can be made by considering the difference of 
two sample means when one of the samples contains only one 
item. The method of using Student’s ¢ test to obtain confidence 
limits for the difference between two means is described by Hoel.* 
The desired modification of Hoel’s derivation is presented in the 
following. Let z and y be normally distributed with the same 
mean m and with the same variance o*. Let random samples of 
size nz and 1 be taken. Denote the sample means by # and §. 
Let the variance of the sample of n,; be (s,)*. The variance of 


5 Reference (7), p. 255. 
* Reference (8), pp. 145-147. 
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the individual will, of course, be zero. Thus it follows from 
theorem 4’ that 

(% — 9) eet 

C%z—9 OV fm +1 

will be normally distributed with zero mean and unit variance 
Furthermore, from theorem 2° it follows that 


t= 


v? = n,s,*/o7 


has a x? distribution with v = n, — 1 degrees of freedom. Then 


it follows from theorem 4° that 
7 Reference (8), p. 71. 


§ Ibid., p. 138. 
* Ibid., p. 142. 
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will have Student’s ¢ distribution with n, — 1 degrees of freedom. 
For a desired confidence level, ¢ can be found from tables such as 
Hoel gives."° Then the confidence limits for 7, which is the value 


of the individual, are 
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© Reference (8), p. 248. 
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proval such notes will be published in the next issue of 
the Journal. The notes should be submitted to the 
Secretary of the ASME Applied Mechanics Division. 








Critical Time in Creep Buckling 


By J. A. H. HULT,! STOCKHOLM, SWEDEN 


A” expression for the critical time in creep buckling of 
columns, i.e., the time duration necessary to cause infinite 
deflection, has been given by N. J. Hoff? considering a hinged- 
hinged column with an idealized I-section. Hoff’s result was later 
generalized by F. K. G. Odqvist? so as to include also the effect of 
nonrecoverable primary creep.‘ In both these cases elastic de- 
formation during the buckling process was neglected compared to 
creep deformation. This note considers the influence of elastic 
deformation on the critical time as deduced by Hoff and Odqvist. 
The strain-rate equation to be used 


de 1 do 


iS Ee . -to— 1 do _ 

a ee + koo di | a) 
differs from Odqvist’s through the addition of the term (1/Z)- 
(da/dt), which accounts for elastic deformation. This term, 
of course, will be retained at all material points throughout the 
buckling process. Using the same assumptions and notations as 
Hoff and Odqvist except for the creep relation, which is now taken 
in the form of Equation [1], one obtains for the column deflection 
the equation 


o*w P w ow 
ome eae ened AQ m-1i 
ma * ry te at 

+ II{(1 + w)* —(1— w)"] = 0 


where Ps is the Euler load of the column. When Pg = ~@, this 
equation reduces to the one given by Odqvist. The case previ- 
ously treated, no = 2,n = 3, yields after integration 
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the initial condition being ¢ = 0, a = ao, where ap is the initial 

maximum deflection of the column. Letting here a tend towards 

infinity one obtains a finite critical buckling time fcr 
1—A—P/P; | 4+ a,’ 4A 
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Equation [4] shows that the effect of elastic deformation as well 
as of primary creep is to shorten the critical buckling time. 

Putting in Equation [4] 4+ = 0 one obtains a condition for in- 
stantaneous buckling; viz. 


| tan! 2/do 
’ 3x log (4 + ao*)/ao? 


P/Pg =1—A E 


where P is the load necessary to cause instantaneous buckling, 
and 


A = 2ko(L/rh)XP/A)?.. 


is the corresponding value of A. Equation [5] describes some 
well-known features of column buckling: 


1 ko = 0 (no primary creep) yields P = Pg for all values of 
a; i.e., the elastic buckling load is independent of the initial 
curvature of the column. 

2 ap vanishingly small yields P = P,(1 — A); i.e., the buck- 
ling load is lowered by the nonelastic strain. 

3 ao not vanishingly small yields P < P,(1 — A); i.e., in the 
nonelastic region the buckling load depends on the initial curva- 
ture, the buckling load being lower in the case of great initial 
curvature. 


A Note on Plastic Torsion 
By J. H. HUTH,! SANTA MONICA, CALIF. 


INTRODUCTION 


HE uniform torsion of noncircular rods may be formulated 
according to Nadai’s (deformation) theory as follows? 


2 (1), 2/1 2) 

oz \G dz ow \G dy 
where T,, = OW/dy, T,, = —dy/dz, and W vanishes on the 
boundary of a cross section. (@ is the angle of twist per unit 
length; z and y Cartesian co-ordinates in the rod cross section; 
G the secant shear modulus; 7,,, T,, shearing-stress components. ) 

For the special case of Laning’s stress-strain relation, Prager 

also gives a formulation* corresponding to the plastic-flow theory. 
The pertinent equation is 


m4 a (GE) ] +o Loe 2] 
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1 (s ) dr 
nA = mw 9 = 
2\ G* T 


and y satisfies the same boundary conditions as in the deforma- 
tion theory. (G, is the elastic shear modulus; G* the tangent 
shear modulus. ) 

The purpose of this note will be to illustrate numerical methods 
of handling Equations [1] and [2], and to compare the results for 
one particular example. 


ANALYSIS 


The numerical treatments will be illustrated for a rod of square 
cross section and made of chrome-nickel steel, full hard. The 
axial stress-strain curve for this material has been given by Ram- 
burg and Osgood.* A shearing stress-strain curve can be pre- 
paired from their data by using Shanley’s‘ theory of plasticity. 
The resulting curve is shown in Fig. 1. 
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the secant shear modulus G = 1/¥ satisfies 
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and the tangent shear modulus G* = dr/dy is given by 
3 ‘Description of Stress-Strain Curves by Three Parameters,” by 
W. Ramburg and W. Osgood, NACA TN No. 902, July, 1943. 
4“‘An Engineering Theory of Plasticity,’’ by F. Shanley, un: «ib- 
lished notes, University of California, Los Angeles, Calif. 
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Equations [4] and [5] combine with Equations [1] and [2], re- 
spectively, to determine y. 

Actually, the solutions were carried out for a nine-point square 
net as shown in Fig. 2. 
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Replacing derivatives by their simplest centered finite-differ- 
ence approximations 
oY _ vs 


(st point B, ~ , 
ox a 


ox? 

leads from Equation [2] to a set of three simultaneous linear alge- 
braic equations for d¥/d@ at points A, B, and C. The co- 
efficients depend on wW and its space derivatives, and in the first 
step were calculated from the known elastic solution’ (assumed to 
hold for aG)o? = 1.06 X 10‘). Once (dW/d8) has been determined 
then a small twist A@ is imposed, new W values calculated, and the 
process repeated, 

This procedure was carried out in 50 steps to an aG.9 of 47 X 
104. 
6 and repeating the process. 

Equation [1] was solved by an iteration procedure for each 
At each trial the coefficients of the second 
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The convergence was then checked by halving the interval 


given value of 0. 
derivatives 


were computed from the previous results and then treated as con- 
stants in determining new w values. 

The final results are given in Table 1 for one specific case, along 
with elastic results for comparison. 

TABLE 1 ELASTIC PLASTIC COMPARISON 
———— Plastic —— 
Deformation 

theory 

91 X 10% 5.96 X 104a 
-78 X 10a 4.85 X 10a 
.71 X 10% 8.75 X 104 


Elastic aGoe = 22.4 X 104 Flow theory 
VA 9.85 X 104a 
vB 7.73 X 10%. 


vo 12.80 X 104. 


Once W has been determined at each net point, then twice the 
volume under the surface will yield the magnitude of the applied 
moment. Volumes were calculated from a polynomial passing 
through the nine interior points and twelve boundary points. 


’ “Net-Point Methods in Solid and Fluid Mechanies,”’ by J. Huth, 
PhD dissertation, Stanford University, Stanford, Calif., June, 1950, 
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The maximum shearing stress occurs on the boundary at the 
center of each side, and follows from the normal slope of W at that 
point. 


RESULTS AND CONCLUSIONS 


Results are shown in Figs. 3 and 4. As aG)@ approaches zero, 
M//aG,@ of course approaches the purely elastic torsional rigidity 
of the bar. The curves in both figures actually terminate at 
the elastic nine net-point values. In addition, 49 point values 
are given, together with “‘exact”’ elastic results.® 

The plastic (deformation) case was also treated with the finer 
net for aGo@ = 22.4 X 104. Results appear in Figs. 3 and 4. 
The indication is that the net accuracy is roughly the same as in 
the elastic case. 

Although the coefficients in Equation [1] are quite sensitive to 
small changes in W, the convergence of the iteration solution does 
not require excessive numerical work. The forty-nine net-point 
case required a relaxation solution for each iteration, but still 
proved to be tractable. 

However, the stepwise integration of Equation [2] was found 
to be more adaptable to punch-card techniques than the afore- 
mentioned iteration procedure. 


‘Theory of Elasticity,” by S. Timoshenko, McGraw-Hill Book 
Company, Inc., New York, N. Y., 1934, p. 249. 
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For a circular rod the deformation and flow theories would give 
identical results. The difference is still only slight for the case 
treated—in fact, less than the expected net-point error. 


Response Curves for a System With 
Softening Restoring Force 


By H. N. ABRAMSON,' COLLEGE STATION, TEXAS 


The purpose of this note is to present, and discuss briefly, 
calculated response curves for the nonlinear system titled. 
Several features of the response curves peculiar to this 
type of system, not previously discussed in the literature, 
are pointed out. 


YSTEMS which possess a softening characteristic appear 
quite frequently; the motion of a pendulum and the hunting 
of synchronous motors under oscillating loads are two such ex- 
amples. The analysis of these systems leads to a differential equa- 
tion of the type 
1 Associate Professor of Aeronautical Engineering, The Agricul- 
tural and Mechanical College of Texas. Assoc. Mem. ASME. 
Manuscript received by ASME Applied Mechanics Division, May 
21, 1954. 
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E = ai + bt + ex — Bz’) — P cos XH = 0 


which is known as Duffing’s equation. Terms a, 5, c, and 8? are 
positive constants, xz is the displacement in question (measured 
from a static equilibrium position), and P and Q are the ampli- 
tude and frequency of a harmonic exciting force. We shall con- 
cern ourselves only with the periodic solutions of Equation [1] 
which have the same period as the exciting force. 

It has become customary to describe the motion of simple vibra- 
tory systems by means of “response curves,”’ in which amplitude 
is plotted as a function of exciting frequency. Such curves may 
be constructed readily when a solution of the differential equation 
is available. Although there is no known exact solution of Equa- 
tion [1], several approximate solutions are known and have been 
discussed to a considerable extent.2~* The response curves are 
ordinarily shown as having the same appearance as in the linear 
case except that they are “swept over’’ toward the region of low 
exciting frequency. In this form it is easy to discuss the possibil- 
ity of jump phenomena and to indicate regions of unstable motion 
in a manner similar to what is done for a system with a hardening 
restoring force. 

However, it was noted some time ago® that a second set of re- 
sponse curves, corresponding to motions of high amplitude and 
low frequency, also may be obtained. Another investigation,‘ in 
which the author participated, showed that for a certain range of 
values of magnitude of the exciting force, the sets of response 
curves take on interesting and varied forms, sometimes quite dif- 
ferent from those generally expected. Some of these results are 
shown in Fig. 1 where the following notation has been em- 
ployed: 
dimensionless amplitude 


= AB 3/4 = 


/ ; . , 
8 V/3/4 = dimensionless exciting-force amplitude 


= damping coefficient 


= frequency ratio 


The computations which resulted in these curves were carried 
out by a method attributed to Ritz.‘ Briefly, a solution of the 
form 

x = A cos (rt — €) | 7 [2] 


is assumed, and the unknown amplitude and phase are deter- 
mined from the algebraic equations obtained from the conditions 


ae 7°. 


= E costdr = 0, - E sintdr =0 


2‘*Nonlinear Vibrations,’’ by J. J. Stoker, Interscience Publishers, 
New York, N. Y., 1950, pp. 213-218, chapter IV. 

3 “Forced Vibration of Systems With Non-Linear Restoring Force,” 
by Dana Young, Proceedings of the First Midwestern Conference on 
Solid Mechanics, University of Illinois, Urbana, IIl., 1953, pp. 164 
169. 

*“‘Nonlinear Vibration Problems Treated by the Averaging 
Method of W. Ritz,”” by K. Klotter, Technical Report 17, Part IT 
(Contract N6-onr-251-2), Stanford University, June, 1951. Also, 
Proceedings of the First U. 8. National Congress of Applied Me- 
chanics, THe AMERICAN Society oF MECHANICAL ENGINEERS, New 
York, N. Y., 1952, pp. 125-131. 

’ “Steady Oscillations of Systems With Nonlinear and Unsym- 
metrical Elasticity,’’ by M. Rauscher, JournaL or AppLiep MeE- 
CHANICS, Trans. ASME, vol. 60, 1938, p. A-169. 
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In Fig. 1 it is seen that for small values of the exciting force 
(s < 0.190), a double set of response curves is obtained; one set 
corresponds to what might be called customary results, while the 
other corresponds to motions of large amplitude and low fre- 
quency. On the other hand, for large values of exciting force (e.g., 
§ = 0.50), only one set of curves is obtained, and these are similar 
in form to response curves obtained for the undamped system; 
i.e., there is no rounding off of the curves to form peaks, but in- 
stead the curves extend to the vertical axis at 7 = 0. 

For a narrow range of exciting force, 0.190 < s 0.200, the 
curves take on various forms as a transition from the first type of 
curve just described to the second type is accomplished. Two such 
transition forms are shown in Fig. 1, one being for § = 0.200 and 
the other for s = 0.192. It does not seem that these results have 
been reported previously. 

The physical significance and interpretation of these results aré 
as yet inadequately understood. Questions concerning jump 
phenomena, stability, and the effects of subharmonics on the 
motion are plentiful and deserve elucidation. Also, experimental 
confirmation or denial of the existence of the transition-type 
curves and of those of the double set of curves corresponding to 
large amplitude low-frequency motions is lacking. 

It should be pointed out that these results may not give an 
adequate description of motions with A ? </3/4; this is so be- 
cause in this range the displacement rz is greater than 1/8 and 
hence the restoring force becomes negative. However, most of 
the region of interest in the figure presented here lies below this 
value. 
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Steady-State Vibrations of Beam on 
Elastic Foundation for Moving Load’ 


H. J. Barren.? The excellent method of attack and selution of 
the problem of the effect of a moving load on a beam on an elastic 
foundation as presented by the author has advanced the science 
of high-speed track design considerably. It might be pointed out 
that the author’s solution can be used to obtain the solution to an 
allied problem by a simple manipulation. 

If the line of action of the resultant force acting on a carriage 
does not pass through its center of gravity, the resulting couple is 
transmitted to the track by shoe reactions. The problem can be 
simplified by assuming that the moment is concentrated as was 
done for the direct-load problem as solved by the author. We 
thus have the related problem of determining the effect of a 
moving concentrated moment'on a beam mounted on an elastic 
foundation. 

The concentrated moment can be regarded in the conventional 
manner as the limiting case of two opposed vertical loads P sepa- 
rated by a distance a, a approaching 0 while the couple Pa simul- 
taneously approaches the value M of the concentrated moment. 
Analytically, this amounts to taking the derivatives of the 
author’s Equation [14] and multiplying the value by a. If this 
procedure is used the deflection due to a moving concentrated 
moment becomes, for the undamped case, using the author’s 
Equations [14a] and [14)] as follows 
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An examination of these relations shows that the effect of a 
concentrated moment, moving on an undamped beam, mounted on 
an elastic foundation, is just the opposite to that for the concen- 
trated load; i.e., at velocities below critical the deflection under 
the load is zero while above critical the deflection under the load 
is finite. Wave-length characteristics are identical, however; 
i.e., at supercritical velocity the length of the wave train behind 
the load increases with the velocity ratio while the length of the 
wave ahead of the load decreases. 


1 By J. T. Kenney, Jr., published in the December, 1954, issue of the 
Journat or AppLtiep Mecuanics, Trans. ASME, vol. 76, pp. 359- 
364, 

? Technical Chief, Chicago Midway Laboratories Field Group, 
Eglin Air Force Base, Fla. 


Deflection and moment magnification factors for the damped 
and undamped conditions can be referred to the maximum static 
deflection and moment due to a concentrated moment? 
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AutTuor’s CLOSURE 


The author wishes to thank Mr. Barten for his excellent dis- 
cussion. With the two fundamental cases of concentrated load 
and moment available it is, of course, relatively simple to develop 
the practical cases of loading by integration. 

A paper, somewhat similar to the present one, has recently 
come to the author’s attention: “Inleidend Onderzoek Naar Het 
Dynamisch Gedrag Van Spoorstaven” by A. D. DePater, thesis, 
Uitgeverij Waltman, Delft, Netherlands, 1948. 


Fretting Corrosion of Mild Steel in 
Air and in Nitrogen’ 


F. T. BAaRWELL.? The authors have carried out a large number 
of experiments employing a great number of variables, yet the 
method of measuring the weight loss of the specimens used by 
them may not in all circumstances be a true indication of the 
extent of the fretting damage incurred by the specimens. During 
fretting, particularly under conditions under which oxides are 
formed, firm compacts of debris material lodge themselves in the 
pits which are formed in the surface. The authors do not make 
it clear whether the loss of weight measured included only the loose 
debris which could be removed easily from the surface of the 
specimens or also the highly compacted debris firmly attached to 
the specimens. If the former was the case, then the loss in weight 
would not be a true measure of the fretting damage. Work car- 
ried out by Wright in the Mechanical Engineering Research Lab- 
oratory paid considerable attention to this point. Some of the 
methods developed for estimating the amount of damage to the 
surfaces have been described recently. 

Another factor which appears to be of significance is the shape 
of the corrosive pits formed under different conditions. We have 
found that in air at high relative humidity the pits are shallow, 
while at low relative humidity they have considerable depth. 
From a practical point of view this is of great importance, since 
the latter would be expected to affect the fatigue strength of ma- 
terials to a greater extent than the former. It would be interest- 
ing to learn whether or not the experience of the authors agrees 
with the M.E.R.L. findings regarding the shape of the corrosion 
pits. 

+“ Beams on Elastic Foundation,” by M. Hetényi, University of 
Michigan Press, Ann Arbor, Mich., 1946. 

1 By I-Ming Feng and H. H. Uhlig, published in the December, 
1954, issue of the JounnaL or Appiiep Mecuanics, Trans. ASME, 
vol. 76, pp. 395-400. 

2? Lubrication and Wear Division, Mechanical Engineering Re- 
search Laboratory, Thorntonhall, Glasgow, Scotland. 

3**An Investigation of Fretting Corrosion,’’ by K. H. R. Wright, 
Proceedings of The Institution of Mechanical Engineers, vol. 1B, 
1952-1953, pp. 556-574. 
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Experiments by Wright have also shown that the time-displace- 
ment pattern has a considerable influence on the amount of 
damage. The elasticity of the systems to which the rubbing 
surfaces are attached and the friction between the surfaces can 
greatly modify the displacement fed into the apparatus. High 
elasticity and high friction are capable of transforming a sinusoi- 
dal-input displacement into a square-waved displacement-time 
curve and this damage, associated with the latter, is very much 
greater than with the former. 

Finally, it may be of interest to mention that the measurement 
of contact resistance between fretting surfaces has been found by 
us to be a useful means of throwing light on the mechanism of 
fretting corrosion. We found that during the fretting of steel in 
dry air the contact resistance rose after a comparatively small 
number of oscillations to several meg-ohms and that the admit- 
tance of moist air, even with only 50 relative humidity, somewhat 
reduces the contact resistance. This indicates that, soon after 
starting, the fretting surfaces are separated by a weakly conduct- 
ing layer of oxide debris and that, even at relatively low humidi- 
ties, condensation of water vapor on the oxide debris may occur. 


Douctas Goprrey.‘ The quantitative data presented are 
useful in understanding the later stages of fretting. Inasmuch 
as the surfaces of the metal specimens were (runs in nitrogen ex- 
cepted) completely separated by compacted Fe,O,, the effect of 
the different variables on weight loss possibly may be a result of 
changes in the physical properties of Fe.Os. 

Two minor points might be considered differently. 

The definition of fretting should include the thought of recip- 
rocation at low amplitude. 

The writer believes it is incorrect to use weight loss as a crite- 
rion of fretting damage produced in an inert atmosphere. Under 
these conditions a great deal of surface damage, as a result of ‘“‘cold 
welding” and transfer of metal, should occur. This damage 
would not necessarily be revealed by weighing specimens before 
and after test. Would the authors describe the surfaces as found 
after the test? 

Autsors’ CLOSURE 

In answer to Mr. Barwell’s comments: In corrosion testing 
of metals, weight loss of test specimens may not be the only 
criterion of damage one should apply when factors such as pitting 
or cracking also enter. But weight loss, nevertheless, is the most 
satisfactory quantitative measure for the majority of corrosion 
tests, even when some forms of pitting may accompany uniform 
loss of metal, as it does when metals are exposed, for example, to 
the atmosphere, to water, or to the soil. Therefore most corro- 
sion data, as used practically, are reported in the form of 
weight-loss. 

Quantitative fretting damage similarly is conveniently reported 
as weight loss. Our weight-loss data have confirmed, for example, 
several quahtative impressions by others of factors such as load, 
slip, and temperature, as gained from practical observations of 
fretting damage of metal structures and of machinery, showing 
that weight loss is not a misleading criterion. In addition, our 
data have clarified the importance of frequency and humidity, 
which were not among the factors recognized by qualitative 
tests. 

It would be well worth while to measure extent of pitting as 
well as weight loss under test conditions where pitting varies 
from one set of variables to another, a procedure that we would 
want to follow in any longer time tests, and which we would 
recommend to others working in this field. Parallel with this, 


4 Lewis Flight Propulsion Laboratory, National Advisory Com- 
mittee for Aeronautics, Cleveland, Ohio. 
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we would recommend the correlation of incidence of fatigue 
cracking with the several possible experimental variables. Do- 
ing so would undoubtedly provide a further insight both into the 
extent of damage and the mechanism whereby final failure by 
cracking results. 

Our pickling procedure of specimens after test, using in- 
hibited acid pickle, removed all oxide from the metal surface, 
including compacted oxide. The shape of the pits we observed 
after pickling is shown in Fig. 2(6) of the paper. It 
observed that for conditions of test with which we were concerned, 
the pits were distributed over the faying surfaces except for the 


will be 


outer and inner rims where the load may have been somewhat 
less than in the center. No large differences were noticed in 
shape and depth of pits as humidity varied. 

We also found, as did Wright, that a certain perturbation of 
the ideal sine wave occurs during oscillation of the moving 
specimen with respect to the fixed specimen. This showed up 
in our oscillographic records of strain gages used to measure 
displacement. They were more pronounced during the initial 
run-in period when metal rubbed against metal, and tended to 
disappear as the test proceeded, and as oxide filled the space 
between the two metal surfaces. These perturbations were not 
of sufficient magnitude to alter the approach to mechanism 
based on sine-wave oscillations described in the paper following 
the present one. 

Mr. Barwell’s observations of change in conductivity of oxide 
exposed to varying humidity is interesting and confirms that the 
fect 


It is well known 


oxide itself is altered by water vapor, in addition to any 
moisture may have on the surface of the steel. 
in corrosion investigations that iron oxides tend to absorb and 
retain moisture, accelerating the rusting process. But in the 
fretting process the action of moisture is to reduce damage, and, 
therefore, it appears that moisture may, among other effects, 
reduce the abrasive action of the oxide in addition to acting as a 
possible lubricant. 

In answer to Mr. Godfrey: His comments that physical prop- 
erties of ferric oxide may be altered have been touched upon 
in the foregoing discussion on effect of moisture. There appears 
to be no doubt that the oxide plays an important part in the 
observed damage, but we are not inclined to the opinion that 
several variables of the tests affect the oxide alone to the ex- 
clusion of the metal surface. 

Our reported data include, of course, both the initial and later 
stages of fretting, with the exception that the very late stages 
leading to fatigue or corrosion-fatigue cracking were not included. 
To observe the latter damage, so important from a practical 
standpoint, we would have found it necessary to continue our 
test periods for much longer times than we felt were justified at 
this stage of our knowledge. The fatigue aspect of fretting 
damage, however, deserves serious attention. 

The facts indicate that a suitable definition of fretting action or 


fretting damage apparently does not require the inclusion of 
For example, in the Amsler wear machine 
used by M. Fink and by others to study fretting action, the motion 
is one of continuous slip of one surface over another, and the 
debris consists of both chemical reaction products and metallic 


reciprocal motion 


particles. 

Weight loss as a criterion of fretting damage has already been 
discussed in the foregoing, and whether one should use it or not 
when a metal is fretted in nitrogen depends entirely on the ob- 
jective of the test. In the study of mechanism, with which we 
were concerned, weight loss proved to be a useful measure of 
damage. 

The appearance of our test specimens was as follows: After 
test, the fretted surfaces consisted of compacted iron oxides, 
reddish brown in color, and outwardly relatively smooth. After 
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pickling to remove such oxides, the metal surface was very rough, 
more or less pitted, and looked like the test specimen shown in 
Fig. 2(b). The pickle, as mentioned in the paper, was inhibited 
to prevent any appreciable attack of the metal itseif. The 
extent of pitting was much less or absent in the case of a specimen 
fretted in nitrogen. 


Critical Examination of Procedures 
Used in Britain and United States 
to Determine Creep Stresses for 
Design of Power Plant for Long 

Life at High Temperature’ 


Ernest L. Ropinson.* It is very desirable to have the compari- 
sons between British and American practice with respect to the 
use of materials at high temperature. However, a first reading of 
the paper suggests that we may be dealing at too long range for 
the most effective assistance to each other. With practice and 
standards subject to steady change and progressive improvement 
on both sides of the ocean, it is hard to be sure that each of us is 
not worried about the other’s last year’s out-moded procedure. 
In the case of specific activities, it would be good if we could find 
the means to send regular and official visitors both ways more 
often than has been done in the past. 

In criticizing American design practices, the author quotes a 
statement from October, 1951, Mechanical Engineering, adopted 
by the Power Piping Section of the Code for Pressure Piping. 
This statement is a partial extract from a similar statement in 
August, 1951, Mechanical Engineering, which was itself an abbre- 
viated résumé of the basis used by the Subcommittee on Stress 
Allowances of the ASME Boiler Code Committee. The complete 
statements of these rules for choice of stresses will be found for 
unfired pressure vessels in Appendix P of the 1950 Unfired Pres- 
sure Vessel Code, published in September, 1949, and as more 
recently revised in the 1952 Unfired Pressure Vessel Code, pub- 
lished March 15, 1953, and for Power Boilers, Section A-150 of the 
Power Boiler Code, published June 15, 1953. A comparison of 
these statements with the similar statements published in Novem- 
ber, 1949, Mechanical Engineering, shows how ideas about essen- 
tial requirements change from year to year in a particular and 
limited field of design. 

Certainly, American practices in the design of jet engines, 
piston engines, superchargers, gas turbines, and steam turbines 
differ widely both among themselves and from the practical re- 
quirements of steam-generating equipment or high-temperature 
piping. Itis the writer’s impression that, in the United States, we 
make much use of the long-time rupture test such as described in 
part by Procedure 3, and that greater emphasis is attached to this 
test in jet-engine design and a lesser emphasis in the case of the 
design of steam generators whereas long-time rupture testing in 
Britain is largely confined to acceptance testing. It seems to me 
that British practice could well make wider use of this manner of 
testing for design guidance. 

Twenty years ago, the author advocated “trading time and 
temperature’’ and his voice has not been unheard in the United 
States. He does not refer to the Larson-Miller parametric 
analysis which does just what he advocates, namely, run a short 
test at over temperature for long-time guidance. The Larson- 


‘By R. W. Bailey, published in the December, 1954, issue of the 
JOURNAL OF APPLIED Mecuanics, Trans. ASME, vol. 76, pp. 309- 
322. 

? Structural Engineer, Turbine Division, General 
pany, Schenectady, N. Y. Fellow ASME. 
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Miller analysis was presented in November, 1951, and published 
in ASME Transactions for July, 1952. Although the Larson- 
Miller algebra differs from the Bailey algebra, the consequent out- 
come is similar to a high degree and, as far as my limited under- 
standing goes, both analyses recognize the use of certain funda- 
mental concepts of physical chemistry. 

The author notes that pipe stresses are likely to be somewhat 
less than the published figures to put in the wall-thickness 
formula. In other words, American practice entrusts a part of its 
safety to the application of its formula rather than its choice of 
working stresses. Personally, the writer would prefer a some- 
what more realistic formula together with a somewhat lower 
working-stress table. However, a new wall-thickness formula re- 
cently adopted for boilers and piping has done much to improve 
this situation. This was presented by W. R. Burrows, R. Michel, 
and A. W. Rankin in a paper entitled ““A Wall Thickness Formula 
for High-Pressure High-Temperature Piping,’’ Trans. ASME, 
vol. 76, 1954, pp. 427-444. 


C. R. Sopersera.* The author addresses himself to one of the 
most fundamental of the many questions concerning the applica- 
tion of creep data to engineering design. This is the question of 
whether or not the material in the course of the test alters its 
character, so that at the end of the test it may in fact have 
changed into another material. He gives this phenomenon the 
name “thermal-action effect’’ and presents a great many worth- 
while points on how this effect may be taken into account. He is 
particularly concerned about the fact that this effect may render 
dangerous certa‘n routine measures of straight-line interpolation. 

The author has performed a valuable service in thus embodying 
his vast knowledge and experience on the subject in a few simple 
formulas. Exactness is not claimed for these expressions and it is 
perhaps somewhat unfair to criticize their approximate nature. 
Not the least valuable of his conclusions is his emphasis on Pro- 
cedure 4, in which the dilemma of thermal-action effect is partly 
overcome by trading temperature for time, a procedure which also 
has come into vogue in the United States. 

The phenomenological problem involves expressing the be- 
havior of a substance under stress through the variables (using 
the author’s notations) f, #, z, t, and 8. Assuming that the tem- 
perature is kept constant, he postulates a relationship between the 
other four variables by his Equation [3]. It is, of course, implied 
that this equation is based upon experience, and undoubtedly 
many tests could be cited in its support. Actually, however, this 
equation postuiates a relationship which is much more rigid thau 
that which is generally encountered in nature. 

The loosest type of relationship which can be assumed is an 
equation connecting the differentials of these four variables. 
The writer has previously‘ used the following form for this rela- 
tionship 


df = odi + Pdr — gdt..... [1] 
The functions ¢, y, and g have been given the names “‘viscosity,”’ 
“strain-hardening,’’ and ‘“‘annealing.’’ A relation such as the 
author proposes in his Equation [3] assumes that these quanti- 
ties are “‘properties’’ of the substance, depending upon the 
variables in a specified manner and not on the previous history. 
The criteria of the existence of these properties may be reduced to 
the question of whether df is an exact differential or not. The 


3 Dean of the School of Engineering, Massachusetts Institute of 
Technology, Cambridge, Mass.; also Professor of Mechanical En- 
gineering. Fellow ASME. 

‘**Plastic Flow and Creep in Polycrystalline Materials,’’ by C. R. 
Soderberg, Proceedings of the Fifth International Congress of Applied 
Mechanics, 1938. 
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mathematicians undoubtedly have much more sophisticated ways 
of expressing the important aspects of the situation. 

Equation [3] of the paper may in fact be written in the dif- 
ferential form 


dt 
t 


from which certain conclusions could be drawn concerning these 
properties, once their existence was assumed. 

The situation might be described as follows: The materials 
exhibit certain patterns of behavior, which may or may not be 
possible of characterization through properties. The tests availa- 
ble permit us to view this complex potential of behavior through 
certain narrow slits as it were. The test information contains 
only loose and possibly disconnected fragments of the behavior 
pattern, and it is usually fruitless to extrapolate from one mode 
of test to another. An example is the question of whether or not 
tests at constant stress and temperature (creep tests) really con- 
tain the information necessary to predict the behavior when the 
total strain is held constant and the stress permitted to vary (re- 
laxation). In so far as the writer is aware, this question still must 
be answered in the negative for most of our materials. 

All attempts which have been made to determine these proper- 
ties in the plastic state of metals at elevated temperatures have so 
far met with failure. Weare thus forced to conclude that the type 
of properties implied in Equation [1] of this discussion does not 
generally exist for metals at elevated temperatures. Relation- 
ships of the form of Equation [3] of the paper can thus have only 
the nature of extremely rough approximates. Conclusions 
based upon such uncertain premises should be viewed with cau- 
tion. This remark is made without any wish to detract from the 
author’s contribution, but rather to emphasize the need for more 
exact tests which would put these relationships in a clearer light. 

It seems pertinent to observe that the most insidious aspects of 
temperature and environment relate to the phenomena of em- 
brittlement, leading to the possibility of brittle fracture. It is 
the writer’s impression that this class of thermal effects is not 
usually reflected in the plastic-deformation pattern. The validity 
of the author’s conclusions on the creep-to-rupture test is cer- 
tainly dependent upon an assumption, not yet proved, of a rela- 
tionship between deformation and fracture. 

His conclusions on allowable stress are disconcerting but would 
appear more realistic, at least in the writer’s opinion, if they re- 
lated more directly to the risk of fracture. Does our experience 
with high-temperature machinery, in so far as deformation is 


concerned, really justify the author’s gloomy forebodings? 


AuTHOR’s CLOSURE 


The author agrees with Mr. E. L. Robinson regarding the 
unfortunate time lag between the appearance of a paper in one of 
our countries and current practice in the other country when 
it concerns a subject which is undergoing continual development 
of knowledge, principles, or testing technique. Also, he agrees that 
more frequent contacts between interested individuals of the 
two countries, as suggested by Mr. Robinson, would be a de- 
sirable measure to overcome the delay. This would bring 
benefit in both countries. 

Most will also agree with Mr. Robinson on the need for dis- 
crimination in the choice of method or procedure according to the 
nature of the part and service concerned. Accordingly, it is 
reasonable to use stress-rupture tests in connection with design 
of jet-engine parts where usually the total life is not high and 
virtually within the range of practical test This, 
however, is not the case with a steam-power plant where even the 


periods. 


longest test periods would rarely occupy more than, say, one 


fifteenth of the life period, e.g., 10,000 hr, when the expected 
life would be 150,000 hr. 
of this unexplored very long life which presents uncertainties 


It is the possible thermal-action effect 


which require examination and representation for a procedure to 
be adequate and acceptable for the case of very long life, es- 
pecially at the higher temperatures. 

The Larson-Miller analysis does not do this, but really rules 
out thermal-action effect in changing the material by regarding 
t = Ae If thermal action 


changes the material, A is not 


A in the relation 1 2/R8T as constant. 


a constant but is a tunction ol 


temperature 7’ 


and time ¢. The parameter advanced by its 
authors has no more significance than that it implies that the 
material is not changed by the thermal action encountered in the 
testing, and the magnitude of the quantity C found for a series of 
test results represents no more than an average of undefined 
character. Then, to take an average value of C for some dif- 
ferent materials of 20, still further destroys any possibility of 
reliability for the case it sets out to serve, i.e., to avoid testing of 
very long duration of a specific material. 
In the paper an empirical form was adopted for representing 
1 and 2, choice of an 
} 


The paper shows the influence of this in explaining the 


thermal-action effect, Figs by a suitable 
index q- 
character of the log f, log ¢ diagram, Fig. 9, for stress-rupture 
tests According to the paper if there were no thermal-action 
effect, no change in slope would be expected in Fig. 9 


Dean Soderberg quite rightly points to the approximate 


character of relations which from time to time are proposed to 
represent the phenomenon of creep, including the derived re- 


lations of the paper. That such relations must be approximate 


is, of course, because in the first place it has not been found 
possible to represent comprehensively the phenome on of creep 


as exhibited by the characteristic strain-time curve for simple 


tension except by treating it in stages and between limits, or as 
Dean 


But keeping these limitations in mind, and because as 


viewed through “certain narrow slits’’ in Soderberg’s 
words. 
a rule the acceptable magnitudes of strain are not large in prac- 
tice, the approximate character of most relations, direct or de- 
rived, especially for a specific material defined by actual test 
data, is serviceable for design purposes, 

The author does not consider that our experience with high- 
temperature machinery, as gained so far, would justify gloomy 
forebodings—or incidentally was he aware of having them—for the 
reason that design standards on the whole have been conserva- 
tive and also that there is very little long-time experience at 
the highest temperatures now in vogue, where the expected full 
life of plant may be as much as 150,000 hr, or, say, 20 to 25 years 
It, is because of this comparatively untried and untested cir- 
cumstance that importance is attached to understanding and 
taking into account the influence of thermal-action effect so that 
the probable behavior of the material in its later life may be 


assessed 


Remarks on Donnell’s Equations’ 


Aspon Rusto.* 
displacements of a cylinder under various types of semiconcen- 
The author 


The problem of determining the stresses and 


trated actions is an important and complicated one. 
has presented a very interesting comparison between the weil- 
known Donnell equations and the much more complete shell 


1 By Joseph Kempner, published in the March, 1955, issue of the 
JourNaL or AppLtiep Mecuanics, Trans. ASME, vol. 77, pp. 117 
118. 

?Structural Improvements Engineer, Large Steam Turbine-Gen- 
erator Department, General Electric Company, Schenectady, N. Y. 
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equations found in the texts by either Fligge, or Biezeno and 
Grammel. However, the author was not able, in this short paper, 
to include many of the manipulations and arguments necessary 
for the development of the various equations. The writer wishes 
to present, in a block diagram, Fig. 1, herewith, two basic origins 
of shell equations. In this way note may be taken of where 
Donnell’s order-of-magnitude argument takes place and just 
where differences, if any, exist between the two sets of displace- 
ment equations. The notation used is identical to that of the 
paper being discussed. 

The writer has borrowed heavily from the author’s KAPL-926 
report. Indeed, all the numbers attached to the equations in the 
block diagram refer to that report, though some of them also 
appear in the paper. 

It should be noted in the energy derivation that in order to 
arrive at the equilibrium Equations [A1l1], [A12], [A13] it was 
necessary to assume that k*<_ 1. There also could be considera- 
ble question as to how the 


OtG, _ O%0¢ 
oa? og? 


term disappears from Equation [All]. This is undoubtedly the 





Comparison Between Two Sets or Suett EquaTIons 


place where the terms which will be noted missing in Donnell’s 
equations were dropped. 

The order-of-magnitude argument of Donnell and the stress- 
displacement relationships may then be used to arrive finally at 
the Donnell equations. An alternative method of obtaining ex- 
actly the same equations is shown on the diagram starting with 
Fligge’s equations. The author also begins with Fliigge’s equa- 
tions and, by a clever method of differentiating and recombining, 
is able to produce an eighth-order linear partial differential equa- 
tion in only one displacement (radial). Once the solution to this 
equation is obtained, it is relatively simple to determine the 
other displacements. 

Equations [4], [5], and [6] on the block diagram correspond to 
Equations [14], [15], and [16], in the paper. If the assumption 
of k?< 1 that he suggested is used, the result is Equations [4a], 
[5a], and [6a]. Furthermore, Donnell’s order-of-magnitude argu- 
ment may be applied to these equations which results in Equations 
[4b], [5b], and [6b]. Note should be taken of the correspondence 
between these equations and Donnell’s equations. Since the 
same arguments and assumptions are made in both derivations, 
exactly the same result should appear. They do not correspond 
because the sequence of imposing the assumptions is different. 
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The author expresses satisfaction at the correspondence he re- 
ceived between calculations from his equations and Donnell’s 
equations. The writer believes that this satisfaction is not war- 
ranted from the results presented, since all the calculations were 
made at the middle of the line load on the generatrix, as far as 
possible away from the load discontinuity. It would be quite 
gratifying if the author also were able to show agreement be- 
tween the two sets of equations at points of load discontinuity. 
In addition, it should be noted that the author only claims cor- 
respondence when all surface and body forces are zero. In this 
case it can be seen that Equations [A17], [A18], [A19] and [40], 
[5b], [6b] are identical. 

In closing, the author should be commended on the significant 
work he has done in this field and on his efforts to spread an 


understanding of shell problems. 


Lu Tina.* In a previous paper, Hoff, Kempner, and Pohle‘* 
questioned the accuracy of Odgqvist’s work,’ which was based 
upon Schorer’s equation,® and resolved Odqvist’s problem by 
using Donnell’s equation,’ which was derived to study the prob- 
lem of stability. In the present paper, a numerical example was 
worked out to compare the results from the solutions in the pre- 
vious paper with those from the solution of the exact equation.® 
Using the same data, the writer obtained the corresponding re- 
sults from Odqvist’s simple explicit solution® and inserted them 
into Table 2 of the present paper. The comparison is given in 
Table 1, herewith. 

t COMPONENTS OF DIS- 


E 1 COMPARISON OF FOUR 
R MOMENT RESULTANT 


TABI RIE! 
PLACEMENT AND CIRCUMFERENTIAL 
AT -« 0, ¥ 0 
V.../P* 
om 
Fro n 
tion of 
From 
Odaqvist 


Fron ‘ Xa ‘Donnell 
Od jvist I Py i 
solution {1 [8-10] solution 


[8-10] 

0.104 9.101 0 0.0497 0.0499 

0214 0.0193 0 02382 0.0282 0. 0286 

0106 0 0088 0 0213 0.0213 0.0218 

). 0067 0 0052 0.0174 0.0174 0.0179 

9 47 0.0047 0.0034 0.0147 0.0147 0.0153 
11 5 0034 0.0024 0.0126 0.0126 0.0132 
0.160 151 0.140 0.1443 0.1439 0. 1467 


Sum 

It is evident that Odqvist’s solution is quite satisfactory for the 
leading terms in this example where a/h = 56 and will be more 
accurate for larger values of a/h. 

Based upon numerical results the author concluded “for short 
cylinders ‘vaded over small regions of their surface the simple 
Donnell’s equations are quite adequate ....” The phrase “for 
short cylinders,”’ which implies a limitation on the ratio of L/a 
only, should be replaced by “for cylinders with L/a< [3(1 — v*) 
a?/h?}'/*.” Furthermore, the boundary conditions of the cylinders 
should have been prescribed. For example, the simple Donnell’s 
equations’ are not adequate for cylinders with free ends. 


” 


Y1-Yuan Yu. While the author and his co-workers have re- 

3 Special Design Engineer, Foster Wheeler Corporation, New York, 
MN. F.. 
4*‘Line Load Applied Along Generators of Thin-Walled Cylinders,” 
by N. J. Hoff, J. Kempner, and F. V. Pohle, Quarterly of Applied 
Mathematics, vol. 11, January, 1954, p. 411. 

5 ‘*Action of Forces and Moments Symmetrically Distributed Along 
a Generatrix of a Thin Cylindrical Shell,”’ by F. K. G. Odgqvist, 
Jeuurnal of Applied Mechanics, Trans. ASME, vol. 68, 1946, p. A-106. 

* ‘Line Load Action on Thin Cylindrical Shells,”’ by H. Schorer, 
ASCE, vol. 61, 1935, pp. 281-316. 

7 “Stability of Thin-Walled Tubes Under Torsion,” by L. H. Don- 
nell, NACA TR 479, 1933. 

8“Statik und Dynamik der Schalen,” by W. Fldgge, Julius 
Springer, Berlin, Germany, 1934, p. 115. 

® Associate Professor of Mechanical Engineering, Syracuse Univer- 


sity, Syracuse, N. Y. Assoc. Mem. ASME. 


cently made extensive and successful use of the Donnell equations, 
the writer would like to take the opportunity to report that a 
vorresponding set of dynamic equations has been derived in a 
forthcoming paper” in a somewhat modified manner as Donnell 
derived the static equations. The usual set of equations of mo- 
tion for thin cylindrical shells such as that given by Fliigge'! may 
also be arranged to appear in an analogous form. Terms in- 
volving g, X, and ® in the author’s Equations [8] to [10] and [14] 
to [16] are replaced by terms including the time ¢ as‘an independ- 
ent variable in these dynamic equations. 


AvuTHOR’s CLOSURE 


The author wishes to express his appreciation to Mr. Rubio, 
Mr. Ting, and Professor Yu for their comments. 

Mr. Rubio’s interest in the stresses at the load discontinuity 
10 from the station considered) is 
a neigh- 
that 


(only a distance 6/L = 1 
Good agreement can be expected in 
th bh 


understandable. 
borhood even more immediate to the discontinuity 
considered. 

Mr. Ting points out that Odqvist’s solution for w and Mg is 
One certainly should 


The 


[3(1 — v*)a*/h?]'/*, suggested for defining short 


quite adequate for the example presented. 
use this solution when confident of its applicability. con- 
dition, L/a < 
cylinders is much too strict. In the present example this criterion 
would state 4< 9.6, which is certainly not true. Furthermore, 
if applied to Equation [8], it would require the omission of the 
second term on the left-hand side and hence, neglect of the entire 
As far as boundary conditions are con- 
text that the 


the defining relations being given in footnote (4 


“shell effect” therein. 


, it was stated in the shell was simply sup 


Gravitational Stresses in a Circular 
Ring Resting on Concentrated 
Support’ 


The author presents an interesting application 


He does 


H. Marcus.? 
of Muschelisvili’s method based on complex variables. 
not mention other methods used for similar problems in two- 
dimensional elasticity. 

It seems worth while to remember that simple and elegant solu- 
tions of the same type of equations have been obtained in the 


theory of circular plates by using stress functions® such as 


where 
sin (r, 


r and ® being cylindrical co-ordinates 


‘Free Vibrations of Thin Cylindrical Shells Having Finite 
Lengths With Freely Supported and Clamped Edges,"’ by Yi- Yuan 
Yu, to be published in the JourNaL or AppLiep Mecuanics. 

1! Footnote (8), p. 229. 

‘By Yi-Yuan Yu, published in the March, 1955, 
or AprLiepD Mecuanics, Trans. ASME, vol. 77, pp 


issue of the 


JOURNAI 103-— 


106. 

? Consultant, Mechanics 
Washington, D. C. 

’“Die Theorie elastischer Gewebe und ihre Anwendung auf die 
Berechnung biegsamer Platten,”’ by H. Marcus, second edition, 1932 
(Library of Julius Springer, Berlin), and “Die elastischer Platten,” 
by A. Nadai, 1925 (Library of Julius Springer, Berlin). 


Division, Naval Research Laboratory 
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The stresses acting on any cylindrical surface can be expressed 
in terms of the constants A,, B,, C,,, D,, and in the form of Fourier 
series. 

If two loading or support conditions are prescribed also in the 
form of such series for the internal boundary r = r; and the 2x- 
ternal boundary r = r,, we obtain for each value of n four easily 
solved equations for the constants A,, B,, C,, D,. 

This method is very useful for the analysis of the stresses pro- 
duced in a large body by forces applied on the periphery of a 
cylindrical cavity. 


F. E. Naceu.4 The dimensional parameters in Fig. 2 of the 
paper require clarification. One may take W to be capital de- 
noting the weight of the ring rather than weight density of ma- 
terial and 7 the stress multiplied by the axial ring thickness to ob- 
tain a nondimensional parameter rRr/W. The rate of decay of 
the high stresses at the singularity near 6 = —90 deg, p = 1 is of 
interest and makes numerical evaluation at sections like 6 = 
—80 deg desirable. A comparison of the method presented with 
the elementary analysis of narrow rings, having a statically inde- 
terminate tangential load and moment at 6 = 90 deg will furnish 
the engineer with a guide for the necessity of the much more in- 
volved, though rigorous analysis of the author. It may be ex- 
pected that outside of the mathematical singularity which cannot 
be realized in practice, the simplified analysis is quite sufficient 
for 1/2 < po < 1 in many engineering applications, while, of course, 
for po — 1 the difference between the two methods vanishes 
altogether. 

AuTHor’s CLOSURE 

The author wishes to thank Dr. Marcus and Mr. Nagel for 
their interest in the paper. 

The two well-known references mentioned by Dr. Marcus are 
not now available to the author. It is presumed that the form 
of the stress function given by Dr. Marcus refers to the general 
solution of the biharmonic equation in polar co-ordinates, which 
includes both cosine and sine terms and in which the terms cor- 
responding to n = 1 are somewhat different from others. This 
general solution may be found in Timoshenko’s book,’ in which 
is also mentioned its application to the problem of a circular ring 
compressed by two equal and opposite forces acting along a 
diameter. There are two axes of symmetry in Timoshenko’s 
problem (compared with one axis of symmetry in the problem in 
this paper), and the resultant force on each of the two boundaries 
vanishes; the problem is therefore simpler. Nevertheless, its 
solution® also appears in a series form, and a large number of 
terms is needed to calculate the stresses accurately. It is doubt- 
ful that the problem considered in this paper can be solved any 
simpler by means of the general solution in polar co-ordinates. 

In solving problems related to a circular plate or a large body 
with a cylindrical cavity, as ment’ ned by Dr. Marcus, the com- 
plex variable method is almost invariably simpler and more 
elegant than the other methods. Its simplicity may be seen by 
comparing Symond’s series solution’ of the problem of a large 
plate containing an elliptical hole loaded by two concentrated 
forces with the closed-form solution of the same problem ob- 

‘ Aircraft Gas Turbine Division, 
Cincinnati, Ohio. Mem. ASME. 

‘Theory of Elasticity,’”’ by S. Timoshenko and J. N. Goodier, 
McGraw-Hill Book Company, Inc., New York, N. Y., second edition, 
1951, pp. 116-122. 

*“‘On the Distribution of Stresses in a Circular Ring Compressed by 
Two Forces Acting Along a Diameter,’’ by 8. Timoshenko, Philo- 
sophical Magazine, vol. 44, 1922, pp. 1014-1019. 

™“Concentrated Force Problems in Plane Strain, Plane Stress, and 


Transverse Bending of Plates,”” by P. S. Symonds, JourNAL or Ap- 
pLiep Mecuanics, Trans. ASME, vol. 68, 1946, pp. A-191—A-195. 


General Electric Company, 
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tained by Green® using the complex-variable method. The ele- 
gance of the complex-variable method was indicated clearly by 
Morkovin® who applied the method to Greenspan’s problem” of 
a uniformly loaded plate weakened by a small hole; the latter 
author had solved the problem in an extremely laborious way. 
The various problems related to the circular plate, including the 
mixed-boundary value problem, have also been solved by means 
of the complex-variable method in an elegant and systematic 
manner.!! 

Regarding Fig. 2, there appears to be a misunderstanding on 
the part of Mr. Nagel. None of the parameters in the figure is 
dimensional, and the letter W is capital, as may also be seen 
from Table 2, according to which the curves were plotted. 

The problem considered in this paper was also solved by Van 
den Broek” using the elementary energy method. For com- 
parison purposes, the normal stress Tg in the same example in 
which po = '/2 has been computed according to Van den Broek’s 
elementary solution. The results are listed in Table 1 and 
compared with those obtained according to the exact solution 
in this paper. Needless to say, the elementary solution does 
not indicate any normal stess T,, in the radial direction; and, 
according to it, only an average value of the shearing stress T,¢ 
can be computed at each cross section of the ring. 


TABLE 1 
Teg *R/W 

(elementary Per cent 
solution) difference 


+5.000 +6.118 18.3 
— 4.000 —2.911 37.4 


796 rR/W 
(exact 


Section solution) 


+90° 
+45° +0.618 +0.494 25.1 
‘ —1.020 —0.587 3.8 


0° 5 —6.710 —8§8.896 
+3.568 +2.929 


—45° f — 4.828 — 6.326 
1. +0.788 +0.572 


+ 1o.000 +14.912 
— 14.000 — © 


Experimental and Theoretical Study 
of Transverse Vibrations of a Tube 
Containing Flowing Fluid’ 


G. W. Housner.? The beam equation containing a mixed 
space-time derivative offers some difficulties for the mixed 
derivative connotes a coupling between the modes of vibration. 
This paper shows how a power-series solution can be evaluated 
and it points out the precautions necessary to obtain a satisfac- 
torily accurate solution. The experimental work described by 
the author gives a check on the theory. As the author points out, 
the influence of the flowing fluid on the vibrations of the tube are 


8 ‘*A Concentrated Force Problem of Plane Strain or P!ane Stress,”’ 
by A. E. Green, JourNaL or AppLiep Mecnanics, Trans. ASME, 
vol. 69, 1947, p. A-246. 

* “Effect of a Small Hole on the Stresses in a Uniformly Loaded 
Plate,’ by V. Morkovin, Quarterly of Applied Mathematics, vol. 2, 
1944, pp. 350-352. 

10 ‘Effect of a Small Hole on the Stresses in a Uniformly Loaded 
Plate,”” by M. Greenspan, Quarterly of Applied Mathematics, vol. 2, 
1944, pp. 60-71. 

11“*Some Basic Problems of the Mathematical Theory of Elas- 
ticity,” by N. I. Muschelisvili, translated by J. R. M. Radok, P. 
Noordhoff Ltd., Groningen, Holland, 1953. 

12 ‘Plastic Energy Theory,”’ by J. A. Van den Broek, John Wiley 
& Sons, Inc., New York, N. Y., second edition, 1942, pp. 108-117. 

1 By R. H. Long, Jr., published in the March, 1955, issue of the 
JOURNAL or APPLIED Mecuanics, Trans. ASME, vol. 77, pp. 65-68. 

? California Institute of Technology, Pasadena, Calif. 
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small for proportions usually encountered in practice; however, 
the extensions of the problem can have practical applications. 
The beam-bending vibrations, considered by the author, may 
be designated as the first class of coupled fluid-structure flexural 
vibrations, and the second class would be the coupled fluid-struc- 
ture flexural vibrations of the wall of the container; that is, where 
the axis of the tube remains straight while the wall oscillates 
with plate-like vibrations. The influence of the fluid is much 
greater for such vibrations, particularly for tubes or pipes of large 
radius. In certain practical problems it has been found that 
pressure fluctuations in the fluid would excite severe vibrations 
of the pipe wall. Similar problems are encountered with the skin 
of aircraft. We are now in a trend toward higher velocities, 
larger structures, thinner and more closely designed sections, 
etc., and it can be expected that problems of coupled fluid-struc- 
ture vibrations will be encountered more often in the future. 


Influence Coefficients for Hemi- 

spherical Shells With Small 
Openings at the Vertex’ 
W. R. Burrows,? R. L. Graves,? P. G. Stevens.‘ The 
author’s innovational approach to the problem has significantly 
influenced, during the past year, the course of our work for the 
Design Division of the Pressure Vessel Research Committee. 
Following the author’s lead, we have extended his investigations 
of the constant-thickness spherical head to include studies of two 
other approximate solutions which, like his Methods I and II, 
are even now suitable for use by engineers; and which, moreover, 
exhibit exceptional possibilities of further simplification owing to 
the exponential-trigonometriec character possessed by all four in 
common. 

Our preliminary findings concerning the accuracy of these four 
approximations have been obtained by a comparison of their 
solution results with PVRC’s accurate first and second solution 
results.5 The PVRC accurate method is similar in form to that 
of the author’s Method III(b). Solution results have been calcu- 
lated with it at Whiting for every 5 deg of are for a constant-thick- 
ness hemispherical head with a diameter-thickness ratio of 30 
(Memorandum D54-2, Stevens, January 15, 1954, May 20, 
1954). 

Specifically, the four solutions under study are, in the author’s 
notation: 


1 The Geckeler approximation, the author’s Method 1 
Qs = Exp [+(1 + i)e(d — ¢,)] 
The asymptotic approximation 
Qe 
The 


= (J/J,)[(1 + Fi) — ( +F, — G,)](Solution 1) 


Bessel approximation, the author’s Method II 


¢ = ’ T (2 & ro) } e7; (294 
= er, (90. ! ( : 
Ps J Pp l K 1 po) 


1 By G. D. Galletly, published in the March, 1955, issue of the 
JOURNAL OF AppLieD Mecuantcs, Trans. ASME, vol. 77, pp. 20-24. 

? Chief Engineer, Special Services Division, Standard Oil Company 
(Indiana), Whiting, Ind. 

* Project Mathematician, Engineering 
Standard Oil Company (Indiana). 

4 Assistant Head Engineer, Special Services Division, Standard 
Oil Company (Indiana). 

“The Basic Elastic Theory of Vessel Heads Under Internal Pres- 
sure,” by G. W. Watts and W. R. Burrows, JourNAL or APPLIED 
Mecnranics,. Trans. ASME, vol. 71, 1949, Table 3. 


Research Department, 


4 The Langer approximation (Graves) 


Qs = [(¢@ esc d)/(d, csc d,)](Solution 3) 


The solutions are those for the second-order system. In these 
solutions @, is the angle from the center to some reference or 
boundary point 6. The Geckeler approximation is exactly the 
same as the author’s Equation [6] or [8]. The asymptotic ap- 
proximation is PVRC’s development of the method of Prof. F. 
B. Hildebrand in a form consisting of Solution 1 with two correc- 
tive coefficients. The Bessel approximation is expressed in Kelvin 
functions. The Langer approximation is Solution 3 with one cor- 
rective coefficient. 

Now all of these solutions (1 to 4) become unity in value at a 
point b, either in the form shown or after multiplication by a 
suitable constant. Hence, if they differ among themselves or 
from the accurate solution, it will be their @-derivatives that do 


so. This then is our method of comparison. 


LANGER 





PER CENT ERROR 


0.1 + ‘ t = ’ + : , 4 
90 0 
HEMISPHERE CENTER 


DEGREES FROM CENTER 
Fic. 1 Estimatrep Revative Accuracy or Four 
So_uTions oF A CONSTANT-THICKNESS SPHERICAI 
DiAMETER-THICKNESS Ratio or 30 


APPROXIMATE 
Heap Wir 


The results shown in Fig. 1 illustrate our present findings. The 
Geckeler approximation seems satisfactory for relatively thin, 
complete hemispheres, while the asymptotic approximation ap- 
appears satisfactory for relatively thick, complete spherical seg- 
The 


appears satisfactory at and near central holes in relatively thin, 


ments approximating hemispheres. Bessel approximation 
incomplete spherical segments, while the Langer approximation 
seems satisfactory at all points on relatively thick complete or in- 
complete spherical segments including hemispheres. 

The possibility of synthesizing these four solutions probably is 
unusually good, and we are now engaged, when time is available, 
in this effort. 
the constant-thickness conical head will now serve as a guide 
(Memorandum D53-7, April 15, 1953; Graves, March 23, 1953). 


It is reasonable to believe that our similar work on 


G. Horvay.* There are two trends in engineering analysis, 
both of them vital for furthering our understanding of the be- 
havior of engineering structures. One is toward more precise 
analysis, employing a more accurate physical picture, and utiliz- 
ing more precise differential equations; the other trend aims at 
simplifying the existing approaches. Shell theory provides ex- 
cellent examples for the parallel progress in both directions. The 

¢ Engineer, General Electric Company, Knolls Atomic Power Labo- 
ratory, Schenectady N.Y. Mem.ASME. The Knolls Atomic Power 
Laboratory is operated by the General Electric Company for the 
Atomic Energy Commission 
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search for simplifications which greatly reduce the calculational 
labor of existing rigorous solutions, without sacrificing their salient 
features, has been pursued relentlessly for 40 years. The author’s 
numerical comparison of various approximation methods (I 
Geckeler, II Esslinger’) with results of the laborious (but essen- 
tially precise) Love theory provides the engineer with a valuable 
yardstick for the selection of an adequate analytical approach, 
when his problem is similar to Galletly’s.* 

Pending the establishment of further yardsticks (which are 
highly desired) the writer would like to see the list of methods com- 
pared by the author extended, so as to include also Hildebrand’s 
asymptotic method® which constitutes a somewhat improved 
Geckeler approach without involving more labor, Hetenyi’s 
asymptotic method’ which is appreciably better but also more 
laborious, and Naghdi’s recent solution,’ which, though asymp- 
totic, may be regarded, for thin shells, as practically precise 
through the entire range of the variable ¢, including g = 0. (In 
contrast to Hetenyi’s solution, Naghdi’s solution remains finite at 
the pole; for shalluw shells it reduces to Reissner’s’ solution. 
The method appears quite laborious, though it is undoubtedly 
simpler than the Love solution.!*) 

Furthermore, it would be helpful if the author gave an estimate 
of the time spent on each solution, as well as suggested ranges of 
a/h and go most appropriate for the preferred solution. It 
would be probably too much to ask for an opinion as to whether 
the approximations err on the side of conservatism or not, but 
such information would certainly be much appreciated. 


AvuTuHor’s CLOSURE 


The author would like to thank Messrs. Burrows, Graves, 
Stevens, and Horvay for their remarks. Ae found Fig. 1 of the 
discussion most interesting. For a D/h ratio of 30, the Bessel 
approximation would appear to be good for central openings in 
the hemisphere up to 7/3 radians, which is about twice the 
tentative limit suggested by the author. He also agrees with 
Messrs. Burrows, Graves, and Stevens that as the Langer ap- 
proximation seems to give very good results over the whole shell 
surface, it warrants further investigation. 

Unfortunately, the author has not had time to compute the 
influence coefficients by the methods of Professors Hetenyi 
and Naghdi-de Silva, as suggested by Dr. Horvay, although such 
a comparison would be worth while. However, about two years 
ago, Messrs. Burrows and Graves computed them using their own 
asymptotic development of Professor Hildebrand’s solution and 


7 Esslinger’s work was preceded by E. Reissner’s “‘Stresses and Small 
Displacements of Shallow Spherical Shelis,”” I and II, Journal of 
Mathematical Physics, pp. 80-85 and 279-300, 1946. 

* T.e., the engineer is able, in such a case, to pick out the method 
which gives him an adequately accurate solution with least expendi- 
ture of labor. 

*“On Asymptotic Integration in Shell Theory,”’ by F. B. Hilde- 
brand, Proc. Symposia in Applied Math., vol. 3, McGraw-Hill Book 
Company, New York, N. Y., 1950. The paper, ‘Analysis of Short 
Tapered Axisymmetrical Shells,” by G. Horvay, C. Linkous, J. 8. 
Born, submitted to th: Journat or AppLreD MEcHANTCS, contains a 
convenient rearrangement of Hildebrand’s formulas into a form 
which, it is believed, will appeal to the stress analyst. 

© “Spherical Shells Subject to Axial Symmetrical Bending,” by 
M. Hetenyi, Pub. Intern. Assoc. Bridge Struct. Eng., vol. 5, 173, 1938. 
The paper is discussed at length in Timoshenko’s ‘‘Plates and Shells,” 
McGraw-Hill Book Company, Inc., 1940, p. 473. 

11 “On Elastic Ellipsoidal Shells of Revolution,” by P. M. Naghdi 
and C. N. de Silva, Proceedings of the Second National Congress of 
Applied Mechanics, ASME, 1954. 

12 For an exposition of the mathematical ideas involved in Naghdi's 
method, see the Section on the WKBJ approximation (as extended by 
Langer) in the book ‘Methods of Theoretical Physics,’’ by P. M. 
Morse and H. Feshbach, MeGraw-Hili Book Company, Inc., 1953, 
pp. 1092-1106. 
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sent them to the author in a private communication. The 
author has also computed the influence coefficients utilizing the 
approximate method outlined on pp. 163-168 of Hetenyi’s book, 
“Beams on Elastic Foundation.” The results of these calcula- 
tions are tabulated in Table 1 together with those obtained 
using Love’s exact method (Method ITI(b) in the paper). 


TABLE 1 VALUES OF INFLUENCE COEFFICIENTS OBTAINED 


BY DIFFERENT METHODS 
Unit moments at the Unit forces at the 
edge ¢ = ¢e edge @ = ¢e 
Ehu EhV Ehu EhV 
47.64 36.24 164.66 47.71 
46.72 35.92 162.77 46.73 


42.79 aan 145.56 


Method 


Love 
Burrows-Graves 
Asymptotic 

Hetenyi 
Approximate 


42.82 


It can be seen that the Burrows-Graves asymptotic solution 
gives values which deviate from Love’s by only 2 per cent, while 
the approximate method of Hetenyi gives errors up to 13 per 
cent. It is also interesting to note that the asymptotic method 
gives slightly smaller errors for the influence coefficients than does 
the Bessel approximation (see Table I in the paper, Method IT). 
As the semiangle of the opening was only 10'/: degrees for the 
shell investigated, reference to Fig. 1 of this discussion might tend 
to indicate that the Bessel approximation should be better than the 
asymptotic. (Fig. 1 is actually for a 2a/h ratio of 30, while the 
shel] investigated had a 2a/h ratio of 181.) As this is not the case, 
further investigation of the relative merits of the Bessel and 
asymptotic methods for varying a/h ratios seems desirable. 

With regard to the time spent on the various solutions, the 
following are approximate estimates: 


Geckeler . 
Esslinger (Bessel)... . 


.15 minutes 
.2-3 hours 
1 month 


The author has not investigated various a/h ratios and ¢y’s. 
Some work of this nature is, however, currently being done by the 
PVRC. When this is completed, it will be possible to answer Dr. 
Horvay’s query regarding which method is the most preferable in 
any given case. 


Membrane and Bending Analysis of 
Axisymmetrically Loaded 
Axisymmetrical Shells’ 


H. Marcvus.? The authors made a very valuable contribution 
to the design of axisymmetric shells by their methodic presenta- 
tion of practical formulas for computing stress and strain in 
membranelike shells and also for the analysis of the effects of a 
moment M and a shear force H applied along a circular edge. 

The determination of specific values of M and H for given load 
and boundary conditions has not yet been shown in this paper. 
The writer hopes that the authors will give attention to the follow- 
ing considerations: 


(a) It would not be quite logical to compute displacements and 
rotations due to the external loads as if the shell would be a mem- 
brane and then to combine these strains with those which are pro- 
duced by the edge forces in a shell capable of withstanding bend- 
ing and shear. 


1 By G. Horvay and I. M. Clausen, published in the March, 1955, 
issue of the JourNAL or APPLIED Mecuanics, Trans. ASME, vol. 77, 
pp. 25-30. 

? Consultant, Mechanics Division, Naval 
Washington, D. C. 


Research Laboratory, 
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(b) The forces acting on a circular edge are composed of a 
normal force N, a transverse force 7', and a couple M._ It ap- 
pears more or less arbitrary to assume that the resultant of N and 
T must be a horizontal force H. 


R. J. Roarx.* The writer will comment especially on the 
formulas for edge-load analysis given in Table 2 of the paper. 
These are applicable to the calculation of stresses at the junction 
of parts, a problem that arises in the design of pressure vessels, 
elevated tanks, domes, high-speed flanged rotors, and many other 
structural and machine elements. In some cases such discon- 
tinuity stresses are not especially important and may safely be 
permitted to go into the plastic range, but when there is a possi- 
bility of brittle fracture or fatigue, or when even a slight plastic 
strain is not permissible, it becomes necessary to compute such 
stresses as accurately as possible. 

Since Geckeler’s formulas, even as modified by Hetenyi, are ad- 
mittedly approximate, some engineers have expressed misgivings 
as to the reliability of stress calculations based upon them. Ex- 
perimental verification requires tests either on the actual struc- 
ture in question or on a model that must be fairly large because 
of the local character of the strains to be measured. In either 
case the experimental work is likely to be expensive and time- 
consuming, and for that reason relevant published data are rather 
meager. Any information bearing on the question is therefore of 
value, and a description of two examples of stress calculation car- 
ried out by the writer by means of the Geckeler-Hetenyi formulas, 
and checked by strain measurements made on the actual struc- 
tures, may be of interest. 

The first example was afforded by a cast-iron drier drum of the 
type used in paper manufacturing; the drum had a diameter of 
12 ft, a thickness of 2 in., and had bolted, slightly dished heads 
3'/, in. thick. An experimental model, full size except for 
length, had failed during a hydrostatic test by brittle fracture 
near the ends, and a second mode! had been constructed and tested 
with strain gages placed at all points of high stress, especially 
near the junction of the cylinder and head. 

This test made available an excellent opportunity to compare 
calculated with measured stresses. The agreement was reasonably 
good, and the calculations also gave results consistent with the 
recorded failure of the first model. 

This problem was complicated by the fact that there were three 
elements involved—the cylindrical shell, the head, and the shell 
flange, and solution had to be effected by using equations of 
strain compatibility as between these three parts. A further dif- 
ficulty was presented by the fact that the head had an angle of 
opening ¢ of only about 20 deg, which is less than the formulas 
contemplate. 

For such nearly flat heads it is a question whether flat-plate 
formulas or shell formulas are more appropriate. In this instance 
the best results were obtained by considering the head to have the 
“flexibility” of a flat plate and the “expansivity” of a spherical 
shell, using these terms as they are defined by the authors. (In 
passing, it may be remarked that there is need for further study 
of the problem of the almost flat shell.) 

The second example was afforded by a welded-steel penstock 
junction in which the conventional wye was replaced by a 
sphere, into which the main penstock led and from which the two 
laterals diverged. The sphere was 12 ft diam and 3""/j¢ in. thick; 
the main pipe was 11 ft diam and 3"/\ in. thick, and the laterals 
were 7 ft 9 in. diam and 37/jsin. thick. (The thicknesses were de- 
termined by the availability of material rather than by stress 
considerations. ) 


3 University of Wisconsin, Madison, Wis. 


The complete assemblage was tested, with strain gages at all 
critical points, and the measured stresses were found to be in good 
agreement with the calculated stresses. 

Here also the problem was complicated by the presence of a 
third element, since a heavy reinforcing ring had to be provided 
at the junction of each pipe with the sphere. All the parts in this 
structure had relatively thick walls, and the fact that good results 
were obtained by calculation indicates that the formulas can be 
used without gross error for R/h ratios as small as 20. 

Without wishing to appear unduly critical on a minor point, the 
writer feels constrained to comment adversely on some of the 
notation used in this paper. It is reasonable to expect every 
symbol used to satisfy two requirements: (a) It should be 
familiar, so that anyone can recognize and name it; (6) it 
should be easily written so as to be unmistakably identifiable. 
The lower case chi and the capital letters in Fraktur fail on both 
counts. Finally, would it not be better to have as reference (1) 
the third edition, 1954, and should not reference (2) be Timo- 
shenko’s “Theory of Plates and Shells,” rather than his “Strength 
of Materials?” 


Avutuors’ CLosuRE 


At a shell edge three actions must be considered, those of 
horizontal force H, vertical force V, and moment M; 
spondingly, there result three motions, horizontal displacement 
5, vertical displacement VY, and angular rotation x. However, it 
must be remembered that any one of H, V, M gives rise (for 
noncylindrical shells) to all three displacements. The vertical 
force V may be decomposed into a horizontal component which 


corre- 


causes edge-load action and a meridional force, N,, which causes 
membrane action. This decomposition, which must precede the 
edge-load analysis of our Table 2, was the central theme (see 
Fig. 4) of reference (6) “Stresses and Deformations of Flanged 
Shells;” therefore the argument was not repeated in the present 
The authors are glad Dr. Marcus re-emphasized the im- 
will 


paper. 
portance of this preliminary step, the omission of which 
usually lead to incorrect results for noncylindrical shells. 

Hildebrand, in reference (4) of the paper “On Asymptotic 
Integration in Shell Theory,” gives a valuable discussion of the 
limitations of present theory as caused by separation of the 
shell problem into a membrane problem and an edge-load prob- 
lem. The authors are indebted to Professor Roark for furnish- 
ing experimental evidence that the Geckeler-Hetenyi formulas 
are, nevertheless, quite reliable, and for pointing out that as- 
signment to shallow shells the “expansivity” of a flat spherical 
cap, the “flexibility” of a flat plate, gives good approximate 
results. The flat shell is undoubtedly a very important con- 
figuration. Recent references on this important subject are 
listed in the discussion of the paper, “Influence Coefficients for 
Hemispherical Shells With Small Openings at the Vertex,” by 
G. D. Galletly.‘ This discussion is published in this issue, p. 443. 

Professor Roark’s comments regarding the authors’ uncon- 
ventional notation are appreciated. As an explanation, not an 
excuse, they wish to point to their (hitherto unsuccessful) search 
for a notation which will not conflict with notation employed in 
other branches of stress analysis. 

In conclusion the authors wish to express their appreciation to 
Professors N. J. Hoff and E. Reissner for calling their attention 
to an important misprint in the paper. The slope x of Table 1, 
Item Ic, should read 


x = (€, —eR/R,) cot gp —d (Reg)/dx 


4 Journat or Apptrep Mecuanics, Trans 
pp. 20-24. 
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Aerodynamics and Jet Propulsion 


PuysicAL MEASUREMENTS IN Gas DyNAMICS AND COMBUSTION. 
Edited by R. W. Ladenburg, B. Lewis, R. N. Pease, and H. 8. 
Taylor. Vol. IX of “High Speed Aerodynamics and Jet Pro- 
pulsion.’’ Princeton University Press, Princeton, N. J., 1954. 
Cloth, 6 X 91/2 in., 594 pp., 24 pages of plates, over 100 line 
drawings, $12.50, 


RevIEWED By Ricuwarp FE. Kronaver! 


‘HIS book, nine in the projected twelve-volume series in 
High Speed Aerodynamics and Jet Propulsion, is divided into 
two parts. The first 343 pages under the editorship of the late 
Professor Landenburg are devoted to measurements in gas dy- 
namics and the remaining 224 pages under the editorship of Dr. 
Lewis, Professor Pease, and Dean Taylor are concerned with 
measurements in combustion. Like the other books in the series, 
it is an assemblage of the work of a number of contributors (22, 
in this ease). The contributors have been actively concerned with 
the problems of instrumentation and they write with authority. 
The material is of a uniformly high quality. 

The scope of the first part (gas-dynamics measurements) has 
been limited in keeping with the series title ‘High-Speed Aerody - 
namics.’’ With few exceptions, the experimental techniques dis- 
cussed are aimed at investigations in high-speed wind tunnels 
and shock tubes. The basic instruments of wind-tunnel research 
are covered in considerable detail: optical methods (shadow, 
schlieren, and interferometer) which give fluid density, fiow 
geometry, and (with suitable devices) the Mach number; the im- 
pact tube and its behavior throughout the exceptional range of 
conditions which may be encountered; temperature probes; and 
the hot-wire anemometer for turbulence studies. Added to this is 
less widely used instrumentation: afterglow, spectral absorption, 
and x-ray absorption for low-density measurements; ion tracing, 
particle tracing, and electrical discharge for velocity measure- 
ments; light reflection for shock-front measurements; light ab- 
sorption and scattering for condensation study. The analog 
methods of the water table and electrolytic tank round out the 
presentation. 

Since there is no introduction or summary which pictures the 
problem of gas-dynamics measurements as a whole, the uniniti- 
ated reader may have some difficulty in placing the several tech- 
niques in perspective. Then, too, the experimenter who is con- 
fronted with a flow which is strongly three-dimensional or a situa- 
tion which precludes optical observation, will find his problem 
somewhat beyond the scope of this book. The sensing of stream 
direction and “static” pressure at an interior point of the flow are 
not dealt with, either in their conventional steady instrumenta- 
tion or in the less conventional nonsteady forms. 

The second part (combustion measurements) is directed prin- 
cipally at the measurement of high-stream temperatures, burning 
velocity, and fluid composition. That is, the emphasis is on the 
determination of the structure of the flame front rather than on 
any associated aerodynamics (including turbulence). The tech- 
niques for temperature measurement include radiation methods, 
thermocouples and hot-wire thermometers, pneumatic and 
acoustic methods. Burning velocity measurements from both 
stationary and moving flames are discussed and a large table of 
recent determinations is thoughtfully included. For composi- 


1 Assistant Professor of Mechanical Engineering, Harvard Uni- 
versity, Cambridge, Mass. 


tion measurement, sections on spectroscopy and mass spectros- 
copy are included, but not so a discussion of the problems con- 
nected with sampling the combustion field. A section on flame 
photography is also provided. 

Low-pressure investigations have proved extremely valuable in 
examining the combustion process because the reaction zone 
thickens with decreasing pressure. A special section is devoted 
to these techniques, to the kind of results they produce, and to 
a discussion of the related theories of flame propagation. This 
last may seem out of place in the book devoted generally to the 
physical measurements per se, but in this instance it provides a 
useful service, for the entire section gives the reader the view- 
point of the experimenter from the concept of the investigation 
through the evaluation of the findings. The complexity of the 
combustion process and the severe demands placed on measuring 
apparatus gives the unified viewpoint a special significance in 
the experimental project. 

This book is clearly not a textbook in aerodynamic instrumen- 
tation. It is a reference book, but a selective one. Within its in- 
tended scope, it is both detailed and stimulating. The bibliogra- 
phies are thorough and illustrations plentiful. That more topics 
could not be covered is regrettable, but this fact serves to point 
up the near impossibility of putting a comprehensive survey be- 
tween two covers. The present work is rich in ideas and critical 
evaluation, which makes it both entertaining and rewarding to 
read from beginning to end. 


High-Speed Flow 


LINEARIZED THEORY OF STEADY High Speep Frow. By G.N. Ward. 
Cambridge Monographs on Mechanics and Applied Mathematics. 
Cambridge University Press, New York, N. Y., 1955. Cloth, 5'/s 
< 81/2 in., xv and 243 pp., figs., appendixes, bibliography, $6. 


REVIEWED By Max A. Hastert? 


N indication of the rapid burgeoning of high-speed aerody- 
namic theory is to be found in the bibliography provided in 
Professor Ward’s book. Approximately 200 titles of research 
papers are listed and of this number only 12 were published prior 
to World War II. The basic concepts have long been known, of 
course, and, in fact, the linearized portion of the theory, with 
which this book is principally concerned, can be based on the as- 
sumptions of first-order acoustic theory. Engineering demands 
for information, however, have brought about a considerable de- 
velopment of new techniques, a large number of particular solu- 
tions, and have spurred the reinvestigation of concepts applicable 
to the particular problems encountered in the design of high-speed 
aircraft. The synthesis of the resulting research is a chalienging 
task that is here carried to completion by a man who played a 
prominant role in the development of the original work. 

The present book is the third in the series of Cambridge Mono- 
graphs on Mechanics and Applied Mathematics. The term 
monograph is appropriate and differentiates the style from what 
might be expected in a classroom text. Professor Ward has pro- 
vided us with a systematic presentation of the genera] linearized 
theory of high-speed flow along with a discussion of mathematical 
methods available for the solution of the boundary-value prob- 
lems that arise in p:actice. Vectorial notation is used consistently 


2 Ames Aeronautical Laboratory, National Advisory Committee 
for Aeronautics, Moffett Field, Calif. 
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and the resultant conciseness contrasts with the detailed algebra 
one so often encounters. 

The book is divided into three parts. The first of these, en- 
titled “General Theory,” has four chapters in which the equations 
of motion are established, the general solutions in subsonic and 
supersonic flow are developed, and boundary conditions, unique- 
ness, and flow-reversa] theorems are discussed. The second part, 
entitled ‘Special Methods,” has four chapters in which subsonic 
and supersonic wing theory is treated in detail, along with a 
chapter on conical fields in supersonic flow and a special chapter 
devoted to the application of operational methods in supersonic 
flow. In the third part, slender-body theory in both the subsonic 
and supersonic regimes is treated. 

Beginners in aerodynamics may not feel here the lively sense of 
a physical world to be studied and understood, as in the writings 
of a Prandtl] or a Munk. The book does, however, convey well 
the spirit and trend of modern work and professional investigators 
will want to have ready access to it. 


Particle Size and Distribution 


British Journal of Ap- 
The Institute 


Tue Puysics or ParTIcLe Size ANALYSIS. 
plied Physics, Supplement No. 3, October 15, 1954. 
of Physics, London, S.W. 1., England. Price 35s. 


Reviewep By A. Aut KHerRauia® 


HIS is a collection of 33 papers presented at a conference on 
the physics of particle-size analysis held at the University of 
Nottingham, April 6-9, 1954. There were eight sessions of which 
the first two were devoted to nine papers on the relative motion 
of particles and fluids, including both molecular phenomena and 
problems of size separation. The third session treated scattering 
and absorption of light by particles and the fourth session dealt 
with particle shape factors. The next three sessions consisted of 
13 papers on the counting and sizing of particles, including visual 
and photoelectronic methods. The final session was devoted to 
five miscellaneous papers. 
The publication should be of interest to all who are concerned 
with airborne dust clouds, particle distributions in lubricants and 
fuels, filtration, elutriators, and particle counting and sizing ma- 


chines. 


Metal Cutting 


ForMAZIONE DEL TrucioLo Metatiico, By F. Alberto Isnardi. 
Published by Ulrico Hoepli, Milan, Italy, second edition, 1955. 
7 X 93/,in., xvi and 269 pp., 249 ilJ., 11 tables, Lire 2600. 


REVIEWED BY Mitton C. SHaw* 


HIS book, which treats the question of chip formation in con- 

siderable detail, is divided into five parts. The first part has to 
do with the geometry of tools for turning, threading, boring, and 
cutoff. The principal tool angles are clearly defined in terms of 
the European and American systems of nomenclature, and useful 
relationships between these two systems are presented. 

In the second part, the literature of chip formation is re- 
viewed in considerable detail, starting with the work of Thime in 
1877. Many of the more important papers appearing in the 
British, German, French, American, and Italian literature are 
discussed. A wide variety of topics is considered here, including 
plastic flow during chip formation, tool temperatures, tool war, 
and cutting-fluid action. 


3 Lessells and Associates, Inc., Boston, Mass. 
4 Professor of Mechanical Engineering, Massachusetts Institute of 
Technology, Cambridge, Mass. Mem. ASME 
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In the third part the author presents results of his own research 
on continuous chip formation. The process studied is a two- 
dimensional one and the text is illustrated by many extremely 
clear photographs. The question of chip control and the path 
taken by the free-flowing chip is treated in considerable detail, both 
analytically and experimentally. 

The formation of chips under discontinuous and segmental 
conditions, using a vibrating three-dimensional tool, is treated in 
the fourth part. 

Nonmetallic turning experience of the author is treated in the 
fifth and final part of the book. 

While this book which is concerned with the rather limited 
question of chip formation may not be of general interest to the 
engineer in the workshop, it should be of considerable value as a 
reference work for those engaged in metal-cutting research 


~ rm . 
Gas Turbines 

Gas Tursrnes ror Atrcrart. By Ivan H. Driggs and Otis E. 
Lancaster. The Ronald Press Company, New York, N. Y., 1955 

Cloth, 6 X 9 in., xv and 349 pp., illus. and charts, $10. 

Reviewep By W. H. Krase® 

HIS new contribution to the literature on gas turbines covers 
with some exceptions the same material as a number of other 
books on the subject. A general discussion of engine types is 
followed by a chapter on thermodynamics. 
methods for a variety of engine arrangements are given, and 


Cycle-analysis 
pertinent compressible-flow relations are derived. Chapters on 
compressor, turbine, and combustion-system design follow. A 
method for computing the off-design performance of a turbine 
engine is given, and a general discussion of engine weight is in- 
cluded. Control problems are discussed from the standpoint 
of engine performance. An elaborate system for airplane-per- 
formance analysis is given. A chapter on historical development 
concludes the book. Tables and curves for standard atmosphere, 
gas properties, oblique shocks, and certain engine corrections are 
included. 

Specific new material not otherwise generally available is 
given on the following subjects: 

i | 
which involves use of polytropic efficiencies rather than the con- 
While this system is good for 


particular engine-performance-computation system, 
ventional adiabatic efficiencies 
limited use, the reviewer’s opinion is that it wi’! not be adopted 
generally, principally because it does not directly yield detailed 
data on conditions in the engine, and because it does not lend 
itself readily to systems of general type. 

2 Empirical these for engine-weight estimation are given, and 
it is indicated that these data will vary markedly as design im- 
provements are made. 

3 Control problems are well discussed from the standpoint 
of performance. 

4 An _ elaborate 
using transparent 


airplane-performance-calculation system 


overlays. This system does permit com- 
pressibility corrections in subsonic region, but does not serra 
applicable in the supersonic region. 

5 Radial equilibrium requirements in turbomachinery de- 
sign are recognized and briefly described. 

A book of such broad coverage cannot discuss completely all 
of the subjects considered in the available length, and this one 
Ref- 


A more complete 


can hardly be called a comprehensive reference volume. 
erences to other literature are rather scanty. 


5 Preliminary Design Section, Aircraft Gas Turbine Division, 


General Electric Company, Evendale, Ohio. 
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treatment would be desirable on supersonic-inlet and jet-nozzle 
design and off-design performance, the basis for the use of non- 
dimensional parameters, compressor and turbine off-design 
characteristics, and performance analysis of dual rotor and other 
more complicated engine arrangements. Treatment in such 
detail of the particular computation systems described for en- 
gine and airplane performance seems unwarranted, 


Physics 


FUNDAMENTAL ForRMULAS OF Puysics. Edited by Donald H. Menzel. 
Prentice-Hall, Inc., New York, N. Y., 1955. Cloth, 51/2 X 81/2 in., 
xxxv and 765 pp., illus., index, $10. 


Reviewep By A, Att KHerrauia® 


“HIS is at once a handbook of methods and formulas and 
a summary of the main results of the principal subdivisions of 
theoretical physics and its borderline fields. It may be compared 
in some respects to E. Madelung’s “Die Mathematischen Hilfs- 
mittel des Physikers” although it contains many results not given 
in that work. 

Topics covered include classical mechanics, fluid dynamics, 
thermodynamics, kinetic theory, electromagnetic theory, acous- 
tics, optics, solid-state physics, and physical chemistry. Alto- 
gether there are 31 chapters. A summary of basic mathematical 
formulas, methods, and definitions carefully selected by Prof. 
Philip Franklin of M.1.T., provides a self-contained reference for 
the rest of the book. 

It should find widespread use among research engineers, physi- 
cists, and applied mathematicians and is especially recom- 
mended for the libraries of research organizations. 


Mathematics for Engineers 


Apvancep Matuematics ror Enainerers. By H. W. Reddick and 
F. H. Miller. Third edition prepared by F. H. Miller. John Wiley 
& Sons, Inc., New York, N. Y., 1955; Chapman & Hall, Ltd., 
London, England, 1955. Cloth, 51/2 X 81/2 in., xiv and 548 pp.., 
131 figs., $6.50. 


REVIEWED By JOHN W. CELL’ 


ROF. F. H. Miller of The Cooper Union School of Engineer- 
ing prepared the third edition of this much-used text. He 
has included some new material such as (1) a discussion of 
Legendre functions and their applications; (2) a brief treatment 
of numerical methods for the solution of ordinary and partial 
differential equations; and (3) a discussion of Laplace transforms 
and their applications. The problem lists have undergone 
extensive changes involving both replacements in those requiring 
numerical calculations and addition of new problems especially 
with the new material. 
The first edition in 1938 was a marked success as one answer to 
the important problem of the selection of material beyond 
calculus for a year of mathematics for engineering students. The 


‘ Lessells and Associates, Inc., Boston, Mass. 
7 Professor of Mathematics, University of North Carolina, Raleigh, 
N.C, 


JOURNAL OF APPLIED MECHANICS 


SEPTEMBER, 1955 


second edition in 1947, and now the third edition, include an 
excellent selection of material. Moreover, this year of study can, 
in this reviewer’s opinion, serve adequately as the basis of re- 
quired further study in mathematics by those engineering 
students in graduate programs. 

With respect to the new material, the chapter on Operational 
Calculus is unnecessarily long, for the Heaviside p and QA p- 
notation are retained intact; the chapter is followed by two 
new articles on the Laplace transform. The addition of numeri- 
cal methods for the solution of ordinary and partial differential 
equations is timely both because the student should be made 
aware of the existence of many such techniques and because of 
the now accepted use of digital and analog computers for such 
problems. Thus the introduction of the concept of changing 
a partial differential equation to a partial difference equation is 
fundamental in computer ideology. 


Feedback Control Systems 


Feepsack Controu Systems. By Gilbert Howard Fett. Prentice- 
Hall, Inc., New York, N. Y., 1954. Cloth, 51/3; X 8'/2 in., illus., 
ix and 361 pp., $10. 


REvIEWED BY Rosert R. Jonnson® 


HE author states, “‘this book is intended to serve the needs of 

the advanced engineering student and the practising en- 
gineer...”’ This statement is a good evaluation of the work. 
Although slanted heavily toward the electrical engineer, the 
basic concepts of control systems are presented in an unusually 
clear manner which will be of great value in all control fields. 
Particular care has been taken in presenting the details which 
bother the worker who is not an expert in the field. Specifically, 
the details of the block diagram, the difference between controller 
and servo, and the method of handling disturbances on the 
output or demand side have been carefully and clearly explained 
with supporting examples. 

The first two chapters give an introduction to control devices, 
and the components of a feedback control system. The third 
chapter deals with the steady-state and transient solutions using 
the differential-equation methods, and includes, in addition to 
the common Routh-Hurwitz criterion for real coefficients, the 
Bilharz-Frank determinant for complex coefficients. The next 
three chapters deal with the various stability criteria including 
an extensive analysis and synthesis of complex control systems. 
In addition to the Nyquist diagram, a clear presentation of the 
inverse G function plot, and root-locus diagram are shown with 
several numerical examples. 

The final chapter deals with nonlinear cases, and includes 
phase-plane, describing function, and perturbation methods of 
analysis. Examples are given for each of these cases. Again, of 
particular importance is the author’s care in pointing out limita- 
tions and applicability of the various methods. 

An extensive bibliography is included at the end of each 
chapter as well as several tables of logarithmic, polar, @ locus, 
G~* locus, and M locus plots for different types of control and 
transfer functions. 


8’ Instructor, Department of Mechanical Engineering, University 
of Minnesota, Minneapolis, Minn. Assoc. Mem. ASME. 








Third U, S. National Congress of Applicd Mechanics 
Preliminary Announcement 

The Third U. S. National Congress of Appiied Mechanics 
will be held at Brown. Uni rersity, Providence, Rhode Island, 
during June 11-14, 1958. Ic is hoped that the scheduling: of 
conflicting raeetings cat be avoided by this early annour.ce- 
ment of the date chosen for the Congress. Further an- 
nouncements concerning the preparation of papers will be 
made as the Congress draws nearer. 

Inquities regarding: the Congress should be addressed to 


one of the following mémbera of the Organizing Commiztee 
at Brown University, Providence, R. 1: 


Professor D.C. Drucker, Secretary 
Professor EB. H. Lee, Treasurer 
Professor W. Prager, Chairman 
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